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THE motives that first gave birth to the ensuing 
work, were not so much ai^ extravagant hopes the 
author could form, to himself of greatly extending the 
subject, by the addition of a large variety of new im^ 
provements, (though the reader will find many things 
here that are nowhere else to be met with,) as an 
earnest desire to see a subject of such importance, 
established on a clear and rational foundation, and 
treated as a science, capable of demonstration, and not 
a mysterious art, as some authors, themselves, have 
thought proper to term it* 

How well the design has been executed, must be 
left for others to determine. It is possible that th6 
pains here taken, to reduce the fiindamental princip^^, 
as well as the more difficult parts of the subject, to a 
demoistration, may be looked upon, by some, as ra- 
ther tending to throw new difficulties in the way of a 
learner, than to the fiaicilitating of his progress. In or. 
der to gratify, as fiir as might be, the mclination of 
this class of readers, the demonstrations are now given 
by themselves, in the numner of notes, (so as to be 
taken ch* omitted at pleasure:) though the author can- 
not by any means be induced to think that time lost to 
a learner, which is takdn up in comprehending the 
grounds whereon he is to raise his superstructure : his 
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progress may, indeed, at first, be a little retarded ; but 
the real knowledge he thence acquires will abundantly 
compensate his trouble, and enable him to proceed, 
afterwards, with certainty and success, in matters of 
greater difficulty, where authors, and their rules, can 
yield him no assistance, and he has nothing to depend 
upon but his own observation and judgment. 

This second edition has many advantages over the 
former, as well with reject to a number of new sub- 
jects and improvements, interspersed throughout the 
whole, as in the order and di^)osition of the element- 
ary parts : in which, particular regard has been had to 
the capacities of young beginners. The work, as it 
now stands, will, the author flatters himself, be found 
equally plabi and comprehensive, so as to answer, alike, 
the purpose of the lower, and of the msx^ experienced 
class of readers. 



P. S, The great reputation ofMi. Simpson's 
TR£4<^xi;£ i||f Algebra, and the favourable recep^ 
tion ii^^ universally met with since its first publico^ 
lion, and which testifies it to be the best elementary 
work upon the subject ^ has induced the proprietor to 
have this edition carefully revised and corrected 
throughout by a very eminent mathematician: he 
therefore trusts it will be found as worthy the appro- 
bation of the public as any former edition^ or as ifre^ 
vised by the author himself. 
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SECTION I. 

Of JSlntatioju 

• 

ALGEBRA is that science which teacheSf in a gene- 
ral manner, the relation and comparison of abstract quan- 
tities : by means whereof such questions are resolved whose 
solutions would be sought in vain from common arithme- 
tic. 

In algebra, otherwise called specious arithmetiCf num- 
bers are not expressed as in {he common notation, but 
every quantity, whether given or required, is comn&only 
represented by some letter of the alphabet; the given ones 
for distinction sake, being, usually, denoted by the initial 
i' letters a, 6, c, d, &c. ; and the unknown, or required onea^ 

by the iinal letters u, tc;, a:, y, &c. There are, moreover, 
in algebra, certain signs or notes made use of, to show 
the relation and dependence of quantities one upon an- 
other, whose signification the learner ought, first of all, 
to be made acquainted with. 

Tlie sifn +, signifies that the quantity 9 whicli it is pre- 
fixed to, is to be added. Thus a + slw)ws that the 

B 



£ Of J^otoiioTU 

number represented by ft is to be added to thai repre- 
sented by Of and expresses the sum of those numbers ; 
so that if a was 5, and h S, then would a + & be 5 + 3» 
or 8. In like manner a + h + c^ denotes the number 
arising by adding . all the three numbers a, b, and Cf to- 
gether. 

JV*ofe. A quantity which has no prefixed sign (as the 
leading quantity a in the above examples) is always un- 
derstood to have the sign + before it ; so that a sig^nifies 
the same as + a; and a + b, the same as + a + ft* 

The sign — , signifies that the quantity which it precedes 
is to be ^tracted. Thus a — ft shows that the quantity 
represented by ft is to be subtracted from that represent- 
ed by Of and expresseth the difference of a and ft; so tbaty 
if a was 5, and ft 3, then would a — ft be 5 — 3 or 2. In 
like manner a + ft — c — d represents the quantity which 
arises by taking the numbers c and d from the sum of 
the other two numbers a and ft; as, if a was 7,b 6t c 5 9 
and d 3, then would a + b — c — d be 7 + 6 — 5 — S, 
or 5. 

The notes + and — are usually expressed by the words 
]^us (or more J and minus (or less. J Thus^ we read^ a+ft^ 
a plus ft; and a — bf a minus ft. 

Moreover, those quantities to which the sign + is pre- 
fixed are called positive (or affirmative; J and those to 
which the sign — is prefixed^ negative. 

The sign x 9 signijies that the quantities between which 
it stands are to be multiplied together. Thus a x ft denotes 
that the quantity a is to be multiplied by the quantity 
ft^ and expresses the product of the quantities so multi- 
plied ; and a x b x c expresses the product arising by 
multiplying the quanti ties g, ft, mnd c, continually to- 
gether : thus, likewise, a -|- ft X c denotes the product of 
the compound qua ntity a + b by tlie sim ple quantity c; 

^and a + b + c X a — b + c x a + c represents the 
product which arises by multiplying the three com- 
pound quantities a + b + Cfa^^b + Cf and a + c con- 
tittuidly together ; so that^ if a was 5, ft 4, and c S> then 
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would a + b + e X a — 6 + cxa + cbel2 X 4 x 8, 
which is 384. 

But when quantities denoted by single letters are 
to be multiplied together^ the sign x is generally 
omitted, or only understood; and so ab is made to 
signify the same as a x b; and abc, the same as a x ft 
x c. 

It is likewise to be observed, that when a quantity is 
to be multiplied by itself, or raised to any power, the ' 
usual method of notation is to draw a line over the given 
quantity, and at th e end t hereof place the exp onent 

of the power. Thus a + 6|* denotes the same as a + b 
X iT+b, vix. the second power (or square) of a + i con- 
sidered a s one qu antity : thus also, ab + bcY denotes the 

same as ab + be x ab + be x ab + be, xi%. the third 
power, (or cube) of the quantity ab ^be. 

But in expressing the powers of quantities repre- 
sented by single letters, the line over the top is com- 
monly omitted; and so a' comes to signify the same 
as oa or a X a, and V the same as 656 or 6 x ft x ft.* 
whence also it appears that a^ft' will signify the same 
as oaftftft; and a^f? the same as aaaaacc; and so of 
others. 

The note • (or a full point) and the word intOf are 
likewise used instead of x ^ or as marks of multiplica- 
tion. 

Thus a -h ft • a + c and a + ft into a+ c both signify 

the same things as a+T x a + c, namely, the product 
of a + ft by a + c. 

The sign ^ is used to signifu that the quantity pre- 
ceding it is to be divided by the quantity which comes 
after it: Thus c -?- ft signifies that c is to be divided by 

ft; and a + ft -4- a — c, that a + ft is to be divided by 
a — c. 

Also the mark ) is sometimes used as a note of divi- 
sion ; thus, a + ft) aft> denotes that the quantity oft is 
to be divided by the quantity a + b; and so of others. 
But the division of algebraic quHntities is most com- 
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raonly expressed by writing down the divisor under tlie 
dividend with a line between them (in the manner of 

a vulgar fraction.) Thus _ represents the quantity 

* a+b 
arising by dividing c by 6 ,• and — — denotes tlie quan- 

tity arising by dividing a -\- bhy a — c. Quantities thus 
expressed are called algebraic fractions ; whereof the up- 
per part is called the numerator, and the lower tlie de- 
nominator, as in vulgar fractions. 

The sign \/~ is used to express the square root of 

any quantity to which it i^ prefixed: thus %/25 signi- 
fies the square root of S5 (which is 5, because 5 X 5 is 

25:) thus also ^/db denotes the square root o( ab; and 

^^^ « 

Irih 4- 5c db -\- be 

— Z — denotes the square root of — jj — » or of 

the quantity which arises by dividing ab + be hj d: 
but — ^ — i-^ (because the line which separates the 

numerator from the denominator is drawn below \/^) 
signifies that the square root o( ab + be is to be Jirst 
taken^ aYid afterwards divided by d: so that» if a was 2, 
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r ^ . A J ^ ^x ij \^ob + be , \/36 6 . 

b 6, e 4, and d 9, then would ^ — be — -- or ^r' 

a 9 y 

but^^p+^is^, or ViTwhich is 2. 

The same mark %/, with a figure over it, is also used 
to express the cube,^ or biquadratic root, ^'g. of any 

quantity : thus -^64 represents the cube root of 

64, (which is 4, because 4X4 X 4 is 64,) and ^ab + ed 

the cube root of ab + ed; also Vl6 denotes the bi- 
quadratic root of 16 (which is 2, because 2 x £ X 2 x 

£ is 16 ;) and X/ab + ed denotes the biquadratic root 
of oA + ed; and so of others. Quantities thus ex- 
pressed are called radical quantities, oi" surds ; where- 
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of thoUf consisting of one term only, as v^ a ftnd %/ ob^ 
are called simple surds; and those consisting of several 

terms, or members, as y/ a* — l^ and ^ a*— 6* + ftc, cow- 
pound ^ttrd$. 

( 

Besides this way of expressing radical quantities, 
(which is chiefly followed) there are other methods 
made use of by different authors ; but the most commo- 
dious of all, and best suited to practice, is thxii where 
tlie root is designed by a vulgar fraction, placed at the 
end of a line drawn over the quantity given. Ac- 
cording to this notation, the square root is designed by 
the fraction i, the cube i-oot by ^, and the biquadratic 

root by J, ^c. ' Thus a\ 4 expresses the same thing with 

-v/a, vi%. the squa re root of a; and a* + ab\^ the 

same as ^ a^ + ofr, that is, the cube root oi a? + ab : 

also a 1 4 denotes the square of the cube root of a; and 

«+ %\ i the seventh power of the biquadratic root of 
a + %; and so of others. But it is to be observed, that, 
when the root of a quantity represented by a single 
letter is to be expressed, the line over it may be neglect- 
ed $ and so ai will sigmfy the same as a\ i, and 5 ^ the 

same as ft"] ^ or ^^ b. The number, or fraction, by which 
the power or root of any quantity is thus designed, is 
called its index, or exponent. 

The mark « f called the sign of equality J is used to 
signify that the quantities standing on each side of it are 
equal. Thus 2+ 3s 5, shows that 2 more 3 is equal to 5; 
and otrsso—ft, shows that x is equal to the difference of a 
and b. 

The note : : signifies that the quantities between which 
it stands are proportioTial : as a : 5 : : c : d, denotes 
that a is in the same proportion to 5, as c is to d ; or that 
if a be twice, thrice, or four times, ^c. as great as (, 
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then accordingly is c twice, thrice, or four times, ^c. aa 
great as d. 

To what has been thus far laid down on the significa- 
tion of the signs and characters used in the algebraic 
notation, we may add what follows ; which is equally ne- 
cessary to be understood. 

When any quantity is to be taken more than once, the 
number is to be prefixed, which shows how many times 
it is to be taken : thus 5a denotes that the quantity a is 
to be taken five times ; and Sbc stands for three times be, 
or the quan tity which arises by multiplying 6c by 3 : also 

7 v/a* + 6* signifies that ^a* + ft* is to be taken seven 
times ; and so of others. 

The numbers thus prefixed are called coefficients ; and 
that quantity which stands without a coefficient is always 
understood to have an unit prefixed, or to be taken once, 
and no more. 

Those quantities are said to be like that are expressed 
by the same letters under the same powers, or which 
differ only in their coefficients: thus Sbc, She, and Bbc 
are like quantities ; and the same is to be understood of 



the radicals 2 ^ f and 7 ^ f_lL£. But ufdike quanti- 

S a S a • 



ties are those which are expressed by dififerent letters, or 
by the same letters under different powers : thus 2dbp 
^abCf 5ai*9 and Sha^, are all uvlike. 

When a quantity is expressed by a single letter, or by 
several single letters joined together in multiplication 
(without any sign between them) as a, or £a6, it is called 
a simple quantity. 

But that quantity which consists of two or more such 
simple quantities, connected by the signs + or — , is call* 
ed a compatind quantity; thus a — Qab + 5abc is a com* 
pound quantity ; whereof the simple quantities a, 2a(, and 
SaiCf are called the terms or members. 

The letters by whicti any simple quantity is expressed 
may be ranged according to any orider at pleasure^ and 
yet the signification continue the same: thus ab may 
be wrote 6a; for a6 denotes the product of a by 6, anu 
6a the product of 6 by a; but it is well known, that, 
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when two numbers are to be multiplied together^ it mat- 
ters not which of them is made the multiplicand, nor 
which the multiplier, the product, either way, coming out 
the same. In like manner it will appear that abCf CLci^ 
hoc, bca, cabf and cba, all express the same thing, and 
may be used indifferently for each other (as will be de- 
monstrated further on f) but it will be sometimes found 
conyenient, in long operations, to place the seversd let- 
ters according to the order which they obtain in the al- 
phabet. 

Likewise the several members, or terms of which any 
quantity is composed, may be disposed according to any 
order at pleasure, and yet the signification be noways 
affected thereby. Thus a — 2a6 + 5a^b may be wrote 
a + 5a*i — Qab, or — 2ab + a+ 5a% &c. for all these 
represent the same thing, vi»* the quantity which re- 
mains, when, from the sum of a and 5a% the quantity 
2ab is deducted. 

Here follow some examples wherein the several forms 
of notation hitherto explained are promiscuously concern- 
ed, and where the signification of each is expressed in 
nunibers. 

Suppose a = 6, ft « 5 and = 4} then will 
c* + Soft— c»=s 36 + 90—16 = 110, 
gg^ — 3tf 6 + c^ « 432 — 540 -I- 64 « — 44, 

a^xa + b — 2a6c« 36 x 11 — 240=156, 

0? 216 

_^^ »^ + l6» 12 + 16=28, 

•2ac+c» (0P^ac+c*l!)=:V64«8(for8-x8=s64) 



2ftc 4Q 

s/&ae +c^'^ ^ +T *"^* 



a^—s/V^—dc ^ 36—1 55_-,. 

2a— x/^Toc" "ig— T^'^'g" 
;^ h^ — ac+ ^2flC+c^ =«l + 8=9, 

^Ifi^ac + s/2ac + c*= ^^25 — 24 + 8=3. 

This method of explaining the signification of quan- 
tities I have fottnd to be of good use to young begin- 
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iiers : and would recommend it to such, who are desirous 
of making a proficienoy in the subject, to get a clear idea 
of what has been thus far delivered, before they proceed 
farther. 



SECTION 11. 

Of Addition* 



ADDITION, in algebra, is performed by connecting 
the quantities by their proper signs, and joining into one 
sum »nch as can be united.: for* the more ready effecting 
of which, observe tiic following rules. 

1°. 1/9 in the quantities to be added^ there are terms thai 
are like and have all the same sign} add the coefficients of 
those terms together^ and to tlieir sum adjoin the letters 
common to each term, prefixing the common sign* 

Thus 5a And 5a +76 Also 5a — 7b 

added to 3a added to 7a+Sb added to 7a — 36 

makes 8a. makes 12a+106. makes 12a — 106. 

Hence [Qx/1^+ 7 \/bF k a f\, f?* £^ 

likewise ^ 3<v/^+ 2 v'ftc ^JJ^ of ^ J * • ^ 

the sum of [ 6^06+ 9 x/bc ' L£* _ I^ 

will be ll%/a6+18v/6c * ji ^ 

7 b lOd 

will be— - — 
a e 

Tlie reasons on which the preceding operations are 
grounded, will readily appear by reflecting a little on the 
nature and signification of the quantities to be added : 
for, with regard to the first example (where .3a is to be 
added to 5a) it is plain, that three times any quantity 
whatever, added to five times the same quantity^ must 
make eight times that quantity ; therefore 3a, or three 
times the quantity denoted by a, being added to Sa^ or 
live times the same quantity, the sum must consequently 
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£^ When in the ^antities to he added, there are Hke 
terms, whereof same are affirmaJtroe, and others negative, 
add together the aifirmaiive terms (if there he nuMre than 
onej and do the same hy the negaiive ones; then take the 
difference of the two sums fnot regarding the signs J hy 
}suotraciing the coefficient oj the lesser from that of the 
greater, and adjoimng the letters common to each; to which 
difference prefix the sign qfthe greater. 

Examples of this Rule may be as follow. 

1. 12a— 5b 2. — .3a6 + 5fc 

— 3a + gfc + 7ab — 9ac 

Sum 9a — Sh Sum Aab — Ahc 

3. %ab + libc — %cd 4. S^/S" — 7>/^ + Sd 

— 7ab — 9Jc + 3cd S^/i^ + 8%/fcc— 12i 

— 2aft— 5ftc+12cd 7\/ab + Q^bc + 9d 

Sum — Sab — - 9bc + Ted. Sum 15s/ab + 4^Sr+ 5d. 

5. 1 'iabc — 1 Goftd + StSacd — 79bed 

16aic + XSLabd + SOocd — 18bcd 
<— 13aic — £6aftil — 1 5acd + \9bcd 
32atc + ISoftd — lOocd — 166cd ^ 

Sum A7abc — iZahd + 20acd — ^AAcd 

make ^a, or eight times that quantity. From whence, as 
the sum of any two quantities is equal to the sum of all 
their parts, the reason of the second case, or example, is 
likewise obvious. But as to the third (where the given 
quantities are %— 7ft and 7a — 3i) we are to consider, 
that^ if the two quantities to be added together had been 
exactly 5a and 7a (which are the two leading terms) the 
sum would, then^ have been just 12a; but, since the form- 
er quantity wants 7fr of 5a, and the latter 3fr of Ta, 
their sum must, it is evident, want both 7b and 3fr of 12a; 
and therefore be equal to 12a — 10(, that is, equal to 
what remains, when the sum of the defects is deducted. 
And by the very same way of arguing, it is easy to con- 
ceive that the sum. which arises by adding any number 

C 
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6. Sa Sec 



b 



+ 



Sam 



13a 



7 '± 
^ a 


^ 1 a6 + cc 
^V a 


, l*i 


j oft + CC 



'.^ a ^^sj a 



In the last example, and aU others, where fractional 
and radical quantities are concerned, every such quan- 
tity, exclusive of its 'coefficient, is to be treated in 
all respects like a simple quantity expressed by a single 
letter. 

3°. iHien in the quafUiiies to be added, there are terms 
without others like to them, write them down with their 
proper signs* 

Thus a+Qb And aa+bb 

added to 3c +<I added to m, + b 

makes a+2b+Sc+d makes aa+bb+a+bm 

Here follow a few examples for the learner^s exercise, 
wherein all the three foregoing rules take place promis- 
cuously. 

1, Qaa + Sab + 8cc + cP 

5aa — Tab 4- 5cc — cP 

— Qaa + 4ab + Sec + 30 

Sum laa * + I6cc+ d« — # + 30. 



Jk^ 



of quantities together, will be equal to the sum of all the 
affirmative terms diminished by the sum of all the ne« 
gative ones (considered independent of tftir signs ;) from 
whence the reason of the second general rule is apparent. 
As to the case where the quantities are unlike, it is plain 
that such quantities cannot be united into one, or other- 
wise added, than by their signs: thus, for example, let a 
be supposed to represent a crown, and b a shilling ; then 
the sum of a and b can be neither 2a nor 2b, that is, nei- 
ther two crowns nor two shillings^ but one crown plus one 
shilling, ov a + b» 



€f SubtracUatu 1 1 



Q. 



by/ ax — 8v^aa — xx + lg\ /aa + 4aga? 
8%/ no? + 15\/ oa — orx— 8\/aa + 4a:ar 
€v^iiar — 7%/ aa — ica? + lO\/aa + 4xx 



Sam l9v/iMEr * + 14%/aa + 4070? 

S. fitf* — Soft + 2i» — Sa« 
3t»— 2a«+ a^J— 5c3 
4c» — . 2ft5 + 5fl6 + 100 
gpoft + 16a^ — tc — 80 ^ 

Sum I3a« + dSofr + 36» + a* — c» + 20 — *c. 



SECTION ni. 

Qf Shibtraction. 



8UBTRiCTI0J>r, in. Algebra^ is performed by changing 
aU the rign$ of the evhtrahend for conceiving them to be 
changed ) and then con/necUng the quantities, as in addition. 

Ex. i.. From 8a + 5b Ex. 2. From 8a + 56 

take 5a + Sb take 5a -^ Sb 



Rem. Sa + 2b. Rem. da + 86. 

Ex. 3. From 8a — 56 Ex. 4. From 8a — 56 

take' 5a + 36 take Sa — 36 



Rem. da — 86. Rem. 3a — 26. 

In the second example^ conceiving the signs of the 
subtrahend to be changed to their contrary, that of 
36 becomes + ; ftnd so the signs of 36 and 56 being 
alike, the coefficients 3 and 5 are to be added together^ 
by case 1 of additimi. The same thing happens in 
the third example ; since the sign of 36, when changed, 
18 -— , and therefore the same with that of 56. But^ 
in the fourth example, the signs of 36 and 56, after 
that of 36 18 changed, being unlike, the difference of 
tlie coefficients must be taken, conformable to case 2 in 
addition. 



n Of BubtfUctUHu 

Other examples in subtractioiii may be as follow : 

From 20ax +• 5bc — 7aa From Tv/ax + 9%/ h y 
take ISoa? — 36c — 5aa take — 5\/ax + 12%/ 6 y 

Rem. Sax + Sbc-^Zaa Rem. i^v'oa?-— Sv^bjf 

^ i aa 

From 6^/aa — xx + lOi^ a^ — a?» — r\~ 

take 9v/flo — xx — 15^ a^ — a^ — 9\T" 



aa 



Rem. — Sv'oa — a?a: + 25^ a^ — ar^ + 

s 

From re*—.— + 6 ^f — + d 

fi. " + T - >|f + * 

Rem. 6 a»— - — + 7 J — + d — 6. 

c S c 

In this last example the quantity a* in the subtrahend, 
being without a coefficient, an unit is to be .understood; 
for la' and a' mean the same thing. The like is to be ob-^ 
served in all other similar cases. 

, The grounds of the general rule for the subtraction of 
algebraic quantities may be explained thus: Let it be 
here required to subtract 5a — 5b from 8a + 5ft (as in ex. 
2.) It is plain, in the first place, that if the affirma- 
tive part 5a were alone to be subtracted, the remainder 
would then be 8a +56 — 5a; but, as the quantity actu- 
ally proposed to be subtracted is less than 5a by 36, too 
much has been taken away by 36; and therefore the true 
remainder will be greater than 8a +56 — 5a by 36; and 
so will be truly expressed by 8a +56 — 5a +36/ wherein 
the signs of the two last terms are botli contrary to what 
they. were given in the subtrahend ; and where the whole, 
by uniting the like terms, is reduced to 3a+86, as in the 
example. 



Of MuUiplieaUon. IS- 

SECTION IV, 

Qf MuttiplicaUafu 

BEFORE I proceed to lay down the necessary rules 
for multiplying quantities one by another^ it may be pro- 
per to premise the following particulars, in order to gire 
the learner a clear idea of Uie reason and certainty of 
such rules. * 

First, theUf it is to he observed, that when several qtuin^ 

tities are to be multiplied conUnuaUy together, the result, or 

product, will come otd exactly the same, mrdtiply them oc- 

cording to what order you wHL Thus axbxc, axe 

' xb,b X c X a, ^c. have all the same vatSe^ and may be 

used indiflTerentiy : to illustrate which we may suppose 

a ss £, ft 9B 3, and cj== 4 ; then will a xb x c^ 2 x S x 

4s 24 1 axcxbs2x4xS»d4; and b xc X ap=i 

S X 4 X 2 » 24. 

Secondly. If any number of quantities be midtiplied 

I continually together, and any other number of quantities be 

I also multiplied continually together, and then the two pro^ 

^ ducts one into the otiier, the quantity, thence arising wiU be 

equal to the quantity that arises ku multiplying all the pro* 

posed quantities continually together. Thus will abc x de 

\ ^axb X c X d X e; 80 that, if a was s 2, ( » 3, c » 

4,d^5,etsz6, then would a(c x de » 24 x 30 » 720, 
' and ax6xcxdxe=2x3x4x5x6 = 720. The 
general demonstration of these observations is given be«f 
low, in the notes. 



The following demonstrations depend on this principle, 
that if two quantities, whereof the one is n times as great 
as the other, (n being any number at pleasure, J be multi- 
plied by one and the same quantity, the product, in the 
one case, will also be n times as great us in the other. 
The greater quantity may be conceived to be divided 
into u parts, equal, each, to the lesser quantity ; and 
t|ie product of each part (by the given multiplier) will 



14 Of MMvpUcaiim. 

The multiplication of algebraic quantities may be con- 
sidered in the seven following cases^ 



be equal to that of the said lesser quantity ; therefore the 
sum of the products of all the parts, which make up the 
whole greater product, must necessarily be n times as 
great as the lesser product, or the product of one single 
part, alone. 

This being premised, it will readily appear, in the first 
place, that 6 x a and a x h are equal to eaoh other : for^ 
% xa being h times as great as 1 x a f ftecouxe the muU 
Mfliamd is b times as great J it must therefore be equal to 
1 X a (or a,) repeated b times, that is, equal to a x ft, 
by the aeJiniU&n of muUipUeatum. 

In th^ same manner, the equality of all the yariationst 
or products, abCf baCf adf, cab, bca, dni (where the num- 
ber of factors is S) may be inferred : for those that have 
the last factors the same f^which IcaUof the same dassj 
are manifestly equal, being produced of equal quantities 
multiplied by the same quantity : and, to be satisfied that 
tiiose of different classes, as abc and acb, are likewise 
equal, we need only consider, that, since ae x b is e 
times as great as a x 6 (because the multiplicand is c times 
as great) it must therefore he equal to a x ft taken e times,* 
that is, equal toaxbxc^bythe d^nition qfmuUiplica^ 
tion. 

UmroersaJly. If all the products, when the number 
of factors is it, be equal, all the products, when the 
number of factors is n + If will likewise be equal : 
for those of the same class are equal, being produced 
of equal quantities multiplied by the same quantity: 
and to show that those of different classes are equal 
also, we need only take two products which difibr in 
their two last factors, and have all the preceding ones 
according to the same order, and prove them to be 
equal. These two factors we will suppose to be iiepre- 
sented by r and s, and the product of all the preceding 
ones by p; then the two products themselves will be 
represented by prs and psr, which are equals by case 2. 



Of MvJUiflieaiiUm. li( 

' 1^ Simple quantities are mMipUed together by multiply^ 
ing the coefficients one into the other, and to the product an^ 
nexing the quantity rvhieh^ according h the method ofnota^ 
tion, expresses the product of the species; prefixing the 
sign + or — s according as the signs of the given quantities 
are like or unlike* 

Thua da Also 6ab And lladf 
mult by Sft mult, by 5c mult, by Tab 

makes 'Eab. makes SOabe. makes 77aabdf 



ThuBf by iK'ay of Illustration^ aJbede vnU appear to be » 
abcedf &c. For^ the former of these being equal to every 
other product of the class^ or termination e (by hypothe- 
sis and equal multiplication,) and the latter equal to eve- 
ry other product of the class, or termination d ; it is evi- 
denty therefore, that all the products of different claslbes, 
as well as of the same class, are mutually equal to each 
other. 

So far relates to the first general observation : it re- 
mains to prove, that abed x pqrst is«axftxcxdx 
pxqxrxsxt* In order to which, let (dfcd be de- 
noted by Xf then will abed x pqrst be denoted by a; x 
pqrst, or pqrst x x (by case 1,) that is, by p x 9 x r x 
s X rx or; which is equal toxxpxqxrxsxt,ov 
axhxcxdxpxqxrxsxt, by the preceding 
demonstration. 

The reason of Bule 1 depends on these two general 
observations : for it is evident from hence, tiiat 2a x Sfr 
(in the first example) is asSxaxSxfrssSxSx* 
a X bss 6 X a X b^ 6ab: and, in the same manner, 
lloi^ X Tab (in the third example) appears to be » 
llxaxdx/x7xAx6«ll xTxaxaxbx 
d x/oB TT X aabdf^ TTaabdf. But the grounds of the 
method of proceeding may be otherwise explained, thus : it 
Im been observed that ao (according to the method of no- 
tflpon) defines the product of the species a, b Hn the first 
example,) therefore the product of a by Sb, which must be 
tbre^ times as great (becanae the multiplier is here three 



V 
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In the preceding examplesy all the products are affirm' 
oHvCf the quantities given to be multiplied being so : but» 
in those that follow, some are affirmative, and others 
mgativtf according to the different cases specified in th« 
latter part of the rule ; whereof the reasons will be ex- 
plained hereafter. 

Mult. + 5a Mult — 5a Mult. — 5a 

by ~ 6fc by + 6ft by —6ft 

Prod. — SOoft. Prod. — 30aft. Prod. + SOoft. 

MulL + 7 y/aoT Mult — 7a^ aa-\' xx 

by — -Sv/cj by — 6ftv/aa — yy 



Prod.-35 X v/oxx •cy. Prod.+42aft x y/aa^xx x s/aa-'^^ 

In the two last examples, and all others, where radical 
quantities are concerned, every such quantity may be con- 
sidered, and treated in all respects as a simple quantity, 
expressed by a single letter \ since it is not the form of 
the expression, but the value of the quantity, that is here 
regarded. 

9?. Ji fraction is m^idtipliedf by muliiplinng the numerator 
thereof oy the given mvlMplier, and moKing the product a 
numerator to the given denominator. 

Thus -T- X c makes -^i also -r— x iad makes — - — ; 
b 



times as great,) wiirhe truly defined by daft, or oft taken 
three times : but, since the product of a by Sft appears to 
be Soft, it is plain that the product of 2a by Sft must be 
twice as great as that of a by 3ft, and therefore wUl be 
truly expressed by 6aft. Thus ^so, the product of the 
species aft and c Tin the second example) being abc (by 
bare notation) it is evident that the product of 6aft by c 
will be truly defined by 6aftc, or acb six times taken, and 
consequently the product of 6aft and 5c, by 30aftc, or 6a||p 
taken five times, the multiplier here being five times as 
great. 

The reason of Rule 2^ may be thus demonstrated : let 
the numerator of any projposed fraction be denoted by A. 
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likewise^ X 7^/^makes ^i?*^^. lasfly ^^ 

c-hd c+d y/aa+xx 

X2aft makes -J?^ 

3"" Fractions are tmdtiplied into one another, by mtdtiply* 
ing the numerators together for a new nunurator, and tie 
denominators together for a new denominator. 

Thns, ?L X £. = ^5 Soft^ 5ad^lO^ 
b d bd 3c sf 9c/ 

21a?y V ^o,y/o^^ 6Saxyy/a^ — Say/oT^ — 2a _ 
v^a» 8b Sbx/^a% Sbc b 

lOaWx . jjjj J Sa's/xy 5by/aa + xx _ 

SAAc v^"^ a+: 

15aA X \/xy'x >/aa + aca? 
a + » X \/"a6 



•« 



the denominator by B^ and the given multiplicator by C : 

then, I say, that — is equal to A x C. For since-^ 

B * B B 

denotes the quantity which arises by dividing AC by B, 

and — the quantity which arises by dividing A by B, it is 
B 

evident that the former of these two quantities must be 
C times as great as the latter (because the dividual is 6 
times as great in the one case as in the other) and there- 
fore must be equal to the latter C times taken, that is, 

AC A 

iz_ must be equal to_ x C, as was to be shown. 

B ^ B 

The reason of Rule S^ will appear evident from 
the preceding demonstration of Rule 9!". For, it b(^- 

A Af 

ing there proved that _ X C is equal to ^j1, it is ob- 

B B 

vious that :I?^ X _ can be only the D part of — ; be- 
B J) ^ ^ B 

D 




Id Of MuUipHeation. 

4*" Surd quantities under the same radical si^n are mul- 
tipUed like rational quantities, only the product must stand 
under the same radical sign. 

Thus, y /T X \ /~« y /ssyy/^ X -v/T= s/ob; 
"S^Tbc X ^5ad =• ^SSabcd; Sy/ab x 5x/ c ^ I5y/abc; 
Qa^/^cy X Sb%/5ax (^6ab x %/2cy x y/5ax) 

- 606 v^ToSiS^,- and l!!^ J?f xil^fH? « 
^ 5a: Msa 9dS 2ft 

35oftc Il04cti: 

45da:W 6ab 

cause, — , the multiplier here, is but the D part of the 

^ AC 

former multiplier C : but j^ is also equal to the D 

part of the same — ; because its divisor is D times 

B 

as great as that of ^_: therefore these two quanti- 

ties,— X— and — r beine the same part of one and the 
B D BD ® ^ 

same quantity, thej must necessarily be equal to each 
other } which was to be proved. 

As to Rule 4° for the multiplication of similar ra- 
dical quantities, it may be explained thus: suppose 

v^!a and y/B to represent the two given quantities to 
be multiplied together ; let the former of them be de- 
noted by a, and the latter by ft, that is, let .the quan- 
tities represented by a and ft be such, that aa may be s 

A, and ftft » B ; then the product of ^A" by v^B^ or 
of a by ft, will be expressed by oft, and its square by 
aftxaft.*butaftxaftissaxftxaxft»aaxftft (by 
the general observations premised at the beginning of 
this section ;) whence the square of the product is like- 
wise truly expressed by oa x ftft, or its equal A x B ; and 

consequently the product itself, by \/A x B, that is by 
the quantity, which, being multiplied into itself, produces 
AxB. 



Of JtvUipUeatiofU 19 

50 PawerSf or roots of the safM quaniiiy are mtUtiplied 
togethetf by adding their escpontnis: but the exponents 
here understood are those defined in p. 5, where roots are 
represented as fractional powers. 

Thus^ a^xafi is = ar*} aT»T x « + »T «= a + ^Tj 
a? X x^ ^ X ^ '^ i ^ xi ; and a:* x ar* « ac* « "rr ; 
also aa+» %\i x aa+ %si\ h is « = aa+»% Y «« a a+%% j 
and c + y|4 x c + yli « c + yli + 4 « c + ylf .» 



In the same manner the product of -f^l x -^B^ will 
appear to be -^^AB : for if i^A be denoted by a» and 
^B^ by h ; or, which is the same, if aaa » A, and 

bbb^B ; then will i^A x ^^^ a x ft (or Ob J and its 
cube » oft X oft X oft » aaa x bbb « AB (by the afore- 
siud observations) whence the product itself will evident- 
ly be expressed by -f^AB. 

* The grounds of these operations may be thus 
explained. First, when the exponents are whole num- 
bers, as in example 1, the demonstration is obvious, 
from the general observations premised . at the begin- 
ning of £e section: for, by what is there shown, 
x^ X afifor XX X xxx ib^xxxxxxxxx^x^ 
fby natatunuj But in t he last example, where the expo- 
nents are fractions, let c + ylr be represented by x*$ 
that is, let the quantity x be such, that x x x x x x 

X X X xXyOTxfi may be equal to c-hy ; so shall c + y |i 
be expressed by ar* ; because, by what has been already 
sho wn, 0^ X af \a ^ ofii and in the same manner, 

will c + y |i he expressed hy a^ ; be cause x? xa^ X a:* is 

likewiae » of. Therefoi'e c + y\ ^ x c + y\^ is « 

afi X x^ a» a:» as the fifth power of c +y |t J which is 

c + y\h by noUUhn* 



£0 (ff Mvliiplicaiioru 

6^ A compound quantity is muUiplied by a simple one, 
by mtUtiplying every term of t}i€ midtiplicaiid by the muUi' 
^ier. 

Thus a +26— 3c Also c' — 5a\/x+7b 

mult* by Sa mult, by 8c 



makes 5a^ + 6ab — 9ac ; makes 8a*c — iOac\/x +56bc; 

And 5a^—Sap+6ac—7bc+ 126*— 9c» 

mult. bySoftc 

makes 1 5a^bo~24a^(^c + 1 ha?bc^—9, la¥c^ + 36a6^c— 27atc*. 



To explain the reason of the two last rules^ let it be^ 
Jirstf pi*oposed to multiply any compound quantity, as 
a, + b — o — d, by any simple quantity/; and, I say^ 
the product will beaf+ bf — cf — df. For, the pro- 
duct of the affirmative terms, a + b, will he af+ bf, be- 
cause, to multiply one quantity by another, is to take the 
multiplicand as many times as there are units in the 
multiplier, and to take the whole multiplicand (a + 6) 
any number of times (/,) is the same as to take all its 
parts (a, b) the same number of times, and add them 
together. Moreover, seeing a + b — c — d denotes the 
excess of the affirmative terms (a and b) above the ne- 
gative ones (c and d,) therefore, to multiply a + b — 
c — d by /, is only to take the said excess / times ; but 
/ times the excess of any quantity above another is, 
manifestly, equal to / times the former quantity, minus 
/ times the latter ; but / times the former is, here, 
equal to of + bf (by what has been already shown,) 
and f times the latter (for the same reason) will be equal 
to cf + djj and therefore the product of a + 6 — c — d 
by /, is equal to of + bf — cf — df; as /vas to be prov- 
ed. Hence it appears, that a compound^ quantity is mul- 
tiplied by a simple affirmajiive quantity, by multiplying 
every term of the former by the latter, and connect- 
ing the terms thence arising with tlie signs of the multi- 
plicand.. 
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7^ Compound qtuuniiiit$ art mfMijlitd inio one anotherf 
by multiplying every term of the muUiplicand by each term 
of the mtMiplier, successively 9 and connecting the several 
products thus arising with the signs of the muUiplicandf if 
the multiplying term be affirmative, but vnth contrary signs, 
if negative. 

Thus the product of 5a + Sx 

multiplied by ^a + gar 

^.„ , • r 15oa + 9aa; ^ 

^^* **^ • i +1000: + 6xxi 

^hich contracted by unit- f .5^^ . 19^^ . ancx 
ing the like terms, is \ ^^^ -^ ^^^ + <>^^- 



But to prove that the method also holds when both 
the quantities are compound ones, let it be, now, pro- 
posed to multiply A — B by C — D ; then, I say, the pro- 
duct will be truly expressed by AQ — ^BC — ^AD+BD. 
For, it has been already observed, that to multiply one 
quantity by another, is to take the multiplicand as 
many times as there are units in the multiplier; and 
therefore, to multiply A — B by C — D is only to 
take A — B a^ many times as there are units in C— D : 
Now (according to the method of multifdying com- 
pound quantities) I first take A — ^B, C times Tor multiply 
by C) and the quantity thence arising will be A(3-— 
BC (by what is demonstrated above.J But, I was to 
have taken A — ^B only C— ^D times ; therefore, by this 
first operation, I have taken it D times too much; 
whence, to have the true product, I ought to deduct 
D times A — B from AC — BC, the quantity thus 
found ; but D times A — ^B fby what is alreadu proved J 
is equal to AD — ^BD ; which subtracted from AC 
— ^BC, or wrote down with its signs changed, gives 
the true product, AC — BC — AD + BD, as was to 
be demonstrated. And, universally, if the sign of any 
proposed term of the multiplier, in any case what- 
ever, be affirmative, it is easy to conceive that the re- 
quired product will be greater than it would be if there 
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Likewise the product 

of a^ + a^ + alf^ + tfi 

by a — b 

Ca^ + a^b + an^ + db^ \ 

\ ^a^br-a^b^-^ab^ — b^ J 

"Whicb^ by striking out the terms that destroy one an- 
other^ becomes a^- 



is 



were no such term^ by the product of that term into 
the whole multiplicand ; and therefore it is^ that this 
product is to be added, or wrote down with its proper 
signs, which are proved above to be those of the mul- 
tiplicand. But if, on the contrary, the sign of the 
term, by which you multiply, be negative; then, as 
the required product must be less than it would be, if 
there were no such term, by the product of that term 
into the whole multiplicand, this product, it is manifest, 
ought to be subtracted, or wrote down wifli contrary 
signs. 

Hence is derived the common rule, that like signs 
produce +f and unlike signs — . 

For, first, if the signs of both the quantities, or terms, 
to be multiplied are affirmative (and therefore like) it is 
plain that the sign of the product must likewise be affirm- 
ative. 

Secondly, also if the signs of both quantities are nega- 
tive (and therefore still Itke,') that of the product will be 
affirmative, because contrary to that of the muUipticandf by 
what has been just now proved. 

Thirdly, but if the sign of the multiplicand be affirm- 
ative, and that of the multiplier negative (and there- 
fore unlike,) the sign of the product will be negative, be^ 
cause contrary to tnat (^the mtUtipRcand* 

Lastly, if the sign of the multiplicand be negative, 
and that of the multiplier affirmative, (and therefore still 
unlike f J the sign of the product will be negative, because the 
same with that of the muttiplieand. 

And these four are all the cases that can possibly hap- 
pen with regard to the variation of signs. 
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Other examples in mukiplicatioti, for the learner's ex- 
ercise, may be as follow; from which he may (if he pleases) 
proceed dire<:tly to division, by passing over the inter- 
vening scholium. 

1. Multiply a?* + a:y + y« 

hy a^ — xy + i^ 

X* + a.^y + ^f 

product a:* * +"^y # -f y^^ 

^. Multiply 2a' — Soo; + 4a:> 
by 6a^ — 6ax ■>- &«« 

10a*— ISa^a? + 20a«a:* 



— Ac^oc^ + <ag^ — > 8a:* 

product 10a* — Z7a?x + 34a*a:* — 18ar» — ar*. 

3. Multiply Sa — . £b 4- ^ 
by 2a — 46 + 5c 



6aa — 4a6 +' 4ao 

^12ad+ 8M— 8ic 

+ 1500— * lOftc -f lOcc 

product 6aa — \%ab + 19ac + 8M — 186c + lOcc. 

4. Multiply a^ — Sa«ft + SaJ« — J« 

by a« — 2aft + ^ ' 

a^^^'^b + 3a»6*— a»6* 

— 2a*i + 6a«6«~ 6a*6* + 2ai* 

+ gay — 3a»63 4- 3ai* — ft* 

product a* — 5a*6 + lOa^ft* — lOa'ft^ + Soft* — ft* ' 

SCHOLIUM. 

The manner of proceeding in referring the reasons 
of the different cases of the signs to the multiplication 
of compound quantities^ may perhaps be looked upon 
as indirect* and contrary to good method ; according to 
which> it may be thought^ that these reasons ought to 
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have been given before^ along with the rales for simple 
quantities, as it is the way that almost all authors on the 
object have followed. 

But, however indirect the method here pursued may 
seem, it appears to me the most clear and rational ; and 
I believe it will be found very difficult, if not impossible, 
without explaining the rules for compound quantities 
first, to give a learner a distinct idea how the product 
of two simple quantities, with negative signs, such as 
— ft and*«c, ought to be expressed, when they stand 
alone, independent of all other quantities : And I can« 
not help thinking farther, that the difficulties about the 
signs, so generally complained of by beginners, have 
been much more owing to the manner of explaining 
them, this way, than to any real intricacy in the sub« 
ject itself; no»will this opinion, perhsq^is, appear ill 
grounded, if it be considered that both — a and — ft, 
as they stand here independently, are as much im- 
possible in on e sense , as the imaginary surd quantities 

x/ — ft and -v/ — c$ since the sign — , according to 
the established rules of notation, shows that the quaik- 
tity to which it is prefixed, is to be subtracted ; but, to 
subtract something from nothing is impossible, and the 
notion,, or supposition of a quantity less than nothing, 
absurd and shocking to the imagination : and, cer- 
tainly, if the matter be viewed in this light, it would 
be very ridiculous to pretend to prove, by any show of 
reasoning, what the product of — ft by — c, or of 

^/ — ft by \/ — c, must be, when we can have no 
idea of the value of the quantities to be multiplied. 
If, indeed^ we were to look upon — ft and — c as real 
quantities, the same as represented to the mind by ft 
and c Twhich cannot be done consistently, in pure alge- 
bray where magnitude only is I'egarded) we might then 
attempt to explain the matter in the same manner that 
some others have done ; from the consideration, that^ 
as the sign — is opposite in its nature to the sign +» 
it ought therefore to have in all operations an oppo- 
site effect; and consequently, that as the product, when 
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the sign + is prefixed to the multiplier, is to be added> 
SO9 on the contrary, the product^ when the sign -—is pre« 
fixed^ OQght to be subtracted. 

Bat this way of arguing, • however i^asonable it may 
appear, seems to carry but very little of science in Up 
and to fall greatly short of the evidence and conviction 
of a demonstration: nay, it even clashes with first 
principles, and the more established rules of notation } 
according to which the signs + and — are relative onlr 
to the magnitudes of quantities, as composed of difier** 
ent terms or members, and not to any future operations 
to be performed by tliem : besides, when we are told thai 
the prodnct arising from a negative multiplier is to be 
subtracted, we are not told what it is to be subtracted 
from; nor is there any thing from whence it can he 
subtracted, when negative quantities are independently 
considered. And fkrther, to reason about opposite ef- 
fects, and recur to sensible objects, and popular consider 
rations, such as debtor and creditor, ^c. in order to de^ 
monstrate the principles of a science whose object is ab- 
stract number, appears to me, not well suited to the na- 
ture of science^ and to derogate from the dignity of the 
subject. 

It must be allowed, that in the application of algebra 
to diflbrent branches of mixed mathematics, where the 
consideration of opposite qualities, effects, or positions^ 
ean have place, the usual methods have a better founda- 
tion ; and the conception of a quantity absolutely negative 
becomes less difficult. Thus, for example, a line may be 
conceived to be produced out, both ways, from any point 
assigned; and the part on the one side of that point 
being taken as poritivCf the other will be negative. But 
the case is not the same in abstract number ; whereof the 
beginning is fixed in the nature of things, from whence 
we can proceed only one way. 

There can, therefore, be no such things as nega* 
tive numbers, or quantities absolutely negative, in pure 
algebra, whose object is number, and where every 
multiplication, division, ^c. is a multiplication, divi- 

B 
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sion^ ^. of numbers^ even in the application thereof: 
for^ when we reason upon the quantities thtimdvtSf and 
not upon the numbers expressing the measures of Hum, 
the process becomes purdy geametricalf whatever symbols 
may be used therein, from the algebraic notation ; which 
can be of no other use here than to abbreviate the work. 
However, after all, it may be necessary to show upon 
what kind of evidence the multiplication of negative and 
imaginary quantities is grounded, as these sometimes 
occur, in the resolution of problems : in order to which 
it will be requisite to observe, that, as all our reasoning 
regards rtalf positive quantities, so the algebraic expres- 
sions, whereby such quantities are exhibited, must like- 
wise be real and poi^tive. But, when the problem is 
brought to an equation, the case may indeed be otherwise ; 
for, in ordering the equation, so much may be taken away 
from both sides thereof, as to leave the remaining quanti* 
ties negative ; and then it is, chiefly, that the multiplica- 
tion by quantities absolutely negative takes place. 

Thus if there were given the equation a — -r- >sc 

(in order to find xf) then by subtracting the quantity a 

X 

from each side thereof, we shall have — ^^ c^^a; 



which multiplied by — -6, according to the general rvle^ 

gives a? =B — eft +ab; that is — t- by — 6 will give 

+ x; c by— ft, — c6; and— a by— -ft, + aft; which 
appear to be true ; because the products being thus ex- 
pressed, the same conclusion is derived, as if both sides 
of the original equation had been first increased by 

jT'^c, and then multiplied by ft ; where both the mul- 
tiplier and multiplicand are real, affirmative quantities, 
and where the whole operation is, therefore, capable of 
a clear and strict demonstration : but then it is not in 
consequence of any reasoning I am capable of forming 
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X 

•bout «-- -T- ftnd •— hf or about -h c and — - h^ considered 

independently^ that I can be certain that their product 
ought to be expressed in that manner^ 

So likewise^ if there were given the equation a — 

_ s5 c; by transposing a an d taking the square root 

I ^ 

en both sides we shall have ^ — -r- ss y/c — a; anp 

th is multiplie d by V — *> will give s^pt^ (or x) « 

v^ — (b+ab: which also appears to be true^ because 
the result^ this way^ comes out e3cactly the same^ as if 
the operations^ for finding x^ had been performed alto- 
gether by real quantities: but notwithstanding thiSf 
it is not from any reasoning that I can form, about 



the multiplication of the imaginary quantities 



and s/^^b, &c. considered independently, that I can 
prove their product ought to be so expressed; for it would 
be very absurd to pretend to demonstrate what the pro- 
duct of two expressions must be^ which are impossible 
in themselves, and of whose values we can form no idea. 
It indeed seems reasonable, that the known rules for the 
signs, as they are proved to hold in all cases whatever, 
where it is possible to form a demonstration, should also 
answer Iiere: but the strongest evidence we can have of 
the truth and certainty of conclusions derived by means 
of negative and imaginary qnantities, -is, the exact and 
constant agreement of such conclusion!) with those deter- 
mined from more demonstrable methods wherein no such 
quantities haSre place, 

. In the foregoing considerations, the negative quan- 
tities — b, — c, &c. have been represented, in some 
cases, as a kind of imaginary or impossible quantities ; 
it may not, therefore, be improper to remark here, that 
such imaginary quantities serve, many times, as mu£h 
to discover the impossibility of a probIein# as imaginary 
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surd quantities : for it is plain, that, in all questions re- 
lating to abstract numbers, or such wherein magnitude 
(ndy is regarded, and where no consideration of position, 
or contrary values, can have place ; I say, in all such 
cases, it is plain that the solution will be altogether as 
impossible, when the conclusion comes out a negative 
quantity, as if it were actually affected with an imaginary 
surd ; since, in the one case, it is required that a number 
should be actually less than nothing ; and in the other, 
tiiat the double rectangle of two numbers should be great- 
er thatf the sum of their squares ; both which are equally 
impossible: but, as an instance of the impossibility of 
pome sort of questions, when the conclusion comes out 
negative, let there be given, in a right-angled triangle, 
the sum of the hypothenuse and perpendicular a a, and 
the base » 6^ to find the perpendicular ; then (by what 
shall hereafter be shown in its proper place) the answer 

yfnSL come out — — and is possible, or impossible, ac- 

I 

cording as the quantity — — is affirmative or negative, 

or as a is greater or less than 6/ which will manifestly 
appear from a bare contemplation of the problem: and the 
same thing might be instanced in a variety of other ex- 
amples. 



SECTION V. 

Of Division. 

DIVISION in species, as in numbers, is the converse 
of multiplication, and is comprehended in the seven fol- 
lowing cases. 

1^« When one simple quoMtUy is to be divided by an- 
other, and all the factors of the divisor are also found in 
the dividend, let those factors be all cast off or expunged, 
then the remaining factors of the dividend, joined together, 
TviU express the quotient sought. But it is to be observed, 
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that^ both here and in the succeeding csaeB, the same rale 
is to be regarded in relation to the signs^ as in multipli- 
cation^ vi%. that like signs give +f and unUke-^ It 
may also be nroper to observe, tha^ when any quantity 
is to be divided by itself, or an equal quantity, Uie quo- 
tient will be expressed by an unit, or 1. 

Thus a-^Of gives 1 ; and 2ab -t- SUib gives 1 ; 

moreover Sabcd 4- ac, gives 3M$ 

and I6ic-^8ft, gives 2c: for the dividend here, by 
resolving its co-efficient into two factors, becomes 2x8 
X ft X c J from whence casting off 8 and 6, those common 
to the divisor, we have 2 x c, or 2c. In the same manner, 
by resolving or dividing the co-efficient of the dividend by 
that of the divisor, the quotient will be had in other cases : 
Thus, 20a ftc divide d by 4c, gives Soft; and— 51a& 

s/ lcyx ^ XX + jfy, divided by — \7a %/ xy, gives + 36 

%/xx + yy. 

2"^ But if all the factors oj the divisor are not to he 
found in the dividend, cast off those ftf any such there 
be J thai are common to both, and write down the renuUning 
factors of the divisor, joined together, as a dewminaior to 
those of the dividend^ so shall the fraction thus arising ex- 
press the quotient sought* But if, by proceeding thus» all 
the factors in the dividend should happen to go off, or 
vanish, then an unit will be the numerator of the fraction 
required* 

a 
Thus, oftc divided by ftcd, gives j: 

^ax 
And lea'ftoc' divided by Sabax^, gives — : 

The first rule, < given above, being exactly the con- 
verse of rule 1^ in the preceding section, requires no 
other demonstration than is there given. The second 
rule (as well as those that follow hereafter upon frac- 
tions) depend on this principle, that, as many times 
as any one proposed quantity is contained in another^ 
just so many times is the half, third, fourth, or any other 
assigned part <rf the former, contained in the half, third, 
fourUi^ or other corresponding part of the latter 5 'and 
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Likewise 27ai ^ xy divided by 9a* s/ xy^ gives — 

And Soft v^ ay" divided by 16a»ft %/ay, gives -^. 

S^ One Jrdction is divided by arMther, by multiplying 
the denominator of tht diviscfr into the numerator of the 
dMdend for a new numerator ^ and the numerator of (he 
divisor into the denominator of the dividend for a new de- 
itomiiiafor. 

a e ad 

Thtts-j-dividcdby-jf gives -gr: 

. , Sax.. . , , , 6bc . SSadx 
Also —divided by-^, gives ^55^: 

6a^b Salfl ISa'to 

And — divided by-5^ gives 553^^- 



jost so many times likewise is the double^ triple^ quadru- 
ple» or any other assigned multiple of the former con- 
tained in the double, triple, quadruple, or other corres- 
ponding multiple of the latter. The demonstration of 
this principle (though it may be thought too obvious 
to need one) may be thus : let A and B represent any 
two proposed quantities, and AC and BC their equimut" 
Hples (or, let AC and BC be the two quantities uid A 

AC A • 

and B their like parts :) I say, then, that ^^ « Qi 

BO B 
AC* 
For the multiple of ^ by BC is manifestly a AC ; 

A A 

and ^ X BC, the multiple of ^ by the same BC is ^ 

-2L — fby rule £ in muUiplicalumJ «b . m fvid. p. 14 

and 15) s AC : therefore,, seeing the Equimultiples of 
the two proposed quantities are the same, the quantities 
themselves must necessarily be equal. 

The second rule, given above, is nothing more than 
a bare application (tf tiie principle here demonstrated; 
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But in caKies like this last, where the two iramerators, 
or the denominators^ hare factors common to both, tiie 
conclusion will become more neat by first casting oiF such 
common factors. 

Thus casting away ab out of the two numerators^ 

and X out of both the denominators^ we have — to be 

5 

divided by-lL; whereof the quotient is J^ : in the 

l£iic' 4aex Se^ x Sc^d 

same manner ^ , or — - ^ -. jriyes 

1066 ^ IFT" 26 ^ d ^ ^Sxf 

ana — - — ^ -*- — ^^, "^ » ^ -r •*• :n: gives • 

5c 106c 1 26 ^ 7a 

When either the divisor or the dividend is a whole gaan- 
tity rinstead of a fraction) it may be reduced to the form 
of a traction, by writing an unit or 1 under it. ^ 

since, by casting off the factors common to the dividend 
and divisor (as directed in the rule) it is plain that we take 
Hke parts of those quantities : therefore the quotient arising 
by dividing the one part by the other, will be the same as 
that arising by divioing one whole by the other. ' 

AC AD 

As to rule 3% wherein it is asserted that gH-^s ^^f 

i^ is evident that AD and BC are equimultiples of the 

A €j ' A 

given quantities g and ^} because g x BD is fby ruU 

2« in muUtpUcatlmJ « ^^ » AD, and ~ x BD « 

CBD 

- |x SB CB : whence it follows that the quotient of 

A C 

g divided by ^ will be the same with that of AD di- 

^ AD 

vided oy BC; which, by notation, is gQ, as was to 

be shown. The grounds of the note subjoined to this 
rule are these: by casting Awsiy all factors common 
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ISoi 7i\ \%ab 

Thus -5^ diTided bj.rd (or yy giveg jg^j 

And 5a»ft (or-j— y divided by -5^ gites ^^^ , 

4^ Bmi fttanttfies under fAe ^a'mit radical signs ore dt- 
viitd by me another Uke raiwnal quantities^ only the quo^ 
tient must stand under the given radu^ sign. 

Thus, the quotient of %/ oft by ^/^J^ >/ a: 



That of .ij' leosry by i^ Say is i^ ga?.- 



That of ^.^ by J-- 18 J-^j^^j^ 



or 



And that of 6afr >/ lOacxy by 2a %/ £cy is S6 ^Z Soa;. 

5^. Different powers, or roots of the same quantity are 
divided one bv another, by subtrading the exponent of the 
divisor from that of the dividend, and placing me remainder 
as an exponent to the quantity given. But it must be ob- 
Berved^ that the exponents here understood are those de- 
fined in p. 5 ; where all roots are represented as fractional 
powers. It will likewise be proper to remark further^ 
that^ when the exponent of the divisor is greater than that 
of the dividend^ the quotient wiU have a negative exponent^ 
or^ which comes to the same things the result will be a 
fraction^ Whereof the numerator is an unity and the deno- 
minator the same quantity with its exponent changed t6 
an affirmative one. 

Thu s x' divid ed by a* g ives a:^: 

And a + ay divided by c + »"|* gives a + x]^: 
Likewise xi divided by xi gives xi : 



to the two numerators we take equal parts of the quanti- 
ties ; and by throwing off the factors common to both de^ 
nominators, we take equimultiples of those parts* 

The two preceding rules, being nothing more than 
the converse of the 4th and 5th rules in multiplication, 
are demonstrated in them : though perhaps the case, 
in rule 5, where the exponent comes out negative, may 
stand in .need of a more particular explanation. Accord- 
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Moreover, TTin* ^i^i^^d by c+y \h gives c+ylfj 
Lasilj, ac* divided by a?* gflves x , or ^. 

6^. jf compound quantity is divided by a simpU one, by 
dMding every term thereof by the given divisor. 

Thus, Sab ) Sabc+ l2aJbx—9aab ( c + 4x — 3a: 
alsor--5ac)15a*Jc— 12acy* + 5(uP(--SaA-l — J^ ^ ; 
aad so of others. 

7^. But if the divisor f as tvcU as the dividend, be a com- 
pound quantity 9 let the terms of both quantities be disposed 
tn order, according to the dimensions of some letter in them, 
as shall be judged most expedient, so that those terms may 
^tdnd first wherein the highest power of that letter is involv- 
ed, and those next where the neoct highest power is invotoed, 
and so on : this being done, seek how many times the first 
term of the divisor is contained in the first term of the dm- 
dend, which, when found, place in the quotient, fas in divi- 
sion in vulgar aritnmeticj and then multiply the whole di- 
visor therdh/, subtracting tiie product from the respective 
terms of the dividend $ to the remainder, bring down, with 
their proper signs, as many of tlie neoct f Mowing terms of 
the dividend as are requisite for tlie next operation; seeking 
again fiow often the first term of the divisor is contained in 
Ae first term of the remainder, which also write down in 
yovr quotient, and proceed as before, repeating the operation 
till all the terms of the dividend are exiiausted, and you have 
nothing remaining. 



ing to the said rule, the quotient of x^ divided by x^ was 
asserted to be x"^, or -3. Now that this is the true 

value is evident ; because 1 and a^ being like parts of x* 
and x' (which arise by dividing by x^) their quotient will 
consequently be the same with that of the quantities them- 
selves* 

F 
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» 

Thus^ if it were required to divide a' + 6a^x + 6ttot^ 
+ ^ hj a + X (where the several terms are disposed 
according to the dimensions of the letter a) I first write 
down the divisor and dividend^ in the manner below, with 
a crooked line between them, as in the division of whole 
numbers ; then I say, how often is a contained in a^, or 
what is the quotient of a^ by a; the answer is aS which I 
write down in the quotient, and multi[dy the whole divisor, 
a+x, thereby, and tkere arises a^+a^x; which subtract- 
ed from the two first terms of the dividend, leav^ Aa^x$ 
to this remainder I bring down + 5aoi^9 the next term of 
the dividend, and then seek again how many times a , 
is contained in Aa^x$ the answer is 4aa;, which I also put 
down in the quotient, and by it multiply the whole divisor, 
and there arises Aa^x+Aaa^f which subtracted from Aa^x 
+ 5€ux^, leaves aa^, to which I bring down oe:^, the last 
term of the dividend, and seek how many times a is con- 
tained in aaff which I find to be x^; this I therefore also 
write down in the quotient, and by it multiply the whole 
divisor; and then, having subtracted the product from 
aa^+a^, find there is nothing remains; whence I con- 
clude, that the required quotient is truly expressed by 
(i^+4ax+x\ See the operation. 

4 

a+xya^+5a^x+5aj(^+a?(a^+Aax+0(^ 
a^+ a^x 

4a^x+ 5aa^ . 
4o%rr+4ar» 



aa^+x^ 




In the same manner, if it be proposed to divide a* — 
5a*x + lOa^a;^ — lOa^x^ + 5aoc* — x* by a« — Qaap + 01^9 the 
quotient will come out a^ — 3a*a;+ 3aa:» — (x?^ as will ap- 
pear from the process. 



Of Smriott. . S5 

» 

a^^Zax+a^ ) a»— 5a*jp4- 10a«a^— lOa*a:*+ 500^—90^ ( a^ 






— a^x^+Zax*—x^ 


So likewifle^ if a' — d^ be divided by a — or^tbe quotient 
will be a^+a^x+aW+ax^+x^ ; as by tbe work will 
appear. 



a^af — x' 



0?3f^—X^ 

C?Ot? — CUP* 



ox* — x* 
gag*-— x* 

"0 T" 

Moreover^ if it were required to divide a*--Sa*a?+ 
5aSa:<...a:0 by a^— 3a*a:+ Saa^—x?, the process will stand 

thus : 

+3a*a5 — 6a*ac*+ o^a:*+3a*a5* 

+ Sa^ac*— Sa^x* + 6a*x*-^x* 
+ 3a*a^ — 9a^x^+ 9fl*a:* + Sox* 



+ a?3(^ — 3a*x* + Saoc* — x* 
+ a^o::' — Sa^x^ +300:?*— o^ 
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Bnt it is to be obaenred^ that it la not always that tho 
work will terminate without leaving a remainder; and 
then this method is of little use ; and in all these caseSf 
it .will be most commodious to express tiie quotient, in the 
manner of a fr$|€tion» by writing the divisor under the 
dividend^ with a line between tbem^ as has been shown 
in the method of notation. 

It would be needless to oflfec any thing by way of de* 
monstration to the two last ruleSf the grounds thereof be- 
ing already sufficiently clear from what has been deliver- 
ed in the last section, and the rules themselves nothing 
more than the converse of those there demonstrated* — 
1 shall here show the reason why, in division (as well as 
muItipHcation) like signs produce +, and tmUkCf •— • In 
order thereto, it must first be observed, that according to 
the nature of division, every quotient whsitever, multiplied 
by the given divisor, ought to produce the given dividend; 
whence it is evident^ 

1. That + a ) + aft ( + *; because + a mult by + h, 

gives +ab; 

2. That + a ) — oft ( — h; because' + a mult, by — i, 

gives — oft ,' 

3. That — a) +a&(-rk; because •» a mult, by — b, 

gives + oA/ 

4. That — a) — ah ( + h; because ^^a mult, by + b, 

gives — ab; 

And these four are all the cases that can possibly hap- 
pen in respect to the variation of the signs. 



SECTION VI. 

. OflnvoMwu 

INVOLUTION is the raising of powers from any 
proposed root, and may be performed by the following 
rules. 

1". ^ fAe quantity f or root proposed to be involved, ha$ 
no index, that is, ijit be wt itself a poxver or surd^ the power 



Uiiftt^ wifi he reprewtiied by ttc same quamUhf under (he 
given index, or exponent. 

ThuSf the fifth power of a is ex pressed by a'} and the 
seventh power of a+« by ^T»l^ 

£^, Bui if the quanHty proponed be iUdfa p&wer, or onrdf 
it TviU be involved by multiplying its .exponent by the expO' 
nenf i^tkt propoHd power* 

Thna, the cube, or third power of a* i s a^ ; the fifth 
power of X* ia x^'i the fourfli po wer of a x + jfyT is 
ax + 99!^; Mid the third power of a — x\i is a — x^h 

3^, Ji quantity composed of several factors multiplied to- 
gethert is involved by raising each factor to the power pro* 
posed* 

Thusy the square^ or second power of ab is aH^ ; 
the cube, or third power of Stab i s g^ tfy^ or 8a^y $ 

the fif th power of 3 x go — xx x a + b + e is 

S43 X aa — a?x"|* X a + b + c^ } and th e squar e^ or 

seco nd powe r of the radical quantity a^ x a + x']i is 

a X a + x\h 

The first of the rules^ here given^ being mere nota- 
ttottf does not reqnire^ nor indeed admit of a demon- 
stration: the second may be explained thus; iet A** 
be proposed to be ndsed to the power whose exponent 
i»ns dien I say^ that the power itself will be truly ex- 
pressed by A*** : fbr since (by notation) Af* is the same 
thing asAxAxAxA> ^. continued to m factors* 
This raised to the nth power^ or multiplied n times, 
willf QkyyutA general observations at p. IS,) be equal to 
AxAxAxAxAxA^^c. continued to n times m 
fhctors^ that is» to ahi factors; which^ by notation^ is 
A*** But the same thing may be otherwise demon- 
stratedf in a more generd manner^ by means of rule 5** 
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4^ Jt fraction is invdved, by raising halh' the hunUraiar 
and the denominator to the power proposed* 

Thus, the second power of J^ is ff ; the third power 

b bb 

of i£5 is ?^; the fourth power of ^ is l^ z 

fte square of llf, or ^ is £.; the cuhe of ^ is ^ ; 

5 J 25 a% (J? ' 

and the sixth power of ^zm*""* ^ — . 

a — ar"li — a; I* 

When any quantity to be involved has the sign -^ pre- 
fixed, the power itself, if the index is an odd number^ 
must be expressed with the same negative sign^ but if an 
even number, with the contrary sign, or +• 

Thus the second power of — a, or — a x — a, is 
+ a^ (because -^ into — produces + :) also the cube 



in multiplication : for, since powers raised from the 
same root are multiplied by addition of their indices^ 
it is evident that the square of A"* (or A"* x A"*) whe- 
ther the exponent m be a whole number or a fraction^ 
will be truly defined by A^"**: whence it likewise appears^ 
that the cube of A*»» (or A^ x A"») will be defined 
by A*"* ; and tbe fourth power of A~ (or A** x A"*) by 
A^% ^c. 

The reason of the third rule is also grounded on 
the same genend observations : for, in the first exam* 
* pie, where the square, of ah is asserted to be a^6^, w« 
know that square to be oft x ba (by the definition of a 
square,) which quantity is there proved to be the same 
witti a X b X a X b^ or aa X bb» So likewise in the se- 
cond example, the cube of 2a6, or Soft x 2ai x Qai, will 
be*s2xaxfrx2xaxfr x*^ xox* = 2x2x 
2xaxax«xftx6x6a=8xa*x63«: 8a^J». And 
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of — a, or + o^ X — a is — a^ (becuae + into — « 
produces -— ) so likewise the fourth power of — a, or 
— a^ X — a is + o* and the fifth power, or + fl.^ x — a, 
is — a'f &c« &c« Hence it appears that all even powers^ 
whether raised from positive or negative roots, will bo 
podtive. 

5°* QuantiHes compounded of several terms are involved 
by an actual muliiplzcation of all their parts. 

Thus if a + ft was proposed to be involved to the 
sixth power ; by multiplying a + b into itself, we shall 
first have a^ + dab + ¥, which is the second power of 
a + b; and this, again, multiplied by a + ft, gives a^ + 
Sa^b + Soft* + V9 for the third power of o + ft; whence^ 
by proceeding on, in this manner, the sixth power of 
a + b will be found tq come out a^ + 6a'b + 15a*&*, 
+ 20aW + 15a*¥ +6ab^ + *«• See the operation; 

a+b, the root or first power. 

aa+aJb 
+ ab + b^ 

a* + 2ttA+6*, the square, or second power. 
a+b 

the case will be the same when radical quantities are 
concerned (as in the fourth example:) for the square 

of o* X a+3pVtf or a* x a+x\h X ai x a+xVs is « 
ai X ai X a+x\h X a+x\k ^ a^ x a^ x a+x"]^ x 
fi+x]iz butai X ai (by rule 5° i n mul tiplication) is 
as a^ » a, and o+^li X a+x\h =» a +a?"|| ; therefore 
our square, or its equal product, is likewise expressed by 

a X a+x]i* 

The 4th rule, or case, for the involution of fractions^ 
is grounded on rule 3"^ in multiplication, and requii*es no 
other demonstration than is there given. 
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ii?+Si^b+ 3aA*+ 6* the cube, <nr third poirer. 

a+ b 

ill^+Si^b+ Sa*b^+ oA* 

+ a?ft+ 8tfy+ 3ay+ft* 

a^+4a3fr+ 60^6*+ 4aft'+&^5 the fourth power* 
a+ b 



a*+4a^6+ 6a*6»+ 4a*ft»+ oft* 
4; fl^ft+ 4a^6»+ 6a»y+ 40^+ V 

a'+5a*+ 10^6*+ ioaV+ 5a&* + 5*, the 5th power. 

a+ 6 

li^+6a*+15«*6«+«0a^ft»+l5a*6*+6aft«+**, the 6th, or 
required power ota+b. 

So likewise^ if it be required to inTolve or raise a — ft 
to the sixth power, the process will stand thus : 
a — b 
a — ft 



a* — oft 

— oft + ft" 
€?—2ab + ft> 

a* — Soft + ft', second power. 
g—ft 

0?— aa*ft+ oft* 

— o»ft+ ggft*— ft^ 

As.^3a*ft+ Soft' — ft^, third power, 
g — ft 

Hi— 3ii%+ 3a«ft*— aft« 
~ g»ft+ Sa*ft»— 3aft» + ft* 

a^.^-4a^ft+ 6a*ft* — 4a6* + ft*, fourth power. 
o — ft 

a* — 4a*ft+ 6oV— 4o^ft*+ aft* 

— o*ft+ 4tfft»— 6o»ft^+4aft<— ft* 

a«— 5a«ft+ l0a3b'>-*10a'ft3+5aft^-^^ fifth power, 
a — ft 
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a^^5a'b+l0a^'^l0aV+ StJ^b^— oft* 

a«— 6a'6 + 1 Sirt^— «Oa«A» + 1 5o*^— 6o6' + 6% the sixth 
power of a— ft; and 6o of any oth«r. 

Bnt thei^ is a rul^^ or theoreniy given bjr Sir lutae 
Newton, (demonstrated hereafter) whereby any power of 
a binomiiu ii + 6» er a — ft, may be expressed in simple 
terms, without the trouble of those tedious muHiplicationB 
required in the preceding operations | which is thus : 

Let « denote any number at pleasure; then the nth 

I power of a + 6 will be a" + tui*— *b + ^-^ — - — •' 

-,• . *•«— 1»»— 8 „, . « • «^ — 1.»— 2.«— 3. 

a'»-^ft< + -; T T r— . a«-^4^ &c* 

l.fi«3.4*5 

And the nth power of a — 6 will be expressed in the very 
\ same manner, only the signs of the second, fourth, sixth, 

^c terms where the odd powers of 6 are involved, must 
pe negative. 

An example or two will show the use of this general 
theorem* 

First, theft, let it be required to raise n + ft to the third 
power. Here n^ the index of the proposed power, be- 
ing 3, the first term, a% of the general expression, is 
equal to €? ; the second Wh^'^^h a sa'ft ; the third 

^•*"-^l _--r« tm. *t A ^1 n.n-— l.n— 2 
— . a*''"*^* as 3aft* ; the fourth — ;; r — . 

a'^y^y? «ind the fifth ^ '"^ V *~l^ ' l"^ 

' 1 • £ • 3 • 4 

a*— ^ft*, &c. « nothing. Therefore the third power of a+ft 
is truly expressed by a*+dfl?6+3aft*+ft*. 

Again, let it be required to raise a + b to the sixth 
power. In which case the index, n, being 6, we shallf 
by proceeding as in the last example^ have O^^a^, 

G 
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wa"""^ ft « 6a'J, — ^^ — - — . a'»— *ft^= 15a<ft^, &c, and con- 

sequendy a + b^ =» a^ + 6a«6 + 15a^6* + 20a* + 15a«ft* 
+ 6aft'+ft^^ being the very same as was above determined 
by continual multiplication. 

' Lastly^ let it be proposed to involve cc+xy to the fourth 
power* 

'. Here a must stand for ce^ b for a?y» and n for 4 ; then 
.by substituting these values^ instead of a, ft, and n, the 
general expression will become c* + 4(fixy + 6c*x^* + 
4<fa^y^ + x^9 the true value sought. 

From the preceding operations, it may be observed, 
tliat the unciSB^ or coefficients, increase till the indices of 
the two. letters a and ft become equal, or change values, 
and then return, or decrease again, according to the same 
order: therefore, we need only find the coefficients of the 
fii*st half of the terms in this manner ; since^i from these 
the rest are given. 



SECTION VII. 

OJ ErooluUan* 



EVOLVTHOXj or the extraetion of roots, being directly 
ihe oorUrary to iiwelutionf or raisiTtg of powers, is perform' 
ed by converse operations, viz. by tlie division ofindioes, as 
Involution was by their muUijiliaiJtion* 

Thus the square root of a^, by dividing the exponent 
by 2, is found to be a:^ ; and the cube root of afi, by di- 
viding the exponent by 3, appears to be a^i moreover, 

the biquadr atic root of a + xY will be a + a?7* ; and the 

cube root of oa + ^^1^ will be aa+a[ra?l-|. 

In the same manner, if the quantity given be a frac* 
tion, or consists of several factors multiplied together, its 
root will be extracted, by extracting the root of each par- 
ticular factor. 
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n 



Tims tiie square root of a%* will be ab; that of 

aV .„ u «* J *u * - 81 X a* X aa-\-xxX .„ . 

--T- will be — ; and that of — ^ will be 

c" c 16 X a—xy 

9a X aa+xxj 



•: moreoYer^ the square root of oa — xx]i 
4 X — X 

wiU be aa — xx^i ; its cube root aa — xx^^ ; and its bi- 
quadratic root, aa — xx\^ ; and so of others. All wliich 
being nothing more than the converse of the operations 
in the preceding section, requires no other demonstration 
than 'What is there given. 

Evolution of compound quantities is performed by the 
following rule. 

First, place the several terms, whereof the given qtiantity 
is composed, in order, according to the dimensions of some 
letter therein, as shall he judged most commodious ; then let 
the root of the first term be found, and placed in the quotient; 
which term being subtracted, let the first term of the remain^ 
der be brought down, and divided by twice the first term of 
the quotient, or by three times its square, or four titnes tto 
cube, &c. according as the root to be extracted is a square, 
cubic, or biquadratic one, &c. and let the quantitu thence 
arising be ^o wrote down in the quotient, and the whole 
beraiud to the second, third, or fourth, &c. power, acc^^rd- 
ing to the aforesaid cases, resnedivdy, and subtracted from 
the given quantity; and (if any thing remains) let the 
operation be repeated, by always dividing the first term of 
the remainder by the same divisor, fou^nd as aboroe. 

Suppose, for example, it were required to extract the 
squai"e root of the compound quantity 9M>x + a^ + x^i 
then, having ranged the terms in order, according to 
the dimensions of the letter a, the given quantity will 
stand thus, a^ + 9.ax + oc?, and the root of its first 
term will be a; by the double of which I divide 2ax, 
(the first of the remaining terms) ^nd add + x, the 
quantity tbcnoe arising to a (already found) and so liave 
a + X in the quotient ; which being raised to the second 
power, and subtracted from the given quantity, notlnitg 
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reaiains ; therefore a + xiaiht square root requu^ed. See 
the operation* • 

a^+iUix+a^ ( a+x 
Sa) 2ax 
a^+^ax+a^9 second power of a+a?. 

"o o" 

In like manner^ if flie quantity a<^^x+^*jfi — ^ox** 
+x^ ht^ proposed to extract the square root thereof; the 
answer will come out a* — ax+a^, as appears by the pro- 
cess. 

2a* ) — 2a^x 
a* '^Za^x+ a*a^9 second power of a* — ax. 

2a* ) 2a*aJ*, first term of the remainder. 

a4 — 2a'a:+3fl*a:* — Slax^+x*, square of a* — ax+ofl. 





Again^ let it be required to extract the cube root of 
a* — 6a*x+l2aa;* — Sx^f and the work will stand thus: 

o» — 6a*x+12aa^— 8a:*(a — ^ 
3a« ) — 6a*a: 
a» — 6a*a:+12a^^— 8^9 cube of — ^2a:. 

O" o" 

Lastly^ let it be required to extract the biquadratic root 
of I6x*— 9&K*y+216iy— 2l6ay+81jf*, and the process 
will stand as follows: 

160^4 — 96ar5y+216a:y— 216ary»+81y*(2av-3y 
3gjg3 )_96a^y 

l^x^ ~96a^y+2iea^f—2i6xf+Sly * 
"O 

Andy in the same manner the root may be deter- 
mined in any other case, where it is possible to be ex- 
tracted ; but if that cannot be done, or, after all, there 
is a remainder, then the root is to be expressed in the 
manner of a surd, accortling to what has been already 
shown. As to the truth of the preceding rule, it. is 
too obvious to need a formal demonstration, every ope-'^ 
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hAoH kemg a proof oi itiell I slntt only add faeyc> 
tbat there are oth^ nika besides tilo^ for extraction; 
the roots of compound quantities; which, sometimeSf 
bring out the conclusions rather more expeditiously ; but 
as these are confined to particular cases, and would tak^ 
up a great deal of room to explain in a manner suf- 
ficiently clear and intelligible, it seemed more eligible 
to lay down the whole in one easy general method, 
than to discourage and retard the learner by a nulti* 
plicity of rules.— ^However, as the extraction of the 
square root is much more necessary and useful than 
the rest, I shall here put down one single example 
thereof, wrought according to the common method of 
extracting the square root, in numbeni: which I sup« 
pose the reader to be acquainted with, and which he will 
find more expeditious than the general rule explained 
above. 



+4fl*a:+4a»ac» 



2a*+4aar+a:») +a«^ac*+4aar»+a:* 

. ^+2aW+4aar'+a?* 







SECTION VIII. 



Of tke Bediictian of Fractumal and Badical ^uaiUitUs, 



THE reduction of fractional and radical quantities 
is of use in changing an expression to the most simple and 
commodious form it is capable of; and tbat, either by 
bringing it to its least terms, or all the members thereof 
(if it be compounded) to the same denomination. 



r 
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Ji fraction i$ reduced to Us least tertM, by dMding 
both the numerator and denominator by the greatest commot^ 
divisor*^ 

Thusy — , by dividing by 6, is reduced to ^: 
be c 

And — Ji., by dividing by oft, is reduced to ~: 
abb b 

Moreover, — -— will be reduced to — , or 4d: 

Sab 1 

And rr^ will be reduced to — • 

r^^a^x/xy ^^ 

19,041 "-^ ^ab 
Thus also, 5^ , by dividing every term 

of the numerator and denominator by £a, is reduced 

6a — 6 
to : 

Sia 

^a?x — 12a^a^ + %ao(? , . ,. 

^«* 6a^x + 400^ ' ^y ^*^^^*"« ^^"^ *^™ 

4a*— 6aa;+3rr* 
by 9MX9 is reduced to ^a+2x — ' 

a^ + 3a«6 + 3a6* + 6^ , , , 

Lastly, — q8 + 3fl6 + 2&« — ^ ^y dividing both the 

numerator and denominator by the compound divisor 

a* + 2a6 + bb 
a + 6, is reduced to a 4- 9b ' 

But the compound divisors whereby a fraction can, 
sometimes^ be reduced to lower terms, are not so easily 
discovered as its simple on^s ; for which reason it may not 
be improper to lay down a rule for finding such divisors. 

First, divide both the numerator and denominator by their 
greatest simple divisors, and then the quotients one by the 
other (as is taught in Case 7. Section 5.) always ob- 
serving to make thai the divisor which is of the least di- 
mensions; and if any thing remains, divide it by its great- 
est simple divisor, and then divide the last compound di^ 

* See Appendix. 
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visor by the qumMty thence arising; and if any thing yet 
remains f divide it likewise by its greatest simple divisor, 
and the last compound divisor by the quantity thence arising^ 
proceed on in this manner iUl nothing remains ; so shaU the 
last divisor exactly divide both the numerator and denomi' 
nator, without leaving any remainder^ 

J>n>te. I{, after you have divided any remainder by its 
simple divisor^ you can discover a compound one which 
will likewise measure the same, and is prime to the di-> 
visor from whence that remainder arose, it will be conve- 
nient to divide, also, thereby. And if in any case it should 
happen that the first term of the divisor does not exactly 
measure that of the dividend, the whole dividend may be 
multiplied by any quantity, as shall be necessary to make 
the operation succeed. , 

Ex. 1. Let it be required to reduce the fraction 

5a^ + 1 Oa^b + 5a^b* 

to its lowest terms, or to find the 



a^b + 2a*6» +2a^+¥ 
greatest common measure of its numerator and denomi- 
nator. Here, dividing first by the greatest simple di- 
visors, 5a^ and ft, we haVe o.^+Soi+b', and a^+^^ 
+2ai^^¥: and if the latter of these be divided by the 
former, the work will stand thus : 

* a^+2ab+¥ ) a^+^^b+Qah^+b^ ( a 

a*+2a*ft+ ah* 

where the remainder is + a6*+6*j which being 

divided by 5^ its greatest simple divisor, gives a+b; by 
this divide a* +^ah+li^, and toe quotient will come out 
a+b, exactly; therefore, the last divisor, a+b^ will ex- 
actly measure both quantities, as may be proved thus : 

a+b ) 5a'+ 10a^b+5a^V ( 5a*+5a^b 
5a* 4- 5a*6 

5a^b+5a^b^ 
Ba'^b+Sa^t^ 
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ai^+b* 


In both which cases^ nothing remains ; therefore tbei frac<- 
tion given will be reduced to ^s^^^^y 

Ex. 2. Let it be proposed to reduce the fractiott 

to its lowest terms: then the work 



will stand as follows : 

a^x + a^af''^4tx^ — ar* 
a^x — a^aifl — ax^ + x^ 

a3+ — a:* ) a? — a^ar — aa^+x^ ( «— ^ 

gs — — ftac» 

«ar+ +«» 
?a?+ +a^ 





From whence it appears that a'+ 0— a;% or a^-^-o? 
will measure both a* — oc^ and a3 — a'a>— aa:^+^^ &ndf 
by dividing therebyi the fraction proposed is reduced to 
a« + x* 



These operations are founded on this principle. That 
whatever quantity measures the whotef and one part 
of aiwtherf must do the like by the remaining part. For, 
that quantity (whatever it is) which measures both 
the divisor and dividend, in the first example, must 
evidently measure a^ + Sa'ft + ab^ (being a multiple of 
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Exavnplt 3. In the same manner the fraction 

^_^_8a«a? + 6a» ^* ^ reduced to 

sfi — - Sax + 4a' 

r- • See the process. 

— 2aa?3+ +12a«x— 8a* 

remainder — Zt^af — 4a^a:+ 4o*j 

which divided by — • 2a% gives oc* + 2ax i— - £a' for tfa^ 
next divisor. 

a^+Zax — Za^^ofi — aa^ — 8a*x+6a*(iP — Sa 

x^+2aa^ — 2a*a; 

*^Saa^—6a^x+6a^ 
— Sgjg' — 6a^x+ 6a* 



a^+2aaJ--2a»)a?*— Saaj*~8a2a:»+ 18a^at>-^a*(a;*-5aa:+4a* 

— 5aic»— 6a*a;*+18a«a; 
— Soa:*— 1 Oa*a;« + lOa^x 



+ 4a*a^+ 8a»x— 8a* 
/ + 4a*ac*+ 8a^ag — 8a* 



Kow ify by proceeding in this manner^ no compoond 

divisor can be founds that is^ if the last remainder be 

only a simple quantity^ we may conclude the case pro* 

posed does not admit of any, but is already in its lowest 

the former :) whence, by the principle above quoted, the 
same quantity, as it measures the whole dividend, must 
also measure the remaining part of it, oft* +6^ : but, the 
divisor we are in quest of, being a compound one, we 
may cast off the simple divisor h^, as not for our purpose ; 
whence a + h appears to be the only compound divisor 
the case admits of^ which, therefore, must be the com« 
mon measure required, if the example proposed admits of 
any such. 

H 



' 
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(ettes. Thas, for instance^ if the fraction pi*opo^d were 

W V6 a^ + ax + sc^ — ' ** **' P^*"* ^^ inspection, 

that it is not reducible by any simple divisor; but to know 
whether it may not» by a compound one, I proceed as 
ftbove, and find the last remainder to be the simple quan- 
tity 7xx : whence I conclude that the fraction is already 
in its lowest terms* 

Another obsenration may be here made, in relation 
to fractions that have in them more than two different 
letters. When one of the letters rises only to a single 
dimension, either in the numerator or in the denomi- 
nator, it will be best to divide the said numerator or de- 
nominator (which eyer it is) into two parts, so that the 
said letter may be found in every term of the one part, 
and be totally excluded out of the other ; this being 
done, let the greatest common devisor of these two parts 
be found; whith will, evidently, be a divisor to the 
'whoUf and by which tint division of the other quantity 
is to be tried ; as in the fidlowing example, where the 

afi + aas^ + 5a?— ^a^x + box — 2ia* 

fraction given is xx^bx + Sea:-2ab 

Here the denominator being the least compounded, and 
b rising therein to a single dimension only, I divide the 
sarne into thp. parts x» + Siwf, and — bx — 2a 6 ; which> 

by insp ection, appear to be equal to x + ^ x a;, and 

X + £a X -^ 5. Therefore a; + Sa is a divisor to both 
the parts, and likewise to tiie whole, expressed hf 



1 1 ■ 



dd + 2a X x-^b; so that one of these two fhctors^ 
if the fraction given can be reduced to lower terms, 
must also measure the numerator; but the former 
will be found to succeed, the quotient coming out 
a^-^ax + bx — ai> exactly : whence the fraction itself 

sc^ i ax "4* bx ' - ah 
is reduced to ; ^ 9 which is not reduci- 

ble farther, by a; — ft, since the division does not termi- 
nate without a remainder> as upon trial will be found. 



i 
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Having iB9isted largely ob the reduction of fractioBS to 
their least terms^ we now come to consider their redac- 
tion to the same denominator. 

Fractions are reduced to thesaT^derunninatorhivMiUiphf- 
ing the nuTnerator ofea^ into all the denominators^ except iJts 
0uyihjor a new corresponding PMrneratort and aU t&e denomu 
nators continmU/y together, for a common denominator* 

a c ad be 

Thus, J- and j will be reduced to j^ and g^j 

.^ mmmm and ^^« to r 1 *^ 1 and - - ; 

^. ^ax ^ . 5bx . 6a*x ^^ , Shxcd ^. 
and — 5-, and --— , to - — --, and -,: and 

cd Sa Sacd Socd 

so of others. 

But when the denominators have a common divisor, 
the operation will be more simple, and the conclusion 
neater, if, instead of multiplying the terms of each 
fraction by the denouHnator of the other, you only 
multiply by that part which arises by dividing by the 
common divisor. As, if tiiere were proposed the frac- 

tions ^ and ^; then, the denominators having the 

factor d common to both, I multiply by the remaining 

factors a and e; whence the two fractions will be 

bbc aah 

reduced to ^ and -^ (where d remains as before, 

nothing having been done therewith.) By the same 
Socifi 7hx^ , , 12dxy* 

SShcafi , Sa^la x • Tcy/ aa + ocx . ISa^^aoc 

StOabcd ' gbe Sab ' I5atc 

and ^^^^ aa + XX 
ISabc 

'Bntp as has been before hinted, the principal use of 
this sort of reduction is to transform compound quan* 
tities to the most commodious forms of expression; 



52 BeducHon of 

which, for the ^neral part, are more easily mamtgedy 
^whether thej are to be added, subtracted, multiplied, pr 
oivided) when all their members are brought to tiie same 
denominatioiu 

a c 
Thus the compound quantity ^ + 'J will be trans- 
da (c ad + bc , , 
formed to jg + g^ or to — 53^5 for it is evident^ that 

the quotient which arisen by diriding the whole, is equal 
to the quotients of all the parts, by the same divisor* 

a c Ka ad '^^ be 
In the same manner will j" — 5" — S3 — * 

2a?y S^ c Qocyhd+ \5aaxd-^5aaie 

Qdx , Qdx b %dx + ab 
^o— + b, or— + Y will be -^ j 

Zab 9,aJb + aa-^ab ab + aa 
a^d 5~& + ^ * TT—S « a — 6 • 

So likewise^ Jby reduction, ^ ^ + ^ . ^ — 2a 



•n 1. a^x a + x + a*xa — x^^2axa+xxa — x 
will be » !— ^ == — z=: — I 

a — X X a + x^ 
Stax? 5y/lcy 10a — 5x 

5a?^ + 5a^/xy + lOa^ — Sax , . ., 

■ r ■ ' -2— ; and so in other cases. 



a%/ xy + a 



% 



The reason of the two kinds of reduction hitherto 
explained, is gi*ounded on this obvious principle, that 
the equimultiples, or like parts of quantities, are in the 
same ratio to each other, as the quantities themselves, or^ 
that the quotient which arises by dividing one quantity 
by another, is the same as arises by dividing any part or. 
multiple of the former^ by the like part or multiple of the 
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Besides fliesey there are yet two other sorts <tf redw> 
tion which authors hare treated of under the head of 
fractions ; which are, ihe reducing of a whole quantity to 
an eqwo4iUent fraction of a given denomination, and a com^ 
pound fraction to a rimple one of the same value. Nei- 
ther of these^ indeed^ are of any great use in the solution 
of problems ; however^ it might be improper to leave them 
entirely untouched. 

1^ «tf whole quantity is reduced to an equhaknt frac^ 
Hon by mutttplying it by the given denominator, and writing 
the muUiflier underneath the product, with a line between 
them. 

Thus the quantity a, reduced to the denominator ft# 

ah • 
will be -^9 and the quantity c + d, to the denominator 

a + b X c+ d ac + bc + ad +bd 
a+»,wmbe jqrj or j-pj . 

2®. .9 compound fraction is reduced to a simple one ofthe^ 
tame value, by mwttipluing the numerators together for a 
new numerator, and the denominators together for a new 
denominator. 

But by a compound fraction here^ we are not to on- 

latter : for in reducing to the lowest terms^ it is plain 

that, instead of the whole numerator and denominator^ 

we only take that part of each which is defined by the 

greatest common measure ; whereas, in reduction to the 

same denominator^ we^ on the contrary, make use of 

equimultiples of those quantities ; since, in multiplying 

any numerator into aU the denominators, except its own, 

we multiply it by the very same quantities by which its 

denominator is multiplied. 

The rule, for reducing a compound fraction to 

a simple one, may be explained thus. It is plain 

c 1 

that the part of -j defined by -]^ ; which arises by 

c 
dividing by b, vriU bo equal to ^ (the divisor hero 
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derstand one consutittg of several terms, connected toge- 
ther by the signs + and — Twhich is the general defini- 
tion erf a compound quantity) out such an one as expresses 
^ given part of some other fraction. 

Si Sa 6a a 

Thus '5" <^ 5 wiU be equal to j^ and they 

e ac 

part of -y wUI be = gg* 

Of the Reductwn of Radical Quantities. 

The reduction of surd quantities, like that of fractions, 
may be either to the least terms, or to the same denomi- 
nation. 

«A radieal quoMtUy is reduced to iU Ua$t terms, by resAv^ 
ing U into factors f and extracting the root of that which is, 
rationoL* 

Thus, \/i8 is reduced to \/"4 x \/"?; wMcb, by 

extracting the square root of 4,^ becomes 2\/ 7: also 

%/^ is reduced to \/ 1^ x >/ b; which, by extracting 

the root of a% becomes as/ b: likewise ^a^bs^, or 

c»R?li is reduced to ^^ x ^b?, or ai^b?: 

Uo^o? — 4a^ fifl? 

moreover j^ ^ is reduced to ^"^ X 

^ — jg* 2a [gjg-^r* ^\l6a'x' + l6a^afi 

^—b— ^^ T ^ \~6~* *»* ^ Sib^ -. 1626*0? 



c 



being b times as great f) therefore the part of -j- de- 

a 1 

fined by y, being a times as great as that defined by-^y 

must be truly expressed by JL x a, or its equal —; 

bd bd 

as was to be shown. 

* See Appendix. 
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or ^-— y 



IB reduced to ;^|ig^ X ;^^ 

J [^ J! J *Bd *> ^f Wiy other: all which is 

evident fronk ease 4 of ouiltiplicatienf and case 3 of invo-* 
lution. But it is to be obsenredy thaty in resolving any 
expression in this maiinery the factor out of which the 
root is to be extracted, is aiways to be taken tiie greatest 
the case will admit o£ It also may be proper to take 
notice, that this kind of reduction is chiefly useful in the 
addition and subtraction of surd quantities, and in uniting 
tlie terms of compound expressions that are commensura- 
ble to each other, where the irrational part, or factor, 
after reduction, is the same in each term. 

Thus y/lS + V's i i s redu ced to 3%/5 + 4v% or 7v^ij 
and x/Sa*+ %/50a^ — ^/72a^ is reduced to 2av/2+5fl%/a— 



becomes « ^-^2^ + ^ 



l75a*a; 



20 





A nd 3a^ 4fl»a^ + »a?*+3ag V9a^ + I 8<^jg» be comes tear 
V^a^+2^ + 9ax\/a^+2x^ ■• 15axs/a^ + So:*. 

/Shtrd qnafUUiesr under difpsrent radical signs, are rtdticed 
to the same radical sign, 7y reducing their indices to the 
least common denominator. 

Thus a^ and a"^, reduced to the same radical sign, 

will become a^ and a^ (for the indices are here i and 
^, and these are equivalent to | and f , where both have 
the same denominator.) In the same manner, Y\i and 

T]i will become 2| and 11 i, or T\i and"9lT. And, 
universally f A*" and B^, will, when their exponents 
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are reduced to fhe same denomination^ become A 1"^ and 

The principal use of this sort of reductioUf is^ when 
quantities under different radical signs are to be multipli- 
ed or divided by each other. 



That the reduction of a radical quantity to another of 
a different denomination^ by an equal multiplication of the 
terms of its exponent^ makes no alteration in the value of 
tlie quantity^ may be thus demonstrated. 

Let An be any quantity of this kind; then^ the terms 
of its exponent being equally multiplied by any number r^ 

mr 

I say> the quantity Aur, hence arising, is equal to the 
given one An. 

For> if X be assumed s A^, or, which is the same» 
if the value of x be such, that o:^ « A ; then the nth 
root of of^ being of (^by case £ of section 6 J and the nth 
root of A being A» fby notatiothj these two quantities 
of and An must, likewise, be equal to each other : and, 
if they be both raised to the nth power, the equality will 
still continue j but the nth power of the former (or) is b 
af^ {by case 2 of involution $ J and the mth power of the 
latter (An ) is An fby notation; J therefore af^ is » An« 
But, X being » Aw, we have af^ » Aw, by iMtation; 

m« flit 

and consequenUy, Anr » AT; which was to be proved. 



Of Bquaiions. 57 

Thus, %/j multiplied by - yTo) orT|> intojoli, ' 
w ill giv e "iislT X 10o"Ii op 1250oli : also ^/ ax into 
•^ a*a?, op ax\^ into a^orli n^ill give a^"|J x o^^i 

OP a^"]T : and ^/ oo; divided by -^"^ will give 
Sli-.or£ 



1 



Lastly^ Sx multiplied into ^Z Scur, 



will give ^/ 4ap* x \/ Sao:, op %/ I2aa:^. 



SECTION IX. 

€(f EquatUms.* 



AN equation is, when two equal quantities, diffepently 
expcessedy are compaped together^ by means of the sign » 
placed between tbem. 

Thus> 8 -— £ s 6 is an equation, expressing the equality 
of the quantities 8 — £» and 6: and a: = a + ^ is an 
equation, showing that the quantity represented by x is 
equal to the sum of the two quantities peppesented by a 
and b» 

Equations ape the means whereby we come at such con- 
clusions as answep the conditions of a ppoblem ; wherein, 
from the quantities given, the unknown ones are detep- 
mined; and this is called the pesolution, op peduction of 
equations. 

Meduction of Single Equations* 

Single equations ape such as contain only one un- 
known quantity ; which, before that quailtity can be 
discoveped^ must be so opdeped and tpansfopmed, by the 
addition, subtpaction, multiplication, op division, ^c. 
of equal quantities, that a just equality between the two 
parts thereof may be stiU ppesepved, and that there may 
result^ at last, an equation, whepein the unknown quan- 

* See Ap^ndij. 
I 
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tity stands alone on one side^ and all tb#^ known ones on 
the other. But, though this method of ordering an equa- 
tion is grounded upon self-evident principles, yet tlie 
operations are sometimes a little difficult to manage in 
flie best manner; for which reason the following rules 
are subjoined. 

1^. •Jny tepn of an cmMHoUf man be transposed to the 
contrary side, if its signoe changed.^ 

Thus, if or + 6 » 16; then will a:^ 16 — 6, that 

is, a; SB 10 : 
And, if X — 4 = 8; then will a; ■= 8 + 4, or a? =« 12 : 
Also, if *3a: = 2a: + 24 j then will 3a? — 2a; « 24, 

that is a? = 24 : 
Again, lf5a:-i— 8^ Sa; + 20; then will 5x — 3a? « 

20 4- 8, or 2a? es 28 : 

Lastly, if aa: + hx-^e + d — ex^f — g+ hx^^kx; 
then, by transposition, ax + bx — ex — hx + kx »/— * 

{ + c^^d; where all the terms afibcted by a? (the un- 
nown quantity) stand, now> on the same side of the 
equation. 

2^. If there is any quantity by which all the terms of the 
equation are mMltipliedf let them all be divided by thai 
qucmtity ; but if aU of them be divided by any qnantUyy let 
the common divisor be cast away. 

Thus, the equation ax ^ db is i*educed to x ss b; 
also, 10a: = 70 (or 10 x a: =s 10. x 7) is reduced to 
a? s= 7 ; and a?* = ax^ + fta?*, is reduced x ^ a + b: 



* The reason of this rale is extremely evident 5 since 
transposing of a quantity thus, is nothing more than sub- 
tracting or adding it on both sides of the equation, ac- 
cording as the sign thereof is positive or negative. Thus, 
in the equation x + 6 ss 16 T which by transposition be- 
comes a?aBl6— i6sBlO) tne number 6 is subtracted 
from both sides ; and in the equation x — 4 as 8 (which 
by transposition becomes a;=8 + 4ss:]2) the number 
4 is added on both sides. 



^ 
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X b 

Moreover fby the latter part of the rule J — *= — ia re- 

ducod to a; » ft; and -^ *» -^ ^ » to a«* ■» «to* 

•— acx^ ; \iiiich, if the whole be divided by aa^, will be 
farther reduced to a; ■■ ft — c. 

S^. if there are irreducSUe firacHone, let the whde equa^ 

ti0H be mulH^iei fty the product of all their denominatarSf 

2 ^Tf wbich ie the same, let the numerator of every term in 

the equation be miMiplied hy all the denominators, except 

f Us onam, supposing such terms (if any there be J that stand 

ttrithomt a ienom^tkatorf to have an itml suftxerifted. 

X X 

Thus^ the equation x + "g" + y =** 11, is reduced 

OP + 2 X — S 

to6x+Sx + 2x^66; and x + — j— » 12 + — g— * 

' to 40x + 8a? + 16 « 480 + 5x — 15 : so likewise a — 

X X-^" ft 

— «B — - — • is reduced to a^c^-^cx^ ax + ab; and 

oar car 

j-j-^ 4- a at -j;-' to oix + «rt + oftgc «■ oca; + cac** 

4°. if, tn your equation, there is an irreducible surd, 
Vfheretn tile unknown quantity enters, let aU fie other terms 
be transposed to the contrary side (by rule 1 ;) and then, if 
both sides be involved to the power denominated by the sura, 
an equation Tvill arise free from radical quantities ; utdess 
there happen to be more surds than ouCf in which ease the 
operaHon is to be repeated. 

Thus, \/^ + 6 s= 10, by transposition, becomes ^/^ 
(ssio — s) ss 4; which, by squaring both sides, gives 
X ■« 16. 

So, likewise, s/aa + xx-^c^ x, becomes \/aa + xx 
9^c + x; which, squared, gives aa + xx^cc + 2cx 
+ XX, or aa — cc «■ Zcx (by rule 1.)— -The reasons of 
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tbtSi as well as of the two preceding rules^ depend on self- 
evident principles : for, when the equal quantities, on each 
side of an equation, are multiplied or divided by the same, 
or by equal quantitieSf or raised to equal powers, the 
quantities resulting must necessarily be equal. 

4^. JXirtfij^, fty tht preceding rules fif there is occasion J 
cleared yowr equation of fractional and radical quantUieSf 
and so ordered it, by transposition, that all the terms,wherein 
the unknown quantity is found, may stand on the same side 
thereof, let the whole oe droided by the coefficient, or the sum 
of the coefficients, of the highest power ^the said unknenvn 
quantity: and then, if your equation be a simple one (that 
is, if the first power or the quantity itself, be only con- 
cerned) the work is at an end ; but if it be a quadratic^ 
or cubic one, ^c. something further remains to be done ; 
and recourse must be had to the particular methods for 
resolving these kinds of equations, hereafter to be con- 
sidered in a proper place. 

I shall here subjoin a few examples for the learner's 
exercise, wherein all the foregoing rules obtain promis- 
cuously* 

Ex. 1. Let 5a;— 16 SB Sx + 12: then ffty rule 1^ 

5x — 3a: as 12 + 16, or Sx » 28: whence fby rule 5) 

28 
a:=.Y = 14. 

Ex. 2. Let 20 — 3a? — 8 = 60 -— 7a? : then — 3a; +ra: 
ss 60 — 20 -h 8, that is, 4a; » 48 ^ and consequently x b 

48 

:j- = 12. 

Ex, 3. Let ax-^b ^cx + d; then aor— -co; « d + i, 

d + b 

or a — c X xss d + b; and therefore x = ^ ^ fby 

rule 5.) 

Ex. 4. Let 6a;* — 20a; = 16a; + 2a;* : then, dividing 

by 2a; Caccording to rule 2) we have 3a; — 10 « 8 + a;; 

whence Sx — a; =s 8 + 10, that is, 2a; s 18 ; and there- 

18 
fore a; =a ^ asr 9. 
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■ 

Sx, 5. Let Saa6a-Hiki^»aa:S4'2aca^: here dividiiig flie 
whole bj a£r^> we haye 3a>— inoc+Sc; therefore^ a^«sdc 

+J> and X «= — r — • 

Ex. 6. Let -3-+ 4-=Sl • then f Jy nde 3) 4ap+Sa; « 

25£ : and therefore a? a-— -a 36. 

7 

a?4-l a:4-2 a?4-3 

Ex.7. Let^^^+^^^«16—^^^: then 12a; + 

12+8a:+16B384 — 6a%— 18; whence 26xn338, and X^ 
538 

JSx. 8. Let a— — ac* then aay^h^cx; whence 

X 

oov^- W, and ar - -^. 

o — c 

<U /*• «M 

JEa?. 9. Let ~+-j -I — = d.* then, ftca: + ocx + abx^ 
abed, or te+oc+ofr X a? » a(cd^ and consequently a; » 



iia?+a(^ 



JEa?. 10. Let aar+6»« -!- — : then, ax + h x 

a+ar 



c+arasoa^+iw?, that is, a*a:+a6a+aa:«+6aa;=aa:«+ac«; 

whence c^x+aa^+lfioD^^^aa^Trsai^'-'al]^, or o»a:+ft^«ad» 

lie'-— a5^ 
— aJt^i and therefore arsa — -— .. 

aa+ib 

Ex.\\. Let — i- X -« 1: then ax + ab-^hx 

a+x X 

sa ax + xx; whence — ocx -f (a; a — ab; which, by 
changing all the signs (in order that the highest power 
of X may be positive) gives oex-^hx^ iS. But the 
same condosion may be otherwise brought out, by first 
chaogtng the sides of the equation ax '\' ab + hx^ax 
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^xx; which thei^y b9Coiiiiiig4u;-fa6!ap«sft3r+a6+iap, 
.we thence get xx b x^ ab, ^ ^mi^ 09 bejbrt, 

Ex.12. Lct^5^+12«17: theH5!l^«5, and 

3 3 

^5x^15; whence^ Cbyrule4) 5xs=i225, and therefore 

225 
« = •— -=45. 
5 



JBar. IS. Let \/12+a^ae2+\/^; then fhtf rule 4) 
12+a7sa4+4\/x+^; whence^ by transposition, 8«=*4v^x} 
and by diyision» s»>/ap; consequently 4«a;. 

2a» 



JBa:. 14. Let a:+\/a*+a:* = , , Here rJy nite 

S) a?x %/o^+Jg' +o*+x ^aa2a^; whence op x v^<i?+a^ = 

1^— a:*, and a:»xa*+i^=a*— 2a*a:*+a:* fftjf nifc4,) that 
is, o*a?+a;*=a*— 2a'ac«+«*; therefore Sa*aJ*a=aS and 

- 2a 

Ex.15. Let >/«+ \/a+a? am —==. Then \/aap+xa; 

%/a+x 



4-a+a^=2fl, or %^ax+xx =a — a:; whence ax+xxs^a* 

a* a 

— Sojc+x*, and a: sa= ~ sss —. 



JSx. 16. Let ^ojS--^ »: a;— c : then, by cubing both 
sides, ac'—^=ar' — Scx^+S€?x+i?} whence 3«r» — SAxas 

a* & 
af"^, and a?— ca? =— — —by dividing the whole by 3c. 

m 

Ex. 17. Let ^aa+xxaatX/b^-J^x^ : t hen, by raiskig 
both sides to the fourth power, we have oa+asrl^asA^-f 
x^f that is, a^+2ii^+^«aB&^+^ $ and conseqii»tly a^s= 
H-a^ ft* , , 

2a« 2aa ^ ' 






Ex. 18. Let opas v^a*+a:^M+aBc— a. Here a:+a«« 
's/a^'^ xs/bb-^x x; which sqnare d, giTW a^+gaag^-a*— 
fl*+a?v'W+^, or aj^+gfla r—Ar^/ftfr+a^; divide by ar, 
so Shan a;+2a»v/ftF+^; this squared again^ gives 
aJ'+4aa^4■4a*=66+a»:; whence AQx=^hh — 4aS and there* 

forea?asa ——a. 
4a 



Of the EocUrminaJtion of unknown Quantities, or the Seduc* 
Hon of two or more EquaHom to a iingle one. 

It has been shown above^ how to manage a single equa- 
tion ; but it often happens, that, in the solution of the same 
problem, two, or three, or more equations are concerned, 
and as many unknown quantities, mixed promiscuously 
in each of them ; which equations, before any one of those 
quantities can be known, must be reduced into one, or so 
ordered and connected, that, from thence, a new equation 
may at length arise, affected with only one unknown quan« 
tity. This, in most cases, ;nay be performed various 
ways, but the following are the most general. 

1^. Observe which, of all your unknown qtumtUies, is the 
least involved, and let the value of that quantity be found in 
each equation, {by the methods already explained J looking 
upon M the rest as known; let the values thus found be p/ut 
equal to each other, (for they are equal, because they aU 
express the same thing; J whence new equations will arise, 
out of which thai quantity will be totally excluded; with 
which new equations the operation may be repeated, and the 
unknown quantities exterminated, one by one, till, at last, 
you coTue to an equation containing only one unknown quan- 
tity. 

£^. Or, let the value of the unknown qumUity, which 
you would first exterminate, be found in that equation 
wherein it is the least involved, considering all the other 
quantHies as known; and let this value, and its powers, be 
substituted for that qtianttty and its respective poivers in the 
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other eqiiaiions ; and toith the new equaUons thue arising^ 
repeat the operation, tUl you have only one unknown quan- 
tity, and one equation* 

S^. Or, lastty, let the given equations be mvUipUed or 
divided by such numbers or quantitieSf whether known or 
unknown, that the term which involves the highest power ^ 
the unknown quantity to be ecderminated, may be the same 
in each equation; and then, by adding or subtracting the 
equations, as occasion shall require, that term will vanish, 
and a new equation emerge, witerein the number of dimen- 
sions fif not the number of unknown quantities J will be 
dtminisaed* 

But the use of the different methods here laid down will 
be more clearly understood bj help of a few examples. 

EXAMPLE I. 

Let there be given the equations a;+]fssi2^ and 5x+Sy 
a50 $ to find X and y. 

According to the first method, by transposing y and 3y, 
we get a:= 12 — y, and 5a;=s50 — 3y; from the last of which 

50 — 3y 

equations^ x « — ~- : now, by equating these two va- 



lues of X, we have 12 — y= — — ^.j and therefore 60 — 
5y^50 — Sy.* from which, y is given » _ s 5; and x 

According to the second method; x being, by the first 
equation, » 12 — y, this value must therefore be substituted 
in the second, that is, 60 — Su must be wrote in the room 
of its equal 5x; whence will be had 60 — 5]f+dys50; and 

from thence y^-z ^5, as before. 

Bvi according to the third method, having multiplied 
the first equation by 5, it will stand tlius, 5x+5y^60; 
fipom whence subtracting the second eqiiation^ Sx+Sy^s 5O4 
there remains - .... gyslO; 

whence y »= 5, still the same as before. 



The first of these tiiree ways is mach used by some 
aathorsy but the last of them is, for the general party 
the most easy and expeditious in practice^ and is, for 
that reason^ chiefly regarded in the subsequent examples* 

EXAMPLE II. 

"^ 1 to — 2y« 20. 

Here the second equation being multiplied by 4 Tin 
order that the coefficients of y in both equations may oe 
the same) we haye 12a? — 8tf as 80. 

Let this equation and the first be now added to- 
gether; whence y will be exterminated^ there coming 

204 

out ifopB 204; firom which a:«: — . s 12 : therefore, 

124—50? 124 — 6a 64 

by the first equation, jf (■« g — — g — « — ) 

EXAMPLE m. 



^"^^t 2X4- 55- 160. 
Here mdtiplyine the first i 



Here multiplying the first equation by 2, and the se* 
cond by 5, in order that the coefficient of x may be the 
same in both, there arises 

lOo;— 6yss 180 

lOar + 259 ss 800. 

By subtracting tiie former of which from the latter we 

620 
have Sly es 620 : hence y =» — - =20; and so, by 

90 + Sy 90+ 60 
the first equation, a ( = — - — » — - — a so. 

But the value of x may be otherwise found, inde- 
pendent of the value of y; for, by multiplying the first 
equation by 5, and the second by 3, and then adding 
them together, y will be exterminated, and you will get 

930 
S5a; + fix as 450 + 480 : \irbence x «» _. n so, iht 

same.oi before. 



\ 
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EXAMPLE IV. 



Gtoffi* 



2 I- 3 =^ *" 



5 9 



Here our eqaatioiist cleared of firactioiis^ will be 

30? + 2jf = 96 

9a; — 5jfas 90. 
And, if from the triple of the former the latter be snb- 
tractedy we shall have Sy + 5y = 288 — 90, thai is, 

llyas 198; whence 3f= 18} and a; (= — —S^ 



20. 



CUveiu 



EXAMPLE y. 

1^12-1 + 8 



l^'+f-»-^+«^- 



Here 4a?— 96= 2jf + 64, and 
12a? + 12y + 20a: — 480*= 30jf — I5x + 1620 j which, 
contracted, become 
4a?_ 2y=s 160, and 
47x — 18y s 2100 : from the last of which subtract 9 times 
the former; so shall 110?= 2100— 1440 = 660 ; therefore 

ar«:60,andy(«= ^ '^^ =2a? — 80)x=40, 

EXAMPLE VI. 

r a? + jf = 13-) 
Let < X + %^l4tY; to find a?, jf, and %, 
ly + »=l5} 

Bj subtracting the first equation from the second ([Im 
order to exterminate a?) we have f6 — y= l; to which 
the third equation being added, y will likewise be ex- 
terminated, there coming out 2s( = 16, or as = 8 : 
whence j (ex*— i) » 7; and a? (= IS — y) =» 6. 



1 



I 

I 
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EXAMPLE Tlh 



La< 



— + — + —==62 
2 3 4 

5 4^5 



X n % 

Here the given eqaationsy cleared of fractioiis> becoiM 
12a;+ 8y+ te««1488 
20X+ 15y + 12«»2S20 
30x+24y»£0«s4560 
Now (to extenninate %J let the second of these equations 
be subtracted from the double of the first ; and also the 
triple of the third from the quintuple of the second; 
whence is had 

4:r+ y->156 

from which 12x— I0a;=»468— 420^ and x^^=2A. 

2 

Therefore^ («:156— 4a:J*=60j and »(— il2!z±!zl!^) 
« 120. ^ 



EXAIIFLE YIIL 

fa?+100= y+« 
Xel <y + 100=<2a(;+2« 
l.«+100=:3ar+3y. 

To the double of the first, let the second equation be 
added ; so shall the afn^ on the contrary sides, destroy 
each other, and you will have 300+y=s2y+4«, or 300= 
y+4». Moreover, to the triple of the ftrat, let the third 
equation be added, whence wfll be had «+400s:6jf4-da;^ 
or 400=6j+29$. 

Now, if from the double of this last equation, the for« 
mer, S00aBy4*4«, be subtracted, there will come out 

500= lly; and, consequently, y ^-^^AS-f^ithevttove 
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«(==^^7^==7'5--|-r==r5---llT\) = 65^J and x 

EXAMPLE DL 

Let a^^ssSy and a[;y+ 5a? — 6y=:120; to exterminate x. 

By the former equation, ar=:y+S; which value being 
substituted in the latter (according to the second general 

method J it becomes |^+2xy+5xy+2 — Gjf^lSO, that is, 
3f»+2y+5y+lO_6y=120, or y«+y«110. 

EXAMPLE X. 

Let there be given x+y^siOf and a^+j/^^b; to extermi^ 
note X. 

H ere, by the first equation, x^a-^; and therefore 
ai?=za^-^Y; which value being wrote in the other equa- 
tion, we have a — jfl'+y*=6, that is, a' — 2flif+jf'+jf^=6; 

and therefore y*— ay = w^ * 

EXAMPLE XL 

Multiply the first equation by /, and the second by a, 
and subtract the latter product from the former ; whence 



you will have b/x—agx+cfy-^-^y^^^df-^k^ which, by 

df''^4Lk+agx — bfic 
transposition and division, gives y^-^ J j^ 



Let this value of y be now substituted in the first equa- 
tion, and there will arise 
adfx-^a^kx+a^goi^ — abfQfi+edf—cak+eagx—el^ 

cf — ah 
hx^d: which, multiplied by i^^--ah, and contracted^ 
gives ag^J xojfl+df^'^+eg'^hxx^ck'^hd. 



EXAMPLE XII. 

Suppodng asfl + bx + c^O, mdja^ + gx + hmtO; 
to eacUrminate x* 

Proceeding here as in the last example^ we haire fbx 

_ _ , ah — h 

+fC'^agx — ah ■■ 0; and, from thencefO; ■■ ThZZni' 

«r. , , oA —fcY b xah—Jc 

Whence^ by substitiitioiiy x x ^ ^ -^ + — jt — rr 

fb-^agl /«> — «« 

+ « 0. Thi8> by uniting the tw o last terms, and di« 

ah — fcY hh — eg 
viding the whole by a, gives ===4 + fl,_ag ^ ^ * 

consequently oA— jfe^ +fb — ag x bh — eg » 0. 

After the same manner x may be e3q)ttnged out of the 
equations aafi + ba^ + ex + dt^O, and^+^ + A — 0, 
&c* But, to show the use of the above examploy sup- 
pose there to be given the equations a? + yx — j^ » 0, 
and a^ + Sxy — 10 = 0: then, by comparing the terms 
of these equations with those of the general ones, aa^ + 
bx + c^Qf and fi^ + gx + h ^ 0^ we have o =■ 1, 
* « y^ c^ — f, f^ 1, g =» 3y, and A « —10 ; 
wh ich valu es being s ubstituted in the equati on ah — fey 
+ fb — ag X bh — cgasQ , ft thence becomes — lO + jfyj* 

+ y—Sy X — lOy + Sy» — 0, that is, 100 — 20y* + y^+ 
20^— ^6]^ BT 0; or, 100 » 5y*} whence y may be found, 
and from thence the value of x also. 
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SECTION X. 

Of Proporfian. 

QUANTITIES, of the same kind, may be compared 
together, either with regard to their differences, or ac« 
cording to the part or parts, that one is of the other, call- 
ed their ratio. The comparison of quantitiea according 
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to their diflTerences, is called arithmcHcai; bat according 
to their ratios, geomeMcoL 

When, of four quantitiesy 9, 6, 13, 16, the diflference of 
the first and second is equal to flie difference of the third 
and fiMnth, those quantities are said to be in arithmetical 
proparium. But, when the ratio of the first and second 
IS the same with that of the third and fourth (as in 2, 6p 
10, SO) then the quuittties are said to be in geomdrieal 
frf^ortunu Moreover, when the difference, or the ration 
of everjt two adjacent terms (as well of the second and 
third, aa of the first and second, ^) is the same, then 
the proportion is said to be continued: thus, 2, 4, 6, 8, ^c. 
is a continued arithmetical proportion; and 2, 4, 8, 16, 
4*^ a continued geometrical one. These kinds of propor- 
tions are also called progressions, being carried on ac- 
cording to the same law throughout 

JrUhmetical Proportunu 

THEOREM I. 

^an/gfmr quamtitUs^a, bfCfd^in arithmetical progress 
nan,* tAe sum qf the two means is tfual to the sum y tht 
two eaetremee. 

For since, by supposition, ft-— ais«>il-— i^ therefore 
i$ft + c«8d + a, by transfosition. 

THEOREM IL 

In any continued arithmetical progression (5, 7, 9, 11, 
IS, 15) tAe sum of the two extremeSf and that <n every other 
twq terms equally distant from thenh are equal. 

For since, by the nature of progressionals, the second 
term exceeds the first by just as much as its correspond- 



* Although, in the comparison of quantities according 
to their differences, the term proportion is used ; yet the 
word progression is irequenlly substituted in its room, and 
is, indeed, more proper; the former term being, in the 
common acceptation of i^ synonymous with raiio$ which 
is only need in thn other kind of comparison* 



I 



(Jf Vfofforiim. 71 

iQg tflviBy tke last but one, wants of the last^ it is inaiii*- 
fest that when these corresponding terms are added to* 
geflierf the excess of the one vdll make good the defect of 
the ofliery and so their snm be exactly the same with that 
of the two extrunes: and in the same manner it will ap* 
pear^ that the isom of any two other cori^espondmg terms 
most be equal to that of the two extremes. 

When the number of terms is od^^ as in the progres- 
sion^ Af 7f 1^9 13, 16^ then the sum of the two extremes 
being doubled to tiie middle term, or mean, the sum of any 
other two terms, equally remote from the extreraes, must 
likewise be double to the mean. 

THEOREM III. 

In an^ continued arithmetical progresnan, a, a-f il, a+ 
&d, a+Sd, a+4df ^ the last, or greatest term, is equal to 
the first for least, J more the common difference qfthe term$ 
drawn into the number of all the terms after the first, or in- 
to the whole mmber of the terms, less one. 

For, since every term, after the first, exceeds that pre* 
ceding it, by the common difTerence^ it is plain that the 
last must exceed the first by as many times the common 
difference as there are terms after the first ; and therefore 
must be equal to the first, and the common difference re- 
peated that number of times. 

THEOREM IV. 

The sum of any rank or series of quaniilies, in conUnued 
arithmetical progression (5, 7, 9^ 11, 13, 15) i$ equal to tiie 
wtn of the two extremes muUij^kd into half the number of 
terms. 

For, because (by the second theorem) the snm of the 
two extremes, and that of every two other terms equally 
remote from them, are equal, the whole series, consisting 
of half as many such eqnal sums as there are terms, wilt 
therefore be equal to the sum of the two extremes repeat- 
ed half as many times as there are terms. The same 
flung also holds, when the number of terms is odd, as in 
the series 8, 1£, 16, £0, £4 ; for then, the mean, or mid- 
dle term, being equal to bdf the sum of any two terms 
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equaUj distant from it» on contrarj sides^ it is obvipmr 
that the value of the whole series is the samef as if every 
term thereof was equal to the mean, and therefore is equal 
to the mean (or half the sum of the two extremes) moiti- 
{died by the whole number of terms ; or to the whole sum 
of the extremes nhiltiplied by half the number of terms. 

Otomdrical ProporHofu 

THEOREM L 

If four qiumiilits^ thbfCfds (2f 6, 5, 15) are in geome^ 
tricai proportiont the product oj the two means bc^ will be 
equal to that oJOie two extremesy ad. 

For, since by the ratio of a to 6 (or the part which a 

a 
is of bj is expressed by -y^ and the ratio of c to d, in like 

manner^ by--r; and since^ by supposition, these two ratios 

are equal, let them both be multiplied by bd, and the pro- 

a e 

ducts y X M and ^ x bd will likewise be equal ; that is 

abd cbd 

-jj- =« -J-* wad^cb fby case 2, sect. 4.) 

THEOREM IL 

If four quantities, a, b, e, d, are such, that Uu product of 
tiDo qfthem,ad, is equal to the product of the other two, be, 
then are those quantities proportional.* 

For since, by supposition, the products ad and be are 
equal, let both be difmed by bd, and the quotients 
aa/a\ bc/c\ 

bd\b/ ™* bd\dl ^^""^ ^^ ^^ *'*"•* * ^'^^ therefore 
a:b::c:d. 

THEOREM IIL 

If four q;uoniities, a,b,e,d, (2, 6, 5, 15]) are propor- 
iional, fAe rectangle of the means aivided by either extreme, 
will give the other extreme. 

* Sec Apptndiz. 
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For, by the second theorem, od « ic (2 x 15 ss 6 x 5,) 
whence dividing both sides of the equation by a (2,) we' 

be * 6 X 5\ 
hare d =s — (15 = — 5""/ • Hence, if the two means and 

one extreme be given, the other extreme may be found, 

THEOREM lY. 

THie prodtiets of the corresponding terms of two geometri- 
eal proportions, are also proportional. 



That is, if a : i : : c ; d, and e :/: : g : h, then will 
ae :bf: : eg : dh. 

a e .^g 
5--J, andjT- 



For ij- ses ^r, and 7- sas ^, by supposition j whence 



a e c g 

g- X 7* es J X ^, by equal multiplication j and conse- 

at eg * 

quently -r^ « ^ (by p. 18;) that is, ae ibfi : eg : dh. 

Hence it follows, that, if four quantities are proportional, 
their squares, cubes, ^e. will likewise be proportional. 

THEOREM V. 

If four quantities fa, h, c, d, (2, 6, 5, 15) are proportional, 

■"l. inversely, fr : a : : d : c (6 : 2 

ft. alternately, a: e : : ft : d (2 : 5 

3. compoundedly, a:a+b::ctc+d (2 : 8 

4. dividedly, a:ft— a::c:d— c ^2 : 4 

5. mixtly, 6+a : ft— a::d+c;d— c (8 : 4 
6. by multiplication, ra:rb::cid (2r: 6r: 

aft 26 

7. by division, --: - i : cid (—2 -:: 5: 15) 
^•r rr ^ r r ^ 

Because the product of the means, in each case, is equal 
to that of the extremes, and ther^ore thf quantities are 
proportional, by theorem 2. 

L 







r 
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THEOREM VI. 

IJ three numbers, a, b, c, (2, 4, 8») te in continued pro* 
portion, the square ofthejirst will be to that of the second, as 
the first number to the third; that is a^:b^i:a:c. 

For, since a:b::b:c, thence will ac =& bb, by theorenoi 
1 ; and therefore aac » abb, by equal multiplication ; con- 
sequently a^:b^::aic,hy theorem 2. 

In like manner it may be proved, that of four quantities 
continually proportional, the cube of the first is to that of 
the second, as the first quantity to the fourth. 

* THEOREM VII. 

If any continued geometrical proportion (1, 3, 9, 27, 81, 
^c.) the product of the two extrenus, and that of every other 
two terms, equally distant from them, are equal* 

For the ratio of the first term to the second, being the 
same as that of the last but one to the last, these four 
terms are in proportion ; and therefore, by theorem 1, the 
rectangle of the extremes is equal to that of their two ad- 
jacent terms : and, after the very same manner, it will ap- 
pear, that the rectangle of the third and last but two, is 
equal to that of their two adjacent terms, the second and 
last but one ; and so of the rest. Whence the truth of the 
proposition is manifest. 

THEOREM Vm. 

The sum of any number of quantities, in cofdinued geome^ 
tricdl proportion, is equal to tlve difference of the rectangle 
of the second and last terms, and the square of the Jirstp 
divided by the difference of the first and second terms* 

For> let the first term of the proportion be denoted 
by a, the common ratio by r, the number of terms by 
71, and the sum of the whole progression by x: then it 
is manifest that the second term will be expressed by a x r^ 
or ar; the third by arxr, or at*; the fourth by ai^xr, 
or at^, and the nth, or last term by ar""^; and there- 
fore the propo^ion will stand thus, a + ar + ar^ + ar^ 
. . . . + or**-^ + af^^ ^ oc; which equation, mid- 



Of Preportion. 75 



ti^ed.bj r, gives ar+at^+af^+ar^ . 

+ at^ = nr ; from which the first equation being sob- 

tracted^ there will remain — a +ar^=^ rx — x; whence 

r— .1 r—i / 



ar--^ 



as 



was to be demonstrated. 



SECTION XI. 

Tht applicatidn of Mgtbra to the resolution of numerical 

Problems. 

WEUBN a problem is proposed to be solved algebra- 
ically^ its true design and signification oughts in the first 
place, to be perfectly understbod, so that (if needful) it 
may be abstracted from all ambiguous and unnecessary 
phrases, and the conditions thereof exhibited in the clear- 
est light possible. This being done, and the several 
quantities therein concerned being denoted by proper 
symbols, let the true sense and meaning of the question 
be translated from the verbal to a s}rmbolical form of ex- 
pression ; and the conditions, thus expressed in algebraic 
terms, will, if it be properly limited, give as many equa- 
tions as are necessary to its solution. But, if such equa- 
tions cannot be derived without some previous operations, 
{which frequently happens to be the case,) tlien let the 
earner observe this rule, vi%» let him consider what me- 
thod or process he would use to prove, or satisfy himself 
in, the truth of the solution, were the numbers that an* 
swer the conditions of the question to be given, or affirm- 
ed to be so and so ; and then, by following the very same 
steps, only using unknown symbols instead of known 
numbers, the question will be brought to an equation. 

Thus, if the question were to find a number, which 
being multiplied by 5, and 8 subtracted from the product. 



1 



! 
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the square of the reiaainder shall be 144 $ then^ haTing 
put u^5,b^Sf and c^lA4, suppose the number sought 
to be - 
then 5f or a times that number^ 1 ^^ 

wUlbe - . . J ^" 
from which 8, or 6, being sub-1 -^ 

tractedy there remains - j 
which, squared* is - - 144 



(or) X 

ax 

a^a^—2axb+V. 



Therefore a^oc^ — 2axb+h^ is = c for 144) according to 
the conditions of the question. In tlie same manner may 
a question be brought to an equation, when two or more 
quantities are required. 

After the conditions of a problem are noted down in 
algebraic terms, the next thing to be done is to consider 
whether it be properly limited, or admits of an indefinite 
number of answers ; in order to discover which, observe 
the following rules* 

RULE I. 

TF?ien the number of qiuintities sought exceeds the number 
qf equations given, the question (for the general part J is 
capable of innumerable answers. 

Thus, if it be required to find two numbers (x and y) 
with this one single condition, that their sum shsdl be 100^ 
we shall have only one equation, vix. x+tf'^lOO, but two 
unknown quantities, x and y, to be determined ; therefore 
it may be concluded, that the question will admit of innu- 
merable answers. 

RULE IL 

But if the number of eqtuitions, given from tlie conditions 
of the question, is just the same as the number of quantities 
sought, then is the question truly limited. 

As, if the question were to find two numbers, whose 
sum is 100, and whose difference is SO ; then, x being 
put for the greater number, and y for the less, we shall 
have x + y=^l6o, and a: — y==20: therefore, there 
being here two equations and. two unknown quantities. 
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tbe ^estioB is truly linuted ; 60 and 40 being llie onl j 
two numbers that can answer the conditions thereof. 

RULE III. 

When the numter of equations exceeds the number of 
quantities sought, either the conditions of the problem are 
inconsistent one with another, or what is proposed, in gene- 
vol terms, can only he possible in certain particular cases. 

But it is to be observedf that the equations understood 
here, as well as in the preceding rules, are supposed to be 
no ways dependent upon, or consequences of, one another. 
If this be not the case, the question may be either un- 
limited, or absurd, or perhaps both, at the same time that 
it seems truly limited ; as will appear by the following 
example. 

Wherein it is required to find three numbers, under 
these conditions ; that the sum of once the first, twice the 
second, and three times the third, may be equal to a given 
number h ; that the sum of four times the first, five times 
the second, ahd six times the third, may be equal to a 
given number c; and that the sum of seven times the first, 
eight times the second, and nine times the third, may be 
equal to a third given number d. Now, the three numbers 
sought being respectively denoted by x, y, and », the 
question, in algebraic terms, will stand thus, 

4a?+5y+6»«=c 
7x+Sy+9%^d. 

Here, there being three equations, and just the same 
number of unknown quantities, one might conclude the 
question to be truly limited: but, by reflecting a little 
upon the nature and form of these equations, the* con- 
trary will soon appear ; because the last of them includes 
no new condition but ^what is comprised in, and may be 
derived from the other two; for if from the double of 
the second the first equation be taken away, the value 
of 7ar + 8y + 9% will from thence be given «= £c — J. 
Hence it is manifest, that giving the value of 7x + By 
+ 9%, in the third equation, contributes nothing towards 
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limiting the problem ; and that the problem itself is not 
only unlimited^ but also impossible^ except when d is gir- 
en equal to 2c---b. 

Having laid down the necessary rules^ for bringing 
problems to equations^ and for discovering when they are 
truly limited^ it remains that we illustrate what is hitherto 
delivered by proper eixamples» 

Arithmetical Problems. 

PROBLEM L 

To find tluU numbert to which 75 being added, the ium 
shall be the quadruple of the said required numbet. 

Let the number sought be represented by - x, 

then will its quadruple be denoted by - - 4x; 

whence, by the conditions of the question, x+75^4x; 

this equation, by transposing x, becomes - 75 '^Sx : 

75 
fki>m whence, dividing by 3, we have a: » — « £5, 

which is the number that was to be found (for it is plain 

that 25 + 75=25 X4-«100.) 

PROBLEM IL 

What number is that, which being added to 4, and also 
multiplied by 4, the product shall be the triple of the sumf 

Let the number sought be denoted by - - x; 
80 shall the sum be denoted by - - - x+4, 
and the product by - - - - - 4a: .• 

whence, by the conditions of the question, 4x^x+i X 3 ; 
that is, 4x^ 307+12; from which, by transposition, a>» 12* 

PROBLEM IIL 

To find two numbers such, that their sum shall be 30, 
and their difference 12. 

If X be taken to denote the lesser of the two numbers ; 
then, by adding the difference 12, the greater number will 
be denoted by a?+12; and so we shall have 2x+12=30 
by ihe questUm. 

From which equation^ ^X'^SO-^lQ^lS} and conse> 
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18 
sequcihfly « »— » 9 : whence the greater number 

(x+ 12) is also given » £1. 

PROBLEM IV. 

To divide the number 60 into three such partSf that the 
Jirst may exceed the second by S, and the third by 16. 

Let the first part be denoted hj x; then the second 
will be X — 8, and the third x — 16 : the aggregate of all 
whlch^ or Sx — 24 is« 60^ by the qvestum. 

84 
Hence 305=* 60 +24= 84, and a?=—= 28: so that 28, 

so, and 12« are the three parts required. 

PROBLEM V. 

The sum of 6601. was raised (for a certain purpose J by 
four persons, A, B, C, and D : whereof B advanced twice 
as much as A; C as much as A and B ; and D as much as 
B and C : what did each person contribute ? 

Let the sum or number of pounds advanced 1 

by A be called - - - - J ^S 

then will the number of B^s pounds be denoted by 2ar, 
that of C's by - - - • - . s^^*, 

and that of D's by Sx; 

the sum of all which is given equal to 660Z. that is, 

lla:«»660 : from whence x « ---p ^^0* Therefore, 60, 

120, 180, and 3002. are the respective sums that were to 
be determined. 

PPOBLEM VL 

• 

' d9 certain sum of money was shared among Jive persons, 
A, B, C, D, and E ; wHereof B received 101. less than A; 
C 161. more than B; J) 5l. less than C ; E 15L more than 
D : moreorver it appeared, that the shares of the two last 
together were equal to tlie sum of the shares of t1\e other 
three: what was the whole sum shared, and hem mxkch 
did each receive? 
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Let X denote the share of A : 

then J S 1 1^ ^**^ *® ^^^ s***^ ^^ 

and therefore Zx+ 17«3a; — 4^ fry the quts&on: from 
whence, by transposition, 21»a:/ so that £1, 11, £7, £2, 
and srL are the several required shares ; amounting, in 
Ae whole, to 1182. 

PROBLEM VIL 

To Jini three nuwbers, on tliese conditions , that the sum 
of the first and second shall be 15 ; of the first and third 16; 
and oj the second and third 17. 

If the first number be denoted by x, then it is plain, 

By the question, that the second will be represented by 

15 — X9 and the third by 16 — o^. But the sum of these two 

last is given equal to 17 ; that is, 31 — £a:»i7$ whence, 

14 
by transposition, 14=== 2a:; and consequently x=^— «= T. 

Hence 15 — a;=8, and 16 — or =9; which are tlie other two 
numbers required. 

PROBLEM VIIL 

To find that number , 'which being doubled^ and 16 sub^ 
tractedfrom the product^ the remainder shall as mikh exceed 
100 as tlie required nurnber itse^ is less than 100. 

The number sought being denoted by Xf the double 
thereof will be represented by £a;; from which subtract- 
ing 16, the remainder will be 2x — 16; and its excess 
above 100, equal to 2x — 16 — 100: therefore 2x — 16 — 100 
»100 — X, by the question; whence 3a;»2l6; and conse- 

216 
quently a?«= -j- = 72. 

PROBLEM IX. 

To divide the number 75 into two stich parts, that three 
txm^ the greater may eocceed seven times the lesser by 15. 
Let the greater part be » a; ; then will the lesser 
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part B fs^^Xf and we shall liave 3x — IS ^ TS^^x 
X 7; or, which is the same^ 3ar^-«i5 «» S25 — 7x: from 
whence lOx » 540^ and consequently x^54. 

PROBLEM X. 

Trvo persons, A and B, having received equal swm cf 
monty, Lout of his paid avmy %5l. and J^ of his 60L and 
then u appeared that A had just twice as much money as 
B : what money did eaeh receive? 

Sappose X to denote the sum received by each person } 
then A, after paying away 25L had x — 25 ; and B, after 

eyiflg away 6oL had x — 60 ; hence x — 25 » So: — 12O9 
the question; and therefore 120—25 » iLx-^x, that is^ 
95 ^x. 

PROBLEM XI. 

To find that number, whose ^ part exceeds its i part 

Let the noBiber sovght he represented by x^ then will 

X X 

5p — J" «» 12, by the conditions of the problem i which 

equation (by multiplying every numerator into all the de« 
nominators, otcq^ its own) gives 4x — da; « 144, tbrt 
is^ a? a 144. 

PROBLEM XIL 

TFhat sum of money is that whose ^ part, l part, and | 
partf added together, shall amount to 94 pounds? 

If X'he the number of pounds required, then will 

X X X 

r- + 1- + ^ SB 94 : from whence, by reduction, 20ap +15^ 

4-12ars 94 x 60, that is, A7x » 94 X 60^ and therefore 
a: « 2 X 60 8B 120. 

PROBLEM XIIL 

In a miocture of copper, tin, and lead, one halfqfihewhoU 
— - 161b. was copper; one third of the whole — 12lb. tin; 
and one fourth of the whole + 4lb. lead: what quaniUy ^ 
each was there in the composition ? 

M 
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Let X denote the weight of the whole; 



then will 



ff— lel rcopper, 

ill — ^ ^ — 1£ ^ be the weight of the 'i HUf 



\ -r — 1£ ^ be the weight of the 'i tin^ 
Ll+ ^J Uadj 



and^ if all these be added together^ we shall have 

X SC X 

J + 3- + ^ — 24 as X, by the question. Hence by reduc- 

tion^ 12a: + 8ar + 6a? — 576 ■= 24a:; therefore 2a: « 576, 

576 
and X ts -^ sr 288. So that there were 128lb. of cop- 
per^ 84lb. of tin^ and 761b. of lead. 

PROBLEM XIV. 

What sum of momy is thatffram whidi 5L being sub* 
tracted, iwO'-thirds of the remainder shall be 40L i 

Let X represent the required sum ; then, 5 being sub- 

tractedi there will remain a: -^ 5; two-thirds of which 

' 2a:— 10 

will be a; —-5 x | or, 5 J and sOf by the tpustk/ii, 

2aj— 10 
we have — x — = 40 j whence 2ar *-^10 = 120 j and x^ 

-^=65. 

PROBLEM XY. 

' Whai nwaber is thai, which being divided bu 12, the 
quatknt, dividend, and divisor, added all together, shaU 
amount to 64 2 

Letx » the required number; so shall 

X 

j^ + a: + 12 s 64, by the conditions of the question. 

Whence x + 12a: » 52 x 12, or 13a; s 624 ; and conse- 

624 
quenfly x » -^3- » 48. 



r 
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PROBLEM XVI. 

To find, two numbers in the proportion of 2 to 1, so thatf 
if A he added to each, the two sums thence arising shall H 
in proportion as 3 to £• 

Let X denote the lesser number ; then the greater will 
be denoted by 2x^ and so^ hy the question, we shall have 
So; + 4 : 07 + 4 : : 3 : £• From whence, as the product 
of the two extremes, of any four proportional numbers, 
is equal to the product of the two means, fsu sec tion 10» 

theorem 1,) we have the following equation, vi9i» 2a; + 4 

X 2 =*» x + 4 X 3, that is4a:+8a»Sa:+12; whence 
xssi4, and 2a; a 8 : which are the two numbers that were 
to be found. 

PROBLEM XVn. 

a 

Jlpricu of 2000L was divided between two persons,whose 
shares therein were in proportion as 7 to 9; what was tho 
share of each 9 

Itxsst the share of the first, then that of the second will 

be 2000 -—a;; and we shall have x : 2000 —..a; : : 7 : 9. 

Hence, by multiplying the extremes and means, 9a; » 

14000 
14000 — 7x; from which x is found » — j^ a S75U and 

2000— .a; » 11251. 

PROBLEM XVIIL 

Jl bill of 1201. was paid in guineas and moidores, and the 
number of pieces of both sorts was just 100 ; to find how 
many there were of each. 

If a; B the number of guineas, then will lOO — a; be 
the number of moidores : therefore the number oif shil- 
lings in the guineas being 21a;, and, in the moidorey, 27 

X 100 — X, we have 21a? + 27 X lOO — x »■ 120 x 
20 as the shillings in the whole sum : hence, by mid- 

300 
tiplication, 21a; + 2700 — 27a; »» 2400 j and x « -r- 

n 50. 



U Th/t Jipplicatwn (^ JUgehn 

PROBLEM XIX. 

Jt lahaurtr engaged to serve 40 da^Sf on these 
that for every day he ^worked he was to reeeroe £0 pence, InU 
that for every day he played, or was aisent, he was to forfeit 
8 pence; now after the 40 days were expired, it was found 
that he had to receive, upon the whole, 380 pence : the gufs- 
tion isj to find how many days of the 40 he worked, and how 
many he played^ 

Let the number expressing the dajs he worked be re- 
presented by X ; then the numher of days he played wUl 
be expressed by 40 — x : moreover^ since be was to re- 
ceive 20 pence for every day he worked, the whole num- 
ber of pence gained by working, will be 20a?; and for the 
like reason, the number of pence forfeited by playing, or 

being absent, will be 8 x 40 — x, or 320 — Sx; which 

deducted from 20x, leaves 28a; — 320, for the sum total 

of what be had to receive : whence we have this equatioUf 

g8a?~ 320 ^ 380 j from which 28a; » 380 + 320 » 700, 

700 
and consequently x s -^ s^ 25, equal to the number of 

days he wo]4|;ed ; therefore 40 — 2jf »> 15, witt be the Bum- 
ber of days he played, 

PROBLEM XX. 

A former would mix two sorts of grain, viz. wheat 
worth 4s. a bnshel, with rye, worth 2s« 6d. the bushel, so 
that the wfude mixture may consist if 100 bushds, and be 
worth 3s« and 2d, the bushel : now it is required to find 
hcrw many bushels of each sort must be taJcen to make up 
such a mixture. 

Let the number of bushels of wheat be put » x, and 
the number of bushels of rye will be 100 — x: hot the 
number of bushels multiplied by the number of pence 
per bashel, is equal to the number of pence the whole 
is worth I therefore 48a; is the whole value of the wheal, 

and SO X 100 — X, or 3000 — 30a;, that of the rye j 
and consequently, 48a? + 3000 — 30a;, the sum of tliese 
two, the whole value of the mixture: which, by thi 
question, is equal to 100 x 38, or 3800 pence: henc* 
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we have 48^7 + SQOO — 30^ » 38oa( wd therefore x » 

800 

-^ » 44|, the number of bushela of wheat ; whence the 

number of bushels of rye will be 100 — 44| » 55f. 

PROBLEM XXL ^ 

Ji farmer soldf to one man^ SO ^Aeb (^ wheat and 40 ^ 
barley, and for the whole received £70 sbMings; and to an^ 
other he sola 50 bushels ofwhmt and 30 ^ barley f at the same 
priceSf and for the whoie received 340 shiUings: now it i$ 
required to find what each sort of grain was sold at per 
hishel. 

Let X ated y be^ respectiYcIyy the number of shUIinga 
which a bushel of each sort was sold for | then* from the 
conditions of the questionf we shall haye these two equa- 
tions^ vi%. 

SOX + 40y « 270, 

50x + 30y = 340j 

Iram 4 times the second of which subtract 3 times the 

550 
firsts so shall llOx » 550$ and consequently x » — r 

» 5 : moreover, by subtracting 3 times the second, &*om 
S times the first, you will have- 11 Oy, ^ 330, and tiere- 
330 

Far / so X 5 + 40 X 3 « £rO, 
'^^^ \ 50 X 5 + 30 X 3 « 340. 

PROBLEM XXIL 

A con asking hisfoihtr how old he was, received thefot- 
lowimg reply; My age, says tkefaHier, 7 wars ago, was just 
fiur timesas great as yours at mU time; hu 7 years hence^^ 
you and I Uve, my age wiU theu be only double to yours ;Uu 
required to find from hence, the age of each person^ 

Let X represent the age of the son seven years be- 
fore the question } then the age of the father, at that 
time, was 40?^ by the conditions of the question ; and. 
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if each of these Bgen be increased hj 14, it is plain that 
:r + 14 and 4x + 14 will respectivelj express tiie two 
Ages 7 years after the time in question ; whence, again, by 

the problem, we have 4aj + 14 « 2 x a;+ 14; from which 
or SI 7, and 4x «» 28; therefore 7 + 7 ^ l4p and 28 + T 
■Bt 35, are the two ages required. 



For 



{ 



35 — 7 « 14--*^ X 4, 
35 + r « 14 + 7 X 2. 

PROBLEM XXni. 



j9 gentleman hired a uroantjbr 12 numlhs, and agrud 
to allow him 20L and a livery, tf he staid till the year was 
expired^ but at the end of 8 months the servant went aivay 
and received 122* and the livery j as a proportional paH of 
his wages: the ^pustion is, what was the livery valued at? 

Let Qp be tiie value sought ; then 20 + x will be the 
whole wages for 12 months, and 12 + a? the part thereof 
which he received for 8 months. 

But the wages being in the same proportion as the 
times in which they are earned, or become due, we there* 
fore ha ve, as 1 2 ; 8 ; ; 20 + a: : 12 + x; whence 12 X 

12 + x—S X 20 + x, or 144 + 120?= 160 + 8ar, (by 

theor. 1. p. 72) consequently 12a; -^ 8ar »= 160 •— 144, and 

16 
a:=-r = 4i. 

4 

PROBLEM XXIV. 

Four persons. A, B, C, D, spent twenty shillings in eom^ 
pany together; whereof A proposed to pay ^;B\} C|; 
and D | part; but, when the money came to be collected, they 
found it was not sufficient to answer the intended puT]^ 
question then is, to find how much each person must con/rt- 
buie, to make up the whole reckoning, supposing their several 
shares to be to each other In the proportijon above specified? 

Let X be the sh^ of A; then it will be, as 

3x 
^ : i, or, as 4 : 3 : : ^ : — b the share of B ; and, as 
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§ : If or^ as 5 : 3 : : or : — «s fhe sbare of C; also^ aa 

X 

i : v» or^ as 2 : 1 : : ^ : — » ibe share of D* 

Therefore fty the queaUofif oo + — + — + ^^s!»20} 
whence^ 4(kir+S0a7+24a?+20x8B800^ thatis, 114a:ss:800$ 
and conseqaenfly xss3—2'=^7'J^ftheshsureotA;there^ 

fore (-r-) that of B wiU be « 5|4 : <}tat of C, (— )» 
4|f ; and that of D, (|)«3|^. 

PROBLEM XXV. 

•d fliarJ^ef tDoman bought in a certain number ofegge at 
d a penny, and as many at S a penny, and sold them M out 
again, at the rate of 5 for twopence, and lost four pence by 
so doing: lohat number of eggs did she buy and sellf 

Let X be the namber of eggs of each price^ or sort; 

X 

then ^ will be the number of pence which all the first 

X 

sort costy and -- the price of all the second sort; but 

the whole price of both sorts together^ at the rate of 
S for< two pencCf at which they were soldy will be 

— (for as 5:St::2x (the whole number of eggs) : •—} 

hencOf by the question, — + r r- «s 4 ; whence 

15x+lQx^^24x=si20, and therefore Xt=at2o: 

„ 120 . 120 240 ^ ^^ , ^^ ^^ ^ 
For -r-+-t r-X2™6P+40— 96=4. 

S . S D 

PBOBLEM XXVI. 

A eomposUum of copper and tin, containing 100 cubic 
in^, betng ^weighed, its weight was found to be 505 ounces : 



how many ounces of each metal did it contaiih ouppo»i^[ ihe 
'weight of a ctMjc tncA of copper to be 5i ounces, and that of 
a cubic inch of tin 4i! 

Let X be the namber of ounces of copper ; then 505-*-A7 
win be tiie nvmber of ounces of tin^ and we shall have 

X 

5 J ; 1 (cubic inch) 5 : a? : ^r inches of copper^ 

505.^^X 

4t : 1 (cubic indi) : : 505 —ac : — ^ — tnohes of tin. 
Therefore ~ + ^^^^7^ = 1^), if the fiusti&n. 

5i 4* 

Whence 4i xop+Si x 505— a; «* 54 X 44 x 100, that iSf 

17 XX £1x505—0? glXirxlOO glXl7xa5 ^ 
4 ■*" 4 ^"^ 4X4 ^"^ 4 ' 

which, by r^ecting the common divisor, becomes 17x+ 
21 X505— a?»Sl X 17 X 25 = 8925, or 17a:— 21aja=s8925 

1680 , 
10605s>s«- 1680. From whence ar= — ^ e&420; and 

505_a^B 85 ; which are the two numbers required. 

The same otherwise. 
Suppose X to be the number ot solid indhee of copper j 
then the num ber of i nches of tin being 100— a?, we have 
54 xa:+44 X 100 — a;r=s505, that is, 54a?+425 — 44£C«=505, 
or a;&»505<^-425=s80 ; which, multiplied by 54, gives 420^ 
for the ounces of c<^per. 

PROBLEM XXVII. 

•fl shepherdy in time of war, fell in with a party of soU 
diers, who plundered htm of half his flock, and half a sheep 
aver; afterwards, a second party met him, who took heSf 
what he had left, and half a sheep oroer; and, soon after tJds, 
a third party mxt him, and used him in the sam manner; 
and then he had only five sheep left : it is required to flnd 
whaX number of sheep he had atflrst/^ 

* Stt Appendix. 
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Let X (as usual) be the Dumber sought; then ao 
€ording to the question, the number of sheep left, after 
being plundered the first time, will be expressed by 

X or-*- 1 0?-— 1 

J- — J, or — 5 — ; the half of which is — -g — ; from 

X — 1 X — 3 

whence subtracting J, the remainder ( — j — ^— i) — 7^ 

will be the number of sheep left after being plundered the 

X — 3 
second time: in like manner, if from — g — (the half of 

X — 3 , or— 3 

— 7—) you agaii) take.i, there will remain — g — — S 

X — 7 
or — g-* the nun\|ber of sheep remaining at last Hence we 

have — 5 — =*= 5 J therefore x — 7 = 40, and a?'= 47. 

PROBLEM XXVIIL 

Uu difference of two numbers being given, equal to 4, aiid 
the difference of tneir squares, equal to 40 j tojind the num^ 

hers. 

• 

Let the lesser number be x; then, the difference being 
4, the*greater must consequently be a;+4, and its square 
xx^ 8x4- 16, from which xx-, the square of the lesser being 
taken away, the difiercQce is 8a: + 16 : therefore 8ar + 16 
a=s 40; which, reduced, gives 0;.= 3 j whence a: + 4 =7; 
tiierefore the two required nuihbers are 3 and 7. * 

All the problems hitherto delivered are resolved by a 
numeral exegesis, wherein the unknown quantities, only, 
are represented by letters of th^ alphabet ; which seem- 
ed necessary* ' in order to strengthen the beginner's 
idea* at setting out, and lead him on by proper gra- 
dations : but it is not only more masterly and elegant* 
but also more usefiil, to represent the known, as well 
as the unknown quantities, by algebraic symbcJs ; since 
from thence a general theorem is derived* whereby 

N 
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all other qoestions of tite same kind may be re- 
solved. 

As an instance hereof let the last problem be again re- 
sumed I then the given difference of the inquired numbers 
being denoted by a, the. difference of their squares by &» 
and the lesser number by x; the greater will be a:+a, and 
its square as^ + Slxa + a^; from which, a^^ the square of 
the lesser number, being deducted, there remains SLxa + 
a^sss b: whence if aa be subtracted froqn both sides, there 
will remain 2ax= b — aa^ this, divided by 2a, gives x = 

b a ft A • 

2^ — -g- ; and consequently ^ + <^ = gj + ■2"* H^'^ce it 

appears, that, if the difference of* the squares be divided 
by twice the difference of the numbers, and half the dif- 
ference of the numbers be subtracted from the quotient, 
the remainder will be the lesser number; but if half 
the difference of the numbers be added to the quotient^ 
the sum will give the greater number. Thns, if the dif- 
ference (a) be 4, and the difference (6) of the squares 

b 
40 (as in the case above j) then (gr") the difference of 

the squares, diHded by twice the difference of the num- 
bers, will be 5 ; from which subti;^ting (2) half the dif- 
ference of the numbers, there remains S, for the lesser 
nun^ber spught ; and by adding tlie said half difference^ 
you will have 7 === the greater number. In the same man- 
ner, if the difference of the two numbers had been given 
6, and the difference of their sqfuares 60, the numbers 
themselves would have come out £ and B : and so of any 
other. 

PROBLEM XXIX. 

Having given (lie mim of two nuimberSf eq^ud to 30, and 
the difference of their spiares, equal to 1^0; to find thenum- 
bers. 

Put a « SO, and ft « 120, and let x be the lesser nam- 
hj^r sought^ and then the greater will be o^-^; whose 
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fsqoare is aa — 2cue + a:* ; from which tb^square of the 
lesser being subtracted^ we have a* — ^ax ^h; this re^ 

duced, gives or^ the lesser number^ =*— — —« 13. 

a 
Therefore the gieater (a — xj will be = a — — + 

hah 
5j «= g- + ^ « ir. But if the greater number had 

been first made the object of our inquiry^ or been put 

s Xf the lesser would have been a-^x, and its square 

a? -— 2ax + x^f which i^tracted from a^ leaves 2ax — * 

• ha 

a* t^ h; whence 2aa^« 6 + aS and ^=25 + ^ =■ 17'> 

the same as before. 

• PROBLEM XXX. 

If one agent A, alone, can produce an effect e^^m the time 
Of and another agent B^ alone, in the time h; in how long 
time will they hoth together produce the same effect? 

Let the time sought be denoted by x, and it vnll be^ 

Vac 

asazxiie: — ' the part of the effect produced by A : 

ex 
(theor, 3. p. 72) also^ as fr : or : : e : -^» the part produced 

• by B : therefore ff + ^ « «. Divide the whole by e, 

ah 

XX 

and you will have ^ "*■ "J ** 1 5 and this> reduced, 

eives x »> p.. After the same mitnner, if there 

^ a + b 

be three agents. A, B, and C, the time wherein they 
will altogether produce the given effect, will come out = 
abc 

ab + ac +bc 

Example. Suppose A, alone, can perform a piece of 
work in 10 days ; B, alone, in 12 days ; and C, alone, 
in 16 days; then all three together will perform the 
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same piece of work in 4/^ days; for in this case» a 

cbc 
being — 10, 6 •« 12, c « 16, it is plain that ab^ac+bc 

10X12X16 , , ^ 

M0X12+10X16+12X16^ — Vlf 

PROBLEM XXXL 

Two travellers f A and* B, set out together from the same . 
place, and%travel both the same way; A goes 28 mUes the 
jirst day, 26 the second, 24 the Hdrd, and so on,^decreasing 
two mUes every day; but B travel^ uiiiformly 20 mileg 
every day : now it is required to find how many mUts each 
person must travel befiire B comes upHigain with A 7 

Let X s= the number of days in which B overtakes A : 
then the miles travelled by B, in that time, will be 20a;; 
and those travelled by A, 28 + 26 + 24 + 22, ^c con- 
tinued t<t oc terms ; where the last term fby section 10^ 

theorem 3) will be equal to 28 — 2 x x — 1, or 30 — 2x; 
and therefore t he sum of the whole progression equal to 

28 + 30 — 2a; X ix, or 29a; — x^ (^by theorgm 4.)' Hence 
we have 20a; == 29a; — a;* ; whence 20 «= 29 — x, and x 
ss 9 : therefore 20 x 9 => 180 is the distance which waa 
to be found. 

• PROBLEM XXXIL 

To find three numbers, so that i the first, ^ of the second, * 
and i of the third, shaU be equal to 62; ^ of the first, i of 
the second, and ^ of the third, eqiud to 47 ; and i of the first, 
^ of tlie Second, and | of the third, equal to 38* 

Put a s 62, 6 = 47, and c » 38, and let the numbers 
sought be denoted by x, y, and % ; then the conditions of 
the problem, expressed in algebraic terms, will stand thus^ 

2 3 4 

3^ 4^ 5 ^ 

X y % 
T + "^ + "« '^ c> 
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Whichi deared of fractions, become 

6x + 4y + S« ss ISUi, 

• £a« + I5y + 12« = 606, 

15a; + 12y + 10« = 60c. 

Andjiby subtracting the second of these equations from 

the quadruple of the first/ (in order to exterminate %) we 

nave 4x+ytss4^ar~'60b; moreover hj taking 3 times the 

third from 10 times the first, we have 15x+4y= l£Oa-— 

180c/ this subtracted from 4 times the last, leaves a: ^7^ 

— 240fr + 180c » 24; whence y (48a — 606 — 4x) » 60^ 

^ ^Igg— 6 x— 4y ^ 
and » ( cf -) = 120. 



For 



r24 60 120 

2 + 3 +"4" 
24 60 120 

3 + 4 +"5" 
24 60 120 
.4 + S^'^T' 



12 + 20 + 30 = 62, 



8 + 15 + 24 » 4^ 



= 6 + Id + £0 B 38. 



i 



PROBLEM XXOIL 



\ 



«i9 gentleman left a sum ofm^mey ta he divided among four 
servantSf so that the share of the first was i the sum of the 
shutres ofjfii other thru; the share of the second ^ of the sum 
of the other threes and the share of the third i of me snm of 
Vie other three; and it was also found that the share of the 
first exceeded that of the last fry 14L : the question is, what 
was the whole sum, and what was tiie share of each person? 
' Let the shares be represented by x, y, %, and u, respec- 
tively, and let a =& 14 ; then, ly the qaesUcfof we shall have 

, y + » + u 
x = :; . 






X + C6 + U 



x + y +0^ 
4 * 

or— -a. 
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Which equations^ cleared of fractions^ become 

2x = y + 96 + Uf 
3y = a: + » 4- tt, 

4» = ic + y + «f 
tt «= a: — a, 

NoWy if 0? be added to the firsts* y to the second, and % t# 
the thirds we shall get (a: + J( + » + «) = S^rac 4y »= 5»; 

and flrom liience % « — ^ and y ^ -^; which values be- 
ing substituted in the first equation^ we have 2a; ss 

Sx 3x isx 

-^ + ^* + u, or tt = -gQ-; but. by the 4th equation^ 

13a; 20a 

u^ssx — !a; therefore a; -r a =-^, andaj8=-r- = 40: 

3a; 3a; 

consequently y ("4") ■= SO, « (~) = 24, and 11, (x — 14) 

a 26^ and the whole sum (jx + y + %^i'u)ss i<toL 

PROBLEM XXXIV* * 

• 

To find finr numbers, so that Hit first together with half 
the second may be 357 fa, J the second with ^ of the Udrd 
equal to 476 fbtj the third with ^ ojthefmrth eq^iol to #95 
fc,J and the fourth wUh | of the first eq^ to 714 (d.J 

The required numbers being denoted by x, y, %, and u, 
« and the conditions of the question expressed in algebraic 
terms, we have the four following equations : 

y 

x + — ^a, 

y + -J «= ^ 

u 

-a + — = c, 

X 

n+ ~^=s d. 
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4/ 

From the first whereof we get x^a — |-; and from 

the 4th,.a;=s5(I — Su; whence a — |-aB5<I— Sit, and jfa* 

2a — lOd+lOu; but, by ihe second, y^b — --, there- 

fore £a — rO(I+10ii»i — ~, and «>«Sft— -6a-fS0d — 3'Ou; 
• 3 

but, by the third, «aBC — --; whence SJ— 6a+S(Ul— 

4 

SOu=c — --, and 125 — 24a+l20(i — 120u«4c — u; conse- 

12&— 24a+120d— 4c ^^^ * - , 

quenfly u =« ra676 : vAience » ( c— 

119 . ^ 

|.)«426, y (,«ft— 1)=334, and a? ( i^o— 1)«190. 

r 

• 
Let the first of the required mipabers be denoted by a? 
(as above ;) then, the ^uni of the first and i the second, 
beingi given equal to a, it is manifest that i the second 
must be equal to a minus the* first, that is »a — x, and 
therefore the second number as2a — 2a;: moreover, the 
sum of the second, and ^ of the third, being given ^b;^ 
it is likewise evident, that ^ of the third must be equal to* ' 
b minus the second, that is »& — 2a+2x, and consequent- 
ly the third number itself~»3i— 6a + 6a; r in the same 
manner it will appear that ^ of the fourth number sc — 
36+ 6a — 6x$ and consequently the fourth number itself, 
a* 4c — ^126+ 24a — 24a:.' whence, by Uut question, 4c — 12ft+ 

dc ^ ^^, , '—5d.+ 20c— 606+ 120a 
24a — 24a!r + ■=•= a, and therefore ac« —rr 

5 II9 

»190; as above. 

PROBLEM XXXV. 

To divide the fwmber 90 (a) into four such parts, that 
if the Jirst be increased by 5 (6,) the second decreased by * 
4 (c,) tlie third mvUiplied by 3 (d,) and the fourth dt- 



f 



> 



• 
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tided ^ £ (ei) the restdt, in each case, shall be exaettji the 
safncm 

Let X, y » »9 and u, be the parts required ; tiien^ by the 
'questiaUf we shall have these equations^ via, « 

x+y+x+u^a, and 

Whence, by comparing da with each of the three othe^ 
equal values, successively, xssd» — b, y^da+c, and «» 
dfiz^ all which, being substituted, for their equals, in the 
first equation, we thence get dci^--^+dc6+c+%+de%:sra; 

whence de%+2dx+%ssa+.b — c, and «■= . . asT. 
Therefore x ( =»(!« — ft ) = 16 5 y ( sszdc6+c ) =25 j and u 

PROBLEM XXXVL 

* 

If A OTuI B togetJier can perform a piece of work in 8 (a) 
iky^, A and C together in St (ft) days, and B and C in 10 
(c) days$ how many days y^ill it take each person aUme^ 
to perform the same work ? 

Let the tliree numbers sought be represented by or, y^ 

and %f respectively : then it will be, as ar^days) : a (days) 

a 
: : 1, the whole work, to — , the part thereof performed by 

X 

A in a days ; and, as y : a : : 1 : — , the part performed by 

a a 
B, in the same time; whence, fty the qiusiion, — -^ — «!, 

X y 

(the whole work.) And, by proceeding in the very same 

manner, we shall have these two other equations, vise. 

ft ft c c 

— I — =1, and — I — «1[ : let the first of thepe three equa* 

or j» • y a ^ 

• tions be divided by a, the second by ft, and the third by c, 

and you will then have 
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a; y a 
la. 1-1 

i+i-L 

95 C 



which added all together^ and the sum divided by 2, give 

last equations being successively subtracted^ we get 

1 i^ 1 1^ — bc-^-bc+ab 

» "* ~ ia 55 ic *" ioJc * 

1 JL 1 ,2_ ftc — oc+gft 

jT^Sa 26 2c^ Stabc 

1 1.1 1 bc+ae — ab „ 

— aB--+-|:— --= — -— . Hence 

X 2a 9b 2c 2abc 

2abe 1440 ^^ . 



* —4c+ac+a6~— .90+80+72 ^^' 

2abe 1 440 

I' — 6c— 0(5+06*^90—80+72"" ^"* 

2o6c 1440 

^ "* 6c+ao— o6*^ 90+80—72 " ^** 

Otherwise. 

Let the work performed by A in one day be denoted by 

X : then his work in a days will be 00:9 and in 6 days it 

Vill be bx; therefore the work of B in a days will be 1 — 

ax; and that of C, in 6 days, 1— -6x9 by the conditions of 

the problem ; whence it follows, that the work of B, in 

1— ox 
one day, will be expressed by ;, and that of C, in 

1— 6a? « 

one day, by — 7— ; but the sum of these two last is, by the 

fuestion, equal to — part of the whole work, that is — h]r 

O 






I 
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^ 1 , 1,11 hc+ac — ab , 

— 2a:=5-} whence 0?==- — h-r- =» — --r , equal 

c ' 2a 2fc 2c 2a6c ^ 

•> 

to the work done by A in one day ; by which divide 1 

Qabc 
(the whole) and the qnotient, , n P ^^^ P^^ ^^® 

required number of days in which he can finish the whole. 

PROBLEM XXXVII. 

To find thiree numberSf &n these conditions, that a Hmes 
the first, h times the second, and c times the third, shall be 
eqtial to a given number p; that d timss the first, e times 
the second, and f times the third, shall be eqiud to anotiier 
given number q; and tliat g times the first, h times the se^ 
cond, and k times the third, shall be equal to a third given 
number r. 

Let the three required numbers be denoted by sc, y, and 
cc, and then we shall have 

ax+by+c%^p, 
dx+ey+f»^q, 
gx+hy+k%s=^» 

From d times the first of which subtract a times flie 
second, and from g times the first subtract a times the 
third, and you will have these two new equations, 

via X*<^y— ««!f+c^'«^-^«==<^l>~^* 
X^Sy — ahy+cgcc^-^kx^gp — ar; 

or, which are the same, * 

bd'-aexy+cd — <tfx»=^dp--~aqf 



and, bg — aAxy+cj^— afcxi»»£p^— ar. 

Multiply the first of these two equations by the coeffi- 
cient of y in the second, and vice versA, and let the last 
of the two products be sub tracted from the form er, and 

you will next hav e cd — qfx bg-^^^thx % — bd — ae x eg — ok 

X « ^ bg — ah X dft f ^aq^^b d — aexgp — dF; an d 

^, ^ bg — ahxdp — aq — bd — ae x gp — ar 
therefore % •= -^ ^^ • 



cd^-af X bg — ah — ftd— *ae x eg'-^ak 
whence x and y may also be found. 



f 

I 

I 
I 
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Example. Let the given equations be 

0C+ y + » = 12, 

SLK+ 3ff + 4» = 38, 
Sx + 6y + 10x=S3; 

OTf which is the same thing, let a » 1, A » 1, Cos i, psi 12, 
d»S, ««r3,/— 4, 9 — 38, ip— 3, A«r6, fc«slO, and 
r as 83^ then these vidues being substituted above in thact 

^ .x_,i. 1^ 3 — 6 X 24 — 38 — 2 — 3 X 36 — 83 

of », it will become ■ ■■■ — == == 

2 — 4 X 3— 6 — 2— 3X 3-^^10 
42 — 4r —5 

a=» g y =« I ass 5 5 whence, also^ we find y 



f s-^P — ^ — ^--^ftf^^^ _ ^^ — 38 — 2 — 4X5 

M— iOe 2 — 3"^ 

—4 , » — fty — c»^ 12 — 4 — 6 
- — «4,andar(« ^; )«* j --3. 

Having exhibited a variety of examples of the use and 
application of algebra, in the resolution of problems pro- 
ducing simple equations,. I shall now proceed to give some 
instances thereof in such as rise to quadratic equations ; 
but, fir^t of all, it will be necessary to premise something, 
in general, with regard to these kinds of equations. 

It has been already observed, that quadratic equations 
are such wherein the highest power of the unknown 
quantity rises to two dimensions ; of which there are 
two sorts, vi%. simple quadratics, and adfected ones. 
A simple quadratic equation is that wherein the square 
' Ofdy of the unknown quantity is concerned, as xx^ aJb; 
•but an adfected one is, when both the square and its 
root are found involved in different terms of the same 
equation, as in the equation oc^ + 2aar as hh. The re- 
solution of the first of these is performed by barely 
extracting the square root, on both sides thereof : thus 

in the equation a^^abf the value of x is given » ^~ab 
(for if twd quantities be equal, their square roots must 
necessarily be equal.) The method of solution when 
the equation is adfected, is likewise by extracting the 
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square root; but, first of all^ so much i9 to be added to both 
sides thereof as to make tiuU where the unknown quantity 
is a perfect square; this is usually call^ completing the 
square, and is always done by taking half the coefficient 
of the single power of the unknown quantity, in the second 
terra^ and squaring it, and then adding that square to 
both sides of the equation. Thus, in the equation xx + 
Stax «r M, the coefficient of x in the second term being 
Sfly its half will be a, which, squared and added to botib 
sides, gives oi^. + SLox + a! » ^ + a?; whereof the former 
part is, now, a perfect square. The square being tiius 
completed, its root is next to be extracted ; in order to 
which, it is to be observed, that the root, on the left-hand 
side, where the unknown quantity stands, is composed of 
two terms, or members ; whereof the former Ls always the 
square root of the first term of the equation, and the 
latter the half of the coefficient of tiie second term: 
thus, in the equation, os^ + 2ax + a* » ^ + ^ before 
us, the square root of the left-hand side^ a^ + 2 ax + a% 

will be expressed by a? + a (for x + a x x + a ^ a^ + 
St ax + aK ) Hence it is mani fest that x + a ^ 

\/ 6* + a^9 and therefore x « v' ft* + a* — a; from 
which X is known. These kinds of equations, it is also 
to be observed, are commonly divided into three forms, 
according to the different, variations of the signs : thus 
a^ + Qax s= 6% is called an equation of the first form ; 
a^ — 2ax = 6*, one of the second form ; and x^ — 2ax 
as — (3 one of the third form ; but the method of 
extracting the root, or finding the value of x\ is the 
same in all three, except that, in the last of them, the 
root of the known part, on the right-hand side, is to 
be expressed with the double sign ± before it, x having 
two different affirmative values in this case. The reason 
of which, as well as of What has been said in general, 
in relation to these kinds of equations, will plUnly ap- 
pear, by considering, that any square, as o^* - - doo? + 
aS raised from a binomial root, x — a (or a — x) is 
composed of three members ; whereof the first is the 
square of the first term of tde root ; the second, a rect- 
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angle of the first into twice the second ; and the thirds 
the square of the second: from whence it is manifest^ 
thaty ^ the ^rst and second terms of the square be given 
or expressed, not only the remaining term, but the root, 
itself, will be found by the method above delivered. 

But now, as to the ambigoitv taken notice of in the 
third form, where a? — 2aa;« — o», or oc^— 2aa:+a*«=a» — 
Ifi ; the square root of the left-hand side may be either 
X — a, or a — oc, (for either of these, squared, produce the 
sa me qua ntity) therefore, in the former case, x =^ a+ 

V'a'— -4«, and in the latter,. x==a — v^a«— 6*; both which 
values answer the conditions of the equation, ^he same 
ambiguity would also take place in the other forms, were 
not the root (a:) confined to a positive value. 

When the highest power of the unknown quantity hap- 
pens to be effected by a coefficient, the whole equation 
must be divided by that coefficient; and if the sign of that 
power is negative, all the signs must be changed before 
yon set about to complete the square. 

All equations whatever, in which there enter only two 
different dimensions of die unknown quantity, whereof 
the index of the one is just double to that of the other, are 
solved like quadratics, by completing the square : thus, 
the equation x^+Zaofi^hf by completing the square, will 
become a:* +2aa?+ a* =fc+ a* jwhence, by extracti ng the 

root on both sid^, afi+a^ \/ b+a*; there fore a^^z^x/b+a^ 
— a, and consequently x^ 1^/6 +.a*— a. 

These things being premised, we now proceed on in the 
resolution of problems. 



PROBLEM XXXVIII. 

To find ihat mmber, to which 20 being added, and from 
which 10 being mbtractedf the square of the sunif added to 
twice the square of the remainder, shall be 17475. 

Let the number sought be denoted by x; then, by condi- 



L 
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tions of the question^ we shall have a:+20l* + 2 x x — 10 1* 
— 174r5; that is, a:»+40ar+400+2a!«—40a:+200==. 17475; 
which, contracted, gives Sa^^ 16875. Hence 05= 56£5 5 

and consequently, x^ %/5625 a 75. 

PROBLEM XXXIX. 

To divide 100 ifUo two 9uehpartSf that, if they be nDtUi- 
fUed togttherf the product shaube 2100. 

Let the excess of the greater part above (50) half the 
number given, be denoted by a;; then 50+ a? will be the 
greater part, and 50 — x , the lesser; therefore, by the 

question, 50+a:x50 — x, or 2500— a^aSlOO; whence 

a5i»400, and consequently a?sev/400^20 ; therefore, 50 
+x=^TO=ttie greater part, and 50 — a^^dOa* the less. 

PROBLEM XL. 

fFhat two numbei^s are those, which are to one another 
in the ratio ofS (a) to 5 (b,) and whose squares, added to- 
gether, make 1666 (c) 7 

Let the lesser of the two required numbers be x; then, 

bx 
a:b::x: — = the greater; therefore, by the guesfton, 

a^'\ a= c ; whence a*a:*+6*a:"=a*c, and x^ = ^ , . : 

a« a*+ft* 

consequently a: = ^^^^ = a^^^^I- «21 - lesser 

bx 

number, and — ss 35 ss the greater. 

a 

PROBLEM XLL 

To find two numbers, whose difference is 8, and product 
240. 

If the lesser number be denoted by x, the greater will 
be x+^i and so, by the questUm, we shall have x^+Sx 
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«B £40. N0W9 by completing the square^ x^ + Sx + 16 
( ss £40 + 16 ) 3B 256 ; and^ by extracting tiie root, x + 

4 a v^256 « 16 : wbence a; » 16 — 4 » 12^ and x + 8 
« 20 ; whicb are tiie two numbers that were to be found, 

PROBLEM XLIL 

To find two mmbers whose difference shall he 12, and 
the sum of their squares 1424. 

Let the lesser be x, an d the g reater will hex + 12 $ 

therefore^ by Uie proUenh x + 12^ + a;' » 1424^ or 2ac* 
+ 240? + 144 » 1424 ; this^ ordered^ gives x^ + 12a: 
640 ; wbich^ by completing the square^ becomes x^ + 
12a(; + 36 (» 640 + 36) » 676; whence^ extracting the 

root on both sides, we have x + 6 ^ ( v^676) 26 ; there- 
fore X 3B 2O5 and X + 12xB 32^ are the two numbers re- 
quired. 

For 1^1-^^ ^^^' 

1 S2« + S0» « 1424. 

PROBLEM XLIIL 

i 

To divide 36 into three such parts, that the second may 
exceed the first ty 4, and thai the sum of all thdr squares 
may he 464. 

iiOt X be the first part* then the second will be a; + 4 ; 
and, the sum of these two being taken from (36) the 
whcde, we have 32 — 2a?, for the thi rd, o r remainin g part; 

and so, 6y the' question, x? + x + 4")* + 32 — 2a; |' « 464, 
that is, 6a:* — 120a: + 1040 » 4iS4; whence 6a:* — 120a; 
sK — 576, and a:* — 20a: = — 96. Now, by completing 
the square, o:*-^ 20a: + 100 («b 100 — 96^ a 4 ; and, by 
extracting the root, x — 10 a ± 2. Thereuire x » 10± 2^ 
that is, a: a 8, or a; as 12 ; so that 8, ISt, and 16, are the 
three numbers required. 

PROBLEM XLIV. 

To dioide the number 100 (a) into two sudi parts, that 
ihdr product and the difference of their squares may he equal 
to each other J^ 

* 8«^ Appendix. 
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Let the lesser part be denoted by a?, t hen th e greate r 

will be a — x, and we shall have a — x x x^ a — a:"|* 

— a:*,'that is, oa: — a^ ^ a^ — Sax; whence ac* — Sax « 

— a^; and, by completing the square, a:* — Sax + -^ 

«(_a> + — ) ^'y of which the root being extracted, 

4 4 t— 

there comes out or ^ *" * jJ—' *^* therefore x « 

?£± ^ fif?* But X, by the nature of the problem, being 

a M 4 

less than a, the upper sign (+) gives x too great ; so that 
X =» -J —J— = 38,19658, ^c. must be the true value 

required. 

PROBLEM XLV. 

The sum, and the sum of the squares, of two numbers be- 
ing given; to find the numbers. 

Let half the sum of the two numbers be denoted by a, 
half the sum of their squares by (, and half the difference 
of the numbers by x ; then wiU the numbers themselves 
be represented by a — x, and a + x, and their squares 
by a* — Zax + a:*, and a* + &ax + x* 5 and so we have 
a* — Sax + ac* + a* + 2ax + or* = 26, by the question. 
Which equation, contracted and divided by 2 gives a* + 

x^ssb; whence ar*=sj— a*, and consequently a; » y/b — a*. 

T herefor e the numbers sought are a— \/b — a*, and a + 

i/b—aK 

PROBLEM XLVL 

3%e sum, and the sum of the cubes of two numbers being 
given; to find the numbers. 

Let the two numbers be expressed as in the preceding 
problem, and let t he sum of their cubes be denoted by 
c. Therefore will a — x\^ + a + x^ « c, that is, by 
involution and reduction, da^ + 600;^ «> c; whence 
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c — 2a? e. a* • 

6aa^«c-.2a3, o^ = ^te--te~T' and a: = 

\ to — T' 

PROBLEM XLVII. 

The sum, <Md the sum of the biqnadrates far 4th powers) 
of two numbers being given; to find the numbers. 

Th e nam bers being d enoted as above, we shall hei-je 
have a — xY + a + xY^ d, that is, 2a^ + l£a*x» + 
Qx*:=z d; from which, by transposition and division, 
oc* + 6a*a^ =» id — o^ ; and, by coQipleting the square, 
or* + 6a*x» + 9a^ = id + Sa*; w hence a^ + 3a« * 

\/ id+Sa^; and, consequently, x= >/ — ^d^'\' %/W+8a^ 

PROBLEM XLVIII. 

Tht sum, and the sum of the 5th powers of two numbers 
being given; to find the numbers. 

The notation in the preceding problems being still 
retained, we shall have 2a* + 20a^x^ + lOax* = e; and 

therefore a^ + 2a»ac« = ioa~T"' ^^^ rt* + a* « 



I f- — • whence a; = It 



— u — — a*. 
10a 5 



PROBLEM XLIX. . 

What two numbers are those, whose product is 120 Ca^J 
and if the greater be increased by 8 fb,J and the lesser bu 
5 CCfJ the prodtict of tlie two numbers thence arising shm 
he 300 (dj ? * 

If the greater number be denoted by or, and the lesser 
by y, we shall have 
xy =g a, and 

x + b X y + c =x df by the conditions of the question. 
Subtract the first of these equations from the second, and 
you will have x+b x y + c — xy^ d — a, that is, 
<»? + *y + ftc = d — . a; where both sides being multi'*' 

* See Appendix, 
P 
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plied by X (in order to exterminate, y,) we thence have 
cac* + hxy + hcx^dx — ax; but ory being= a, there- 
fore is hxff « oft, and consequently, by substitutins this 
value in the last equation, co;* + a& + 6cxa= do: — ax; 
vrhence ca5»+ hex + ax — dx = — at, and therefore 

ax dx ^ t^. 1 , u- r 

a* + te + — — —=—— J which, by making / = 

da ^ 

— — — — J (=28,) will become x^ —fx = — — j 

hence a«— /a; + 4/» = — — + i/S » — i / = ± 

f 



a 



s=s 12 J and consequently y (— ) «= 10, or « 7, 5. 
For I 



12 X 10 «= 120 
1 16+ 8 X 7,5 + 5 = 300. 



12 + 8 X 10 + 5 = 300. 

^, . 16 X r,5 = 120 
Also 



PROBLEM L. , 

To find two nunnbtrSi no that their sum, tlidr productf and 
the difference of their squares, may be all eqmd to one another. 

The greater being denoted by x, and the lesser by y, we 
have a; + y = a?y, and ;c + y =* x^—'f : the last of these 
equations, divided by a; + y, gives 'l = a: — yj whence x 
= 1 + y ; this value, substituted for x in the first equation, 
gives 1 + 2y=»y + y*;thereforey* — y= l,andy= i + 

v^'j } consequently ar(l+y)=| + v^f. 

PROBLEM LI. 

To divide the number 100 (a) into two such parts, that 
the sum of their square roots maif be 14 fb.J ^ 

Let the greater part be x, and the le ssefc* Mill be o — x; 
therefore, by the problem, y/~x + %/a — a; = 5; and, 

* See Appendix* 
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by squaring both sides x+St\^ax — xx + a—x^bh} 
whence^ by tranqMisititD and division^ y/oa ? — xx ss 

■ ; ■■ , : tbereforey by squaring again^ ax — ccxsa j~f 

bt—aW b* ^»^a a* , a 

or a^^- ^aa?« (>- ~4 ) "^T"'""¥ ^ 4 ^ and a:«^ 

+ Jg^— ^ „ 1 + L ^£a— 6^» 64 »» the greater 
part ^ whence a — a?=s36 «&& the lesser part. 

PROBLEM LIL 

•A j^oxier boit^U in as tnanjf sAeep as cost nim 60L <nU 
of which he reserved 15, and sold the remainder for 54L 
and gained two shillings a head by them : the questUm is, 
how many sheep did he buy, and what did they cost him a 
head?* 

Let the number of sheep be x; then if ISOO, the num- 
ber of shillings which they all cost, be divided by Xf 

1200 

the quotient) *— - , will, it is evident, be the number 

of shillings which they cost him a-piece; and so the 

number of shillings they were sold at per head will be 

ISOO 

hS, by the question; and therefore this, multiplied 

X 

by x-^lS, the number of she^ so sold, will give 1£00+ 

SLx SO, equal to the whole number of shillings 

which they were all sold for; that is, 1170+ So;— H^ 

X 

sslOSO: hence we have 1170a?+2ar* — 1800 =1080 a?» 
2«» +900^=1 8000, aJ»+45a?=9000, and x^y/950^.25 — 

1200 
£2.5=75, the number of sheep ; and consequently — —• 

a 16 shillings, the price of each. 

* See Appendix. 
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PROBLEM lAti. 

Two country-women, A and B, betwixt them brought 
100 (c) eggs to marhtt; ttey both received the same mm 
for their eggs, bvt A (who had the largest and best) says 
to B, Had I brought as many eggs as you, I should hitve 
received 18 (a) pence for them; but, replies B, had Ibrought 
no more than you, I should have received only 8 (b) pence 
for mine: the question is, to find how many eggs each per- 
son had. 

If the npaber of eggs which A had be =ss at, the num- 
ber of B's eggs will bessc— a:; therefore^ by the problem, 

ax 
it will be* 6-*^ :a: ixi a> the nttmber of pence 



which A received: and as x ib : i c — x : =the 

' X 

Auraber of pence which B received : whence^ again^ by the 

ox bxc X ^ 

prahlem, - — - =» -; j and therefore aa^^b x o^-xY 

SB 6c* — ibcx+bxi^; which equation^ ordered^ ^ves a^+ 

9hcx bc^ 

— ;^ « oZZTft 9 ^°^ whence ^ comes out ( «« 

^^ , **<^ "^ 6c .. Cs/aJb—bc 
a— 6'^^:rftl»"^J=ft^'" a—b =40- But the 

value of X may be ot herwi se^ more readilj, derived from 
the equation aofi^bxc — a:"]*, without the trouble of com- 
pleting the square j for the square r oot b eing extracted 
on both sides thereof^ we have a;>/a«i>^x y/T; whence 

Xy/a + Xy/b^Cy/b, and consequently aras jL.^k ^ 
100^/8 lOOv/4 . ^ v^a+v^ 



4 



1 
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PROBLEM LIT. 

One bought 120 pounds qfpeppevt and as many oj ginger, 
and hadonepownd of ginger mare far a crown than of pepper; 
and the whole price ^ the pepper exceeded thai of the ginger 
tyrsix crowns: haw many pounds of §epper had he for d 
crawUf and how many of girder. 

Let the nrnnber of pounds of pepper which he had for a 

crown be X9 and the number of pounds of ginger will be 

X + 1 ; moreover^ the whole price of the pepper will be 

120 120 

-^ crowns^ and that of the ginger ^ , ^ ; therefore^ by the 

120 120 
questumy — — ^TfTi = ^9 whence 120a: + 120 — 120a? 

B=9 60;^ 4. 6X9 and therefore oc' + a; = 20 ; which, solved, 
gives a; s» 4 as the pounds of pepper, and x + 1 ss 5 &ss 
those of ginger. 

PROBLEM LV. 

To find three numbers in arithmetical progression, whereof 
the sum of the squares shall be 1232 Ca^J and the square of the 
mean greater than the product of the two extremes by 16 fb.J 

Let the mean \)e denoted by x, and the common differ- 
ence by y; then the numbers themselves will be x — y^ x, 
and x + y; and so, by ttie problem, we shall have these two 
equations, 

X — y^ + ^ + X + y y as a, and 
9^ ^ss X — y X X + y + b: these, contracted, become 
Sa^ + 2^ =3! a, and x^ ss af^ — y* + 6; from the latter 
whereof we get j^' sa 6 as 16 ; and consequently y ss 

y^ b BSb 4; which, substituted for y in the former, gives 

a — 2b 
to» + 2b ss a; whence a^ =» — 5 — , and therefore 



..ji 



3 

are 16, 20, and 24, 



25 

. ss 20 ; so that the three required numbers 



1?ni. / 1^* + 20^ + 24« ss 1232, 
'*»^ )^20«— .16 X 24 « 16, 
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PROBLEM LTI. 

To find twQ nuimbers whose difference sbaU be 10 fa,J 
and if 600 (hj be divided by each of ihenkf the difference 
oj the quomnU ehall also be eqpud to 10 ( a, J 

The lesser number being represented by Xf the greater 
will be represented hj x + a; and therefoi*e, by theprdUem 
b b 

X — xA-a ^^ ^9 which, freed from fractions, gives 6a: + 

ba — bx^s aa? + d^Xf that is, ba ss ax^ + a^x; whence, 
dividing by a, and completing the square, we h ave a^ + 

iEa? + ia^aa6 + ia*; t herefore x + i a = ^/6 + i a*, 

and consequently x =» ^b + i a^— • i a.= 20, the lesser 
number, whence « + a =» 30, the greater number. 

PROBLEM LVII. 

To find two nfuwbers whose sum is 80 ^a, J and if they be 
divided aUematdy by each other, the sunt of the quotients 
shaU be 3| fb.J 

If one of the numbers be x, the other will be a — a:r, 

and we shall therefore hav^ ^ ^ + ^ ■ « i: whicli 

equation, brought out of fractions, becomes a^ + c^ — 
iiax + ar^ = aix — bx^ ; and this, by transposition, 

gives gag* + bx^ — Zax — ahxss» — aS that is, 2 + 6 x 

a^ — 2 + 6 X ax =s — a*; whereof both sides being di- 

a* 
vided by 2 + 6, we have x» — axsa — ©"Xj* whence, by 

a» a* a* 
completing th6 square, a^ — ax+ -^ ss ^ — guTft* hence 

X — } asa ± Jp^ — --., and a? sa^-db ^— .— r 

N4 a + 6 2 M4 g-ipj 

res 60, or sss 20 ; which two, are the numbers that were to 
be found. 

PROBLEM LVIIL 

To divide the number 134 fa J into three stich parts, 
that once the first, twice the second, and threci^ times the 
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thirdf added togethiTf tnay be » 278 (bi) and that the stun 
of the Sfuares ofaUthe three parte may he » 6036 (c«) 

liet the three parts be denoted by ac, y, and %f respec-* 
tively ; then, from the Qonditions of the problems^ we shall 
have these three equations. 

^ + 2y + 3« SB 69 

a^+ ^ + %^ — c 
Let the first of these equations be subtracted from the 
second, whence y + SxaA — a, oryaft — a — 2»; 
alsoy if the double of the first be subtracted from the se- 
condy there will come out »— ^ornrb — 2a, orxasse 
+ 2a>-^b: wherefore, if/ be put 9s h — a T » 144,) g a 
h — 2a (» 10,) and for y and x, their equals f — £» and 
^ — gf be substituted, our third equation, o:^ + y> + «^ 
s= c, will become %% — 2g% + gg +ff — 4/« + 4%» + 

ft« 8B c ; which, ordered^ gives «' — -*^-g — X » a^ 

^~^~^} whence, by putting A « SLtjf ( « £??,) 

h 
an d completing the square, ^c. % is found aa — + 

^ =L «. + - (a_ + -a50:thereforey(« 

/-L 2a) SB 44, and a: (a « — ^) ■» 40. 

PROBLEM LIX. 

A traveller sets out from one city B^ to go to another C, 
at the same tim/t as another traveller sets out from Cfor B ; 
they both travel uniformly, and in such proportion, that the 
former, foiir hours after their muting, arrives at C, and the 
tatter at B, in nine flours after: now the question is to find 
in how many hours each person performed the journey, 

D 

B 1 C 

Let D be the place of meeting, and put a a 4, A » 9, 
and X a the number of hours they travel before they 
meet : then, the distances gone over, with the same uni- 
form motion, being always to each other as the times in 
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which they are described^ we therefore havci BD : DC : : 
x (the time, in which the first traveller goes the distance 
BD) : a (the time in which he goes the distance DC) : 
and for the same reason, BD : DQ : : 6 (the time in which 
the second goes the distance BD) : x (the time in which 
he goes the distance DC) : wherefore, since it appears 
that 0? is to a in the ratio of BD to DC, and i to a; in the 
same ratio, it foUowsthat xiaz : b: or; whence a^ ssob, 

and X a v^ofr (» 6 ;) therefore a + s/aS a 10, and b + 

y/afr as 15, are the two numbers required. 

PROBLEM LX. 

There are four numbers in arithmetical progressiout 
'whereof the product of the extremes is 3250 (a,) and that 
of tlie means 3300 ^i) .* what are the numbers ? 

Let the lesser exti'eme be represented by y, and the com« 
mon difference by x; then the four required numbers will 
be expressed by y, y + a:, y + 2a:, and y + 3a:; therefore, 
btf the question, we have these two equations, viZm 

y X y + 3a:, or y* + 3a:y a a, and 

jT+lc X y + 2a:, or y* + 3a:y + 2a:* a b; whereof the 
former being taken fro m the latter, we get 2a:* a 6 — a : 

and from thence x a ^"-g — a 5. But, to find y from 

hence, we have given y* + 3a:y a a (by the fi rst step;) 

I a 4- 9x* 
therefore, by completing the square, ^c» y «* /J "X" 

3a: 
— — a 50: and so the four numbers are 50, 55, 60, 

and 65. 

^ PROBLEM LXL 

The sum (30,) and the sum of the squares (308) of three 
numbers in arithmeticai progression being given; to find Hie 
numbers. 

Let the sum of the numbers be represented by 36, 
tiie sum of their squares by c, and the common diflfe»> 
ence by x: then, since the middle term, or number. 
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teom fhe nature of the progression., is ^ b^ or^ of the 
whole sttiD^ the least term^ it is evident, will be expressed 
by ft— a?, and the greatest by b +x; a nd ther efore, by the 

question, we have this equation, 6 — xY+b^+b + a:l*«C5 
which, contracted, gives SC+Sor'ac; whence Sac* 



fc— -36* 
dt^, andora I- »2. Therefore, 8, 10, and'12, are 

the three numbers sought. 

PROBLEM LXII. 

Eamng given the sum (ft,) and the smu of tlie squares (c,) 
of any given number of terms in arithmeUcal progression ; 
to find the progression. 

Let the common difference be e, the first term x+e, 
and the number of terms n : flien, by the question, we shall 
have 

x + e+ x + 2e+x + Se . ♦ ♦ . . . x + ne^b, and 

QC + el*+« + 2€ \^+x + 3« I* , . . . X + ne |*=c. 
But fby sectim 10, the o.4) the sum of the first of these 

n.n+T.e , , 
progressions is nx-\ r : and the sum of the se- 
cond (as is shown in page S06) is ^na^+n.n+1 .xe 

-I : therefore our two equations will 

o 

become 



no: + ■ aa ft, ana 



na:*+n.« + l .ice + 



n . n+l • 2n+l .e* 



6 

Let the former whereof be squared, and the latter mul- 
tiplied by n, and we shall thence have 

rP!X?+ r? . 71 + 1 . xe 4- ^ ' ^"^ — L! — aai l^, and 

4 



«*.«+ 1 . 2»+l .«* 



n*ac*+ n* . w + 1 . arc H ^ <» nc: 
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let the first of th ese be subtracted from t he second^ so 

, „ ^* • »+l . 2n+l . e* ii» . n + 1 I* . «^ 
shall g 7 9iic-^» 

-, , n* . « + 1 . 2n+l n^ • «+ ll* . • ^ . ^ ^ 

But ' ' * — ^ isa«.ir .n+lx 

6 4 

Sn+1 «+ 1 . 8n+4— 6i»— 6 

-g 4— = ^' • n+lX ^ =n«.w + l. 

2n — 2 ti^ . n+ 1 . n — 1 n» . n* — 1 ^^ ^ 

— — — = ^ = 7T : therefore 

S4 12 12 



^7u: — ¥y and c =^ J—— ===:5 whence 

12 \v^ X n* — 1 



I j IS known. 



Example. Let the given number of terms be 6v their 
sum 33, and the sum of their squares 199$ then, by writ- 
ing these numbers respectivelyf for n, if and c, we shall 
have e»l ; whence x^Z, and the required numbers 3^ 4> 

Sy 6, r» and 8. 

PROBLEM LXUI* 

Tu;o post-hoys f A ami B, «et 011^9 at tht same time, from 
two dtieSfSOO miles asunder, in order to meet each other: 
A rides 60 miles the first day^ 55 the second, 50 the tkird, 
and so on^ decreasing 5 miles every day : but B goes 40 
miles Vie first day, 45 the second, 50 the third, S^c. inereas* 
ing 5 miles every day; now it is required tojlnd in what 
number of days they will meet* 

In order to have a general solution to this problem^ 
let the first day's distance of the post A be put snif 
and the distance which he falls short each day of tiie 
preceding '^ d; also the first day's distance of the post 
B =^p, and the distance which he gsdns each day == e ; 
and let x be the required number of days in whid) they 
meet: then the whole distance travelled by A will be 
cxprc^scdby the follo win g arithm etical pn^ogression, 

m+m — d + m — ?d + m — Sd, &c. and that of B by 
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P + P + e + p +2e +p + Se, &c. where each progression 
is to be continued to x terms. But the sum of the first of 
these progressions fhy sect 10. theor. 4.) is » mx -— 

XXX — 1 xd ^ . .. , - ., » , XXX — ixe 
9 and that of the second ^px+ . : 

therefore these two last expressions^ added together, must, 
by the conditions of the question, be equal to 500 miles, 
the wliole giren distance ; which w<e will call ft, and then we 



X X X — 1 X e — d 



shall have p + m xx+ T tJUl — z:m^b,orfx + 

gxxx^^i 

5 a h, by writing/ ss p + fn^ and g « e — d; 

which equation is reduced to goc^ — gx + S^x ee 2i, or oif 

9fx 9b 
— ap + —jr- = "JT 5 whence, by completing the square, ^e. 

X comes out — Jj*. . Z ^T]* — ^ + -^. But in 

^g^*~2l * ^ 

the particular case proposed, the answer is more simple, 
and may be more easily derived from the first equation 



X X X — 1 X e — d 



p + m XX + ' = ft ; for, c being « d, 

— II- will here entirely vanish out of the 

2 

equation ; and therefore x will be barely sb . aa 

500 
40 4- 60 ^* ^' '^^ same conclusion is also readily de^ 

rived, without algebra, by the help of common arith- 
metic only: for seeing the sum of the two distances tra- 
yelled in the first day is 100 utiles, and that the post B 
increases his distance, every day, by just as much as the 
post A decreases his, it is evident, that between them 
both, they must travel 100 miles every day; therefore^ 
if 500 be divided by 100, the quotient 5 will be the 
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number of days^ in which they travel the whole 500 
miles. 

PROBLEM LXIV. 

Two persona, \. and B, set out together from the same 
place f and travel both tf^e same way: A goes 8 mites the 
first day, 12 the second, 16 the thira, And so on, increasing 
4 miles every day: bui B goes 1 mile the first day, 4 the 
second, 9 the third, and so on, according to the square of 
the number of days: the question is, to find how many days 
eaxJi must travel before B comes up again with A.* 

Let (4) the common diflPerence of the progression 8^ 
12, 16, ^c be put rs e, and the first term thereof minus 
the said common difference ss fii» and let the number of 
terms, or the days each person travels, be expressed by 
X: then the sum of that progression, or th e numbe r of 

miles which A travels will be a: x m H ^ 

fby sect. 10. theor. 4.) And fby whatfiMows hereajlerj^ 
the sum of the progression 1 + 4 + 9 • • . • a:*, or thedis- 

tapce travelled by B, will appear to be : 



therefore^ by the question, we have 

6 



ss? mx + : which, divided by x and con- 

2ac* + 3a; 4- 1 ca: + c 
tracted, gives g" «= m + ^ j whence 

So: sea? Se 1 

01? + -g- — -g- «» Sm ,+ -g" — "a > ^^9 ^y c<>"*- 

tix Sex 9 18e 
pleting the square, xi^ + ~— "g" + "i6 """le" + 

9e* Sc 1 9 18e 9e* 

le (=3"» + ~~~"*"*T6'~l6' + 'l6 — 



48m + 1 + 6e 4- 9e^\ _ 48m + T+Ter ^^,^^ 
16 / 16 

* See Appendix. f See page 203. 
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4 4^ 4 

quired. 



PROBLEM LXY. 

T%e sum ^ the squares (a^^ and the conimuU product (b,) 
(^four nuniiers in arithmetical progression being given, to 
nd the numbers. 



/. 



Let the common difference be denoted by Six, and the 
lesser extreme by y— -3a;; then^ it is plain, the other three 
terms of the progression will be expressed by y — x, y+x, 
and y+Sx, respectively; and so, hy the question, we have 

y — sx p+ y— ar 7 +yTS 1' +y + Sx '^^a, and 
y^-so; xy — x xy + x xy+Sx^b, 

that is^ by reductipn, 

4y*+d0a:* afff and 
y^^l(yfoi^+9x^^b; 

from the former of which, y^»ia — 5a^: and therefore 

y^as.^a* — ^aa^+StSx*: these values being substituted in 

the latter, we have ^^^'^ia3fi+25x^—{aofi+50x^+ 

5ax^ b a* , 

9x^^b, and therefcnre x^ ^t'^ ^ — tfttstJ ^cncc, 

o4 o4 10 X o4 

Saofl 25a* . b 

by completing the square x^ — + 4x84x84 ^'* 84 + 

a« . 84&+a« ^^ ^ ^ 5a ±s/%4b+a* 
80^ > 8^784 ^^^"'^^ ^"^ ^-F3r84^ 84 ' 

and ««j!^!2^^^ whence y(=v^4H:ir5^) is 
also known. 



lift The JlpfUtatiaH of Jlgebt* 

PtlOBLEM LXVI. 

Tht difference of the meane (a,) oni the Hfftrtnce of the 
extremes (pi) of Jour numbers in continued geonutrical pro- 
porHon, being given ^ to find the numbers. 

Let the sum of the means be denoted hj x; then the 

X *4~ A 

greater of them will be denoted by -~— » and the lesser 
by — J— : whence, by the nature of proportionals, it will 

, x+a X — a a— « x — a]* ., , _, 

be _— :-^::-.^;^_^, the lesser extreme, 

. ar— o x+ a x+ a x+aV ^^ j, i^ 

a&d >■ ^ ; — r— : • — :: — • — —t-9 ^he neater extreme: 

therefore, by the problem, we have £^I^— SJ+gJ- *> 

And consequently ac+ap — x — aTs2ft x x^-^xx+a, 

— bo^A-n^ 

that is, 6a:*a +2a^^2bxa^ — o* j whence «» «= 



tr* 



and consequently a;s«a f?-i-^. 



fr-— da 



PROBLEM LXYIL 

The swUf and the sum of the squares of three numbers in 
geometrical proportion, heii^ given; to find the numbers. 

Let the sum of the three numbers be denoted by a, and 
the sam of their squares by ft, and let the numbers them- 
selves be denoted by x, y, and % : then we shall have 

x+y +% =5 a, 

a'+y«+«*«ft, 
and oc%^ ^. 

Transpose y in the first equation, and square both 
sides, so shall a^ + Stx» + %^ » a> — 2ay +tf^; from 
whence subtracting the second equation, we nave 9x% 
— y>saia* — 2ay + J* — ft* but, by the third, 2a:»- 
«s 8y* ; therefore ji* « a* — 2ay + 3^ — ft; and conser 
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queiiily3f»-2j-«-5-— 55* Mow, to find a? and «, y 

may be looked upon as known ; and so, by the second 
equation, we have giren oc^+^^aft — y*; from which sub- 
tracting 2x%'Si2^, there arises a^ — ^xx+T^^b^^S^; 
where, the square root being extracted, we have x — %^ 

y/h — 3y*: but, by the first equation, we have x+%^a 
*-«jf/ whence, by adding ttnd subtr acting t hese last equa- 

tion g, there r esults ^^a — f + ^/b — Sjfy, and Sd$»iin-jf 

— \/*— syjf. 

PROBLEM LXVIIL 

Tht wm (»,) and the preduct (p) oj any two mmJkf$ 
bwm given; to ^find the 9um qf the squares, cuies, biqua^ 
drateSf &a of those numbers. 

If the two numbers be denoted by x and y j then will 

andaj-p}**'*"^*^ 
The formn* of which, squared, gives oox+Stxtf+yfff from 

whence subtracting tlie double of the latter, we have 0:^+ 

If^n^^— £j^, ihe sum of the sqi^res. 

Let thi s equ ation be multijdied hj x + y^s; so shall 

ix?+xyxx+y+y^mi^ — 2spf that is, a^+pxs+y^==^s^ — 
2sp (because xy^p, and x+ysms}) and therefore x^+y^ 
a9^ — 3sp, the sum of the cubes. 

Multiply, again, by a?+ y=s5, th en will x^+acyxa^+t/* 
-f y«B±54 — ss^p, or x^+px^ — 2p+y*^s^ — Ss^p (because 
«*+y^a«5*— 2p.) Consequently a^+2/^p»«^ — 45*p+2pS the 
sum of the biquadrates. 

Hence the law of continuation is manifest, being 
such, that the sum of the next superior powers will be 
eUways obtained by multiplying the sum of the powers 
last found by s, and subtracting, from the product, the 
sum of the preceding ones multiplied by p. And the 
warn of the nth powers, expressed in. a general manner, 

will be ^-^ns^-^p + v. ^ ■* s»— ;•;>' — n. — 5— • 
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n^-^S n — 5 n — 6 n — 7 

PROBLEM LXIX. 

» 

The sum of the squares (a,) and the ecaass (b) of the 
product above the sum of two numbers bmig given; to find 
the numbers* 

Let the sam of the numbers be denoted by s^ and their 
product by r •* then the sum of their squares will be s*-^ 
2r rb'g the last problem, J and we shaU have r — s ^b, 
and s^ — Sr » a, whence^ by adding the double of the 
former equation to the latter ^ ^ — « 2s = a + £fr; and con- 
sequently s « \/a + 26 + 1 + 1. From which r (=ai+«) 
is likewise known ; and from thence the numbers them- 
selves. 

PROBLEM LXX. 

The sum (a,) and the sum of the squares (() of four 
numbers, in geometrical progression, being given; to find 
the numbers* 

I£x and y be taken to denote the two middle numbers^ 
the two extreme ones^ by the nature of progressionals^ 

will be truly represented by —■ and — • 

Put the sum of the two means s s, and their rectangle 

/xx . uy\ 
szr; so shall the sum of the two extremes ( "-r- + -^l 

be B a — s, and their rectangle also » r (by the nature 
of the question.) But (^by problem 68) the sum of the 
squares of any two numbers whose sum is s, and rectan- 
gle r, will be SB ss -— 2r: and (for the very same reason) 
the sum of the squares of our other two numbers (whose 
sum is a — «, and rectangle r) will be « a — s"|* — 2r. 
Therefore, by adding these aggregates of the squares of 
the mea ns a nd extremes together^ we get this equation^ 
vi%. s^+o — si* — 4rBs6. 
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OCX yjf 

Moreover^ from the equation^ — + "^— a — », we 

gtt afi + y^ aaxy X a — s = r x a — a: but C^ the 
same prob. just now quoted J a:* + y* = «* — 3«r; there- 

fope «* — S«r as or — «r, or r =« ^^ , ^ ; which value 

being substituted for o in the preceding equation^ we 

have «« + a — «f — po « ^ = *• This, solved, gives 



2s + a 

I /l/L ... ft hh 



= 1^ & _^ -*L — ^j: whence every thing else 

is readily found. 

PROBLEM LXXL 

The sum (a) and the sum of the squares (h) of five num-^ 
bers, in geometrical progression, being given $ toji/nd the 
nwmbers* 

Let the three nuddle numbers be denoted by x, j/, 

OCX C696 

and % : then the two extreme ones will be --p and -7- j 

9 If 

and therefore we shall have 

OCX Wb 



y + X + y + % + — = a, 



> by the question. 



OCX 9i9S 

Put X + % sauf then, by the first equation, — - + -— 

y y 

^ a — tt — i y. Wherefore, seeing the sum of the two 
extremes is expressed by a — u — y, and their rectangle 
by y* (see theor. 7. sec t. 10,) the s um of their squares will 

(by problem 68) be bsi a — u — y ^ — ^Jf* • ^"^* in the 
very same manner, the sum of the squares of the two 
terms (x and ») adjacent to the middle one (y) will be 
sa tt^ — 2y^. Whence, by substituting these values, 

our equations become + w + y « a, and 

R 
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a — » — ifT— 2j* + »* — 3i^ + »* as *; which, by 
reduction are changed to 

aa— Sail — 2ay + £tftt + Suy — £yy » &, 
and «y — ttii — i*y + jfy «= 0. 
To the former of wmch add the double of the latter, so 

a h 
shall aa — 2au »= (/ and therefore u s: -^ — -^« From 



whence, and yy + a — u x y » uu, the value of y ( 



4 



uu + a-n\' «- ^) is Ukewiae given. 



4 2 

PROBLEM LXXIL 

The 9um (a,) the dum of the squares ((,) and the sum of 
the cvbes (Cy) of any four numbers in geometrical proportion 
being given; to find the numbers. 

Let half the sum of the two means be x, and half their 
difference y i also let half the sum of the two extremes be 
», and half their difference Vf and then the numbers 
themselves will be expressed thus, «— -i^, ac-^y^ a? + y, 
% + v: whence, by the conditions of the problem, w^ 
have 



» — V +x — y +x + y +« + va^ Uf 

«^^' + x^^^ + jrry1* + »Ty1' = c, 

» — V x» + V aa?— y XX + y (theor. 1. p. faj) 
which, contracted, are, 

2% + Ox ass a, 

Si* + 2t» + 2a:* + 2y* as ft, 

2»* + 6»i?^ + 2a:» + 6a:y* ^ c, 
»a — . u» sa a:« — y«. 

Let or' — »' + tS the value of y% in the last of these 
equations, be substituted instead of y% in the two preced- 
ing ones, and we shall have 

2»* + St)* + 2a)» + 2aj» — 2»* + 2td* = J, and 

2»5 + 6«T* + 2a:» + 6a;* — 6a:»« + 6arv« = c; 
which, abbreviated, become 

4a:* + 4t* = 6, and 

2«* + 8a?» — 6a?x' + 6x + 6» X r* = c. 
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hot i h^-^a^, the valae of x^, in the fonner of theso 
•quatioBSy be sabstitiitedy for its equ al» in th e latter» and 
we shall next have ft»^+9a^ — 6o6«^+6x+6% x ib — S**— «; 
moreovery if for %, in the last equation^ its equal, hw-^^Xf 
be su bstituted , there will co me out Stxha — al^+Soc* — 

to X io*— a;P+daxii^^-<ra;»c; that is, 6aa:*-^d<M;4- 

€? , ^ab ^. * ^ ax c b a* ^ 

4 + — -«/ theref of^ 0^-— « ^----; and con- 

•equentlyor-i^J^-l+g. whence, «, .,, and y, 
are likewise known. 

The same otherwise. 

Let the sum of the two means » s, and their rectangle 
a r; so shall the sum of the two extremes a a — s, and 
their rectangle also ar, fby the question: J from whence, 
and Prob. 6B, it is evident, that the sum of the squares of 
the means will b e as s* — 2r, and the sum of the squares of 
the extremes «■ o — s"|* — 2r ; also, that the sum of the 



cubes of the means will be =«^ — Srs, and that of the ex- 
trentos «■ a — «1* — 3r xo— ^.' by means whereof, and the 
conditions of the problem, we have given the two fottow- 
ing equations, 

vte. t^+a — «1* — 4r*Bft, or, 2«^— 2a*— 4r«B6 — aa; and 

sfl+a-^oY — ^*^ * ^9 ^^f ^^ — ^^** — ^^ ■" ^ — ^ * 

divide the former by 2, and the latter by So, and then 

_ ,_ _ - „ aa b , c 

subtract the one from the other, so shall r « X"^*© +35 

whence tibe value of s ( » -- — 
^ 2 

4. di. ^. 5^y (y the first equationj is also given, 



sF? 



2 ' ^- • 4 
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being (when substitotioii is made) » r- — j^^ 






PROBLEM LXXIIL 

Miving given the sum (ai) and the sum of the squares 
(h,) ofanv number of quantities in geometrical progression; 
to determine the progression. 

Let the first term be denoted by x, the common ratio by 
»f and the given number of terms by n ; theni b^ tbe con- 
ditions of the problem, we shall have 

X + x% + X9^+ xce^+ x%^ . , . + a;«»^-"^ = a. 

Multiply the first equation by 1 — co, and the second by 
1 — »^ } so shall 

X — 0^5" "=axl — %9 and 

a:»— a?**"^ b x 1— »*. 

Divide the latter of these by the former ; whence wiU be 
had x+x%^ =» — X l+co: let this equation and the first 
be now multiplied, cross-wise, into each other, in order 
^ ejctenninateo;; so shall a x l+x"s5-r x 1 + ^ x 

If n be an even number, put Qm^n; then our* last 

equation, when multiplication by 1 + » is actuaUy made, 

aa 



• • 



will stand thus, -j X 1 +%^ «= 1 + 2« + 2»* • 

. ..... + S**"*-* + 2**'*-* + «^*5 which, divid- 

aa 1 12 
ed by «?», becomes -7-+'^ + «~«=-,H -—r + 

-=T • • + -1 4~ + 2 + 2» + 2«« . . • . + 2aJ«^ 
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+ £»*— * + «?*. Let 4 be now pat ( =■ ~ + ») =» the 

sum of tbe halves of the two terms of the series adjacent 
to (2) the middle one; then, the rectangle of these quan- 
tities being 1, the sum of their squares (or half the sum 
of the two terms of the series next to those) will be » s* 

,1 
*- 2 (hy problem 68 ;) and the sum(^ + %^) of half the 

two next terms to these last » s'— -35^ &c. &c. 

aa 1 
Hence^ by making ^="26 — Z ^^^ P^^^S ^^e value 

of JL + 0^ fas txpre$$td in the said problem 68) » Q^ 

^nd then substit uting a bo ve, ^c. our equation becomes 
dQ — l + « + s» — 2+ «3 — 3s + s* — 4s« + 2, &c. 
crmtiiitted to m terms j whence the value of s maj be de* 
termined. 

Thus^ let fi^ the number of terms given^ be four; then 
m being « 2, Q ( =» ^ + »«) will be «»— 2 ; and onr 

equation wiU^ hertf be d x s*— 2 » 1 + s. If n be a 

1 
6^ Q ( SB "^ + «0 ^^ be » s' — 3s ; and we shall have 

d X s^ — 3^ — 1 +s + «*— 2«^ + s— .1; and so in 
other cases^ where n is an even number. 

^ Ifn be an odd mmber, put Stm^ n — 1 ; and let both 
sides of the equation 



a X 1 +««= — xi+«xi + » + »*...»»-i be 



a 



divided by 1 + « ; so shall 



ax !—»+»*— a^..-«"-*+»*^*— — X !+«+««.. +«"-* 



(because 1 + i»xi~»+ a«— i*^ + »<... — ««•-« + a«-i 
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} + 0^) : whmce^ by transpositionf and substitiitini; mp 

b ft 

■ . OA 4- ft m % . ,m 

« + fl5« + «* . • . «*^* J put ^ ^ a. e and let the 

ft 
whole equation be divided by a -*- — X fl^ } thM wBl 



* i+-::s=3- + fl^-*+«*^*. 



Now, if m be an even number, the powers of a? in fhe 
former part of the equation will be the even ones, and 
those in tiie latter the odd ones : but if m be an odd num- 
ber, then, vice versi. 

In Ae first case our, equation may be wrote thus. 



^ i + :i:3---+4 + i + «+»*-"«'^+«^'*'- 



Where, since — + «««,-;3 + «^«-^*— »»^ +»'—«*— 
S«, i- + «* « a*— 4a* + «5 4*c. we shall, by substituting 

these values in each series (pro ceeding from the middle 
both wa ys) have 1 + «« — 2 + «* — 4« + 2+ 4"^ — c 
into f + «• — Ss + 4*^. 

But, in the second case, where m is an odd number^ 
and the even powers of % come into the second series, we 
shall, by the v ery same meth od, have 

s + ^ — S s + »« — sa^ + ^a + ^-c. »cintol+«*— 2« + 
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In both which cases the terms are to be so fiur eonti- 
naed^ that the exponent ot s, in the highest of ihem, 

may be sb ^ • Thos^ if «» the giTen number of 

terms^ be S, then m l—^ — j being »» 1, the equation 

belongs to ca$e S^ and will be « as c» iordy. If n as 5^ 
then m asB 2; and therefore 1 + ^ — 2tssC8, or t^ — iss 

c$, by c au 1. If n be 7f m will be 3} and so < -f «* — 3s 

a4; X 1 + «* — 2, or «* — 2st»c X s* — 1, iy co^e g, 

La sQy» if nag 9 ^ tiien i » = 4, and t herrfore 1 + «* — £ 

+ «*— -4i^+ £aic X «+ s* — 3«,ors* — 3s» + l»c 

X s^ «- SSy ^ ease 1. 

PROBLEM LXXIY. 

JBSaving green the 9wn (a,) and the $um qf the cubee (&») 
cfanjf nuwer ^ terms in geometrical progression; to deter^' 
ndne the progression. 

By retaining the notation in the last problem^ and pro- 
ceeding in the same manner, we here have 

a VB X + x» + xuf' . . . + a»*-^ — ^ ^ — , and 

fAeorem 8. secf. 10.) 
Divide the last of t h ese equa tions by the former^ so shall 

h % — 1 x»** — 1 «*« + »» + i 

— «u aj» X ======—=======: — ac« X ^ jL« « 1 (bc- 

1 «»--ix»* — 1 »»+»+i>^ 

%^ + 1.) Let this equation, and the square of the first, 
a' s« 0^ X ^ g^ — I J ,"be now multiplied^ cross- 
wise, in order to exterminate x; whence wUl be had 

h ^ — g»* + I »»« 4- g» + 1 

a ^ 7? ~2» + 1 * *" X «« + « + 1 • ^'"^'' 
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the numerators being divided by »% and the denomina- 
tors by X9 ^111 stand thus^ 

«• — 2+ -^ ««+ 1 + — 

6 X x= tf X ■ . Put (as 

1 1 

« — 2 + — »+i + — 

, 1 
before) the sum of % and — s= s ; then^ their rectan- 

1 

gle being 1, the sum of their nth powers («* + -rr) 

will be had in terms of s Cfrom prcbkm 68,) which sum 

let be denoted by S ; so shair our equation become ft x 

S— 2 S+ 1 
g r= a^ X ^ . ^ : whence the value of s may, in 

any case, be determined. 
Thus if (n) the given number of terms be 3 ; then 

S (the sum of the cubes of % and -^) being as ^ — $$, 

^ — S» — 2 ^ — 3« + 1 
we have ft x — ^ ^ — = a* x T+l — ^ ^'^^ 

is, by division, 6 x «^ + 2« + 1 «= a^ X — % ^ \ 

If the number of terms be 4 ; then will S =s ^ — 

45* + 2 ; and therefore ft x ^ ^ = a' x — T^\ — ^ 

which, by an actual division of the numerators, is re- 
duced to ft X s^ + 2s* = a^ X ^ — «* — 3« + 3. 
Again, taking n s= 5, we have S = s*— 5«*+ 5»; 

and therefore ft x sZTS =sfl^X . ^^ 



which, by division, is reduced to ft x s* + 9^ — «* — 25+ 1 

eaa^ X«^ — s^ — 4«* + 4s+ 1: and so of others; where 
it may be observed, that the values of S — 2, and S + I, 
will be always divisible by their respective denominators j 
except the latter, when n is either 3, or a multiple of 3. 
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PROBLEM LXXV. 

The 9tim of any rank of quantities fa+b+c^d+e+ 
&c.) being gwen = P, the sum of all their rectangles fab 
+ac+ad9 kc. +ftc+6d,&c. +cd, &c.) = Q, the sum ofaU 
their solids (aie + abd+abe, &c. + acd + ace^ &c. + bed, 
&c. » R, &c. &c. it is proposed to determine the sum oftfu 
squares, cubes, biquadrates, &c. of tliose qtumtiOes. ^ 

p=sb + c + df ^c. = sum of all the quantities 

after the first (a,) 
q = bc+bd+be, &c. +cd+ce, &c. = the sum of 
Put '^ their rectangles^ 

r = bcd+bce, &c. + cde, &c. = the sum of their 
solids. 
^c. .^c. 

Then will P = a +p, 

Q^^pa+q, 
R «* qa+r, 
S = ra+s, 

Bj squaring the first of which equations^ we have 
P«=sa*+£ap+p*; from whence the double of the second 
being subtracted^ (in order to exterminate 2ap,J there 
results P»— 2Q = a* +p*— 2g. Where P* — 2Q expresses 
the true sum of all the proposed squares, a*4-ft*+c*+(P, 
&c. ; because^ all the quantities, a, b, c, d, &c» being con- 
cerned exactly alike in the original, or given equations, 
they must necessarily be alike concerned in the conclu- 
sions thence derived ; so that if substitution for p and q 
were to be actually made in the equation P^ — 2Q=aa^+l^ 
"^Zq, 'here brought out, it is evident that no other dimen- 
sions of b, c, d, e, &c. besides the squares, can remain 
therein, as, no dimensions of a, besides its square, has 
place in this equation. 

In order to find the sum of all the cubes, 
put A (=P) =s a+p^ssi^nm of the roots, 
and B (=P* — ^2Q) = a« + p« — 2g = sum of the squares ; 
then, by multiplying the two equations together, we have 
PB e» a^ + pa^ + t^a — 2qa + jp — 9pq. From whence 

S 



I 
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(to exterminate pa^, the next inferior power of a after 
the highest, a?) let Q^A ==pa^+p^a+qa+pq (the product 
of the equations Q and A) be subducted ; and there will 
remain PB — QA=a* — Sqa+p^ — 3pq. T^ this last equa^ 
tion (in order to take away the next inferior power of a) 
add three times the equation B ss qa+r, so shall PB— • 
QA+ 3R= o^ +pr^ — ^P9+ 3r. From whence it is evident^ 
that PB— QA+3R must be the required sum of all the 
cubes a^+V'+c^+d^f &c. for reasons already specified 
with respect to the preceding case. 

To determine the sum of the biquadrates, put C»:as+ 
|i» — 3pq+Sr=a the sum of all the cubes; then, multijdy- 
ing by the equation P=-a+p fas before^) we get PC=«a* 
+ pa^ +p^a — Spqa + Sra +p^ — Sp^q + Spr.. From which 
(to exterminate pa^) subtract QB= ja^+j^o — Spga+ga* 
+ p^q — 2g* (the product of the equations Q and B;) so 
shall PC — QB = a* — ga* — pqa+Sra+p^ — ^l^q+Spr+ 
2g*: to this add RA ^qa^+pqa+ra+rp; then will PC 
— QB+RA=a<+4ra+p*— 4p«g+4j?r+2g»: lastly, sub- 
tract 4S=4ra+4s, so shall PC— -QB+RA— 4S«a*+»* 
— 4p^q+4pr-^2q^ — 4s=sD, the sum of all the biquad- 
rates. 

In like manner (the last equation being, again, multi* 
plied by P = a+n, the preceding one by Q=pa +q, &c. 
&c.) the simi of tne fifth powers will be found 5= PD — 
QC+RB — SA+5T: from whence, and the preceding 
cases, the law of continuation is manifest; the sum (F) of 
the sixth powers being PE— QD + RC— SB+TA— 6U; 
and the sum (6) of the serenth powers » PF— QE+BD 
~SC+TB— UA+7W, ^c. ^c. 

But, if you would have the several values of B, C, D, 
E, 4§-c. independent of one another, in terms of tte given 
quantities, P, Q, R, S, T, ^c. then will 

B = P»— 2Q, 

C=P^— 3PQ+3R, 

D«= P*--4P«Q+4PR+2Q2— 4S. 
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E = P« — 5FQ+ 5P»R + 5PQ«~5PS — 5qR+ 5T, 
4^ 4"^ which values may be continued on, at pleasure, 
by multiplying the last by P, the last but one by — Q, 
the last but two by R, the last biit three by — 6, ^c. and 
then adding all the products together ; as is evident from 
the equations above derived. — ^These conclusions are of 
use ii) finding the limits of equations, and contain a de- 
monstration of a rule, given for that purpose, by Sir Isaac 
^ftwtouy in his Universal Jirithmetic. 



SECTION XII. 



Of the BesolutUm qfEqtuUions of several DimensioTis. 

BEFORE we proceed to explain the inethods of re- 
solving cubic, biquadratic, and other higher equations, it 
wiU be requisite^ in order to render that siibject more^ 
clear and intelligible, to premise something concerning 
the origin and composition of equations. 

Mr. Harriot has shown how equations are derived by 
the continued multiplication of binomial factors into each 
other : according to which method, supposing x — a, 
x^rb, X — c, X — d, &c. to denote any number of such 
factors, the value of x is to be so taken, that some one 
of those factors may be equal to nothing: then, if they 
be multiplied continually together, their product must also 

be equ al to nothing, that is, x — a x x — b x x — e x 

X — d &c. =s : in which equation, x may, it is plain, be 
equal to any one of the quantitie49, a, i, c, d, &c. since 
any one of these being substituted instead of x, the whole 
expression vanishes. Hence it appears, that an equation 
may have as many roots as it has dimensions, or as ai^ 
expressed by the numjier of the factors, whereof it is 
supposed to be produced. Thus the quadratic equation 

x — a X ar — ft = or 0?* 21 J J ^ + ^ = ^> has 
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t wo root s^ a and 9; the cubic equation or — a x x — b 

Xiic — c = 0, OP 

— a'^ oil 

0?*+ — 6 V x^ + acy a; — r flftc = 0, has three roots,, a, 

— cj . be) 

h, and c ; and the biquadratic equation^ x — a x x — b 
X X — c X X — d = 0, or 

-dj ^'^+«^-' -bed] 

has four roots, a, b, c, and d. From these equations it is 
observable, that the coefficient of the second term is al- 
ways equal to the sum of all the roots, with contrary 
signs; that tlie coefficient of the third term is always equal 
to the sum of their rectangles, or of all the products that 
can possibly arise by combining them, two and two ; that 
the coefficient of the fourth is equal to the sum of all their 
solids, or of all the products which can possibly arise, by 
combining them three and three; and that the last term 
of all, is produced by multiplying all the roots continually 
together. And all this, it is evident, must hold equally^ 
when some of the roots are positive and the rest negative^ 
due regard being had to the signs. Thus, in the cubic 
(equation 



X — a X X — bxx + c== 0, or x^ H b y a? + 



+ c J 



— oc J. 



X 4- obc = (where two of the roots, a, ft, arc 



positive, and the other, — c, is neg^tive^ the coefficient of 
the second term appears to be — a — ft-|-c, and that of the 
third, ah — ac — 6c, or aft + a x -— c + 6 x — c, conform- 
able to the preceding observations. Hence it follows, 
that, if one of the roots of an equation be given, the sum 
of all the rest will likewise be given ; and that, in every 
equation where the second term is wanting, the sum of 
all the negative roots is exactly equal to ffiat of all the 
positive ones ; because, in this case, they mutually destroy 
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each other. But ivhen the coefficient of the second term 
is positive^ then the negative root&» taken together, ex- 
ceed the positive ones. But the negative roots, in any 
equation, may be changed to positive ones, and the posi* 
tive to negative, by changing the signs of the second, 
fourth, and sixth terms, and so on alternately. Thus, the 
foregoing equation 

1 +ail 



Qjc — ax X — h X ar + c ass) a:' H hVo(? — aoVa?+ 

4.cJ —ftcj 

abc » 0, by changing the signs of the second and fourth 

+ a-l + aftl 
terms, becomes a? + + 6 i-ac* — ac J- x — abc « o, or 

— cj —be} 

X '\- a X X + b X X — c = ; where the roots, from 
+ a, + 6, and — c, are now become — a, — b, and + c. 
Moreover the negative roots may be changed to positive 
ones, or the positive to negative, by increasing c\r di- 
minishing each, by some known quantity. Thus in the 
quadratic equation iic* + 8a;+15=5 0, where the two 
roots are — 3 and — 5 (and therefore both negative) 
if ^ — 7 be substituted for x, or which is the same, if 
each of the roots be i ncrease d by 7, the equation will 

become % — tY + 8 x % — 7 + 15 = 0; that is, «* — . 

6» + 8 = 0, or % — 2 X « — 4 = ; where the roots 
are 2 md 4, and therefore both positive. This method 
of augmenting, or diminishing the roots of an equation 
is sometimes of use in preparing it for a solution, by 
taking away its second term ; which is always perform- 
ed by adding, or subtracting i, ^, or i part, ^c. of the 
coefficient of the said term, according as the proposed 
equation rises to two, three, or four, ^c. dimensions. 
Thus, in the quadratic equation a^ — 8a: + 15 => 0, let 
the roots be diminished by 4, that is, let a; — 4 be put 
== «, or a? « 4 + »; then, this v alue b eing substituted 

for ar, the equation will become % + aY — 8 x » + 4 
+ 15 s= 0, or «;» — 1 « Oj in which the second term is 
wanting. 
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Likewise, the cubic equation %* — a%^ + i» — c s 0, 

a 
by writing a? » — 'T "^ ^* ^"^ proceeding as above, 

+ 6 1 +*«*! 
will become or'* _Xfl>f^H ^ f*"05 ^d so of 

others. 

Hence it appears, how any affteted quadratic nay be 
reduced to a simple quadratic, and so resolved without 
completing the square ; but this, by the bye. I now pro- 
ceed to the matter proposed, vi%. the resdution of cubic, 
biquadratic, and other higher equations ; and shall begin 
with showing 

How to determine whether sonUf or all the roots of an equa^ 
Hon be rational, and, if so, what they are. 

Find all the divisors of the last term, and let tliem be 
substituted, one by one, for x in the given equation ; and 
then, if the positive and negative terms destroy each other, 
the divisor so substituted is manifestly a root of the equa- 
tion ; but if none of the divisors succeed, then the roots, 
for the general part, are either irrational or impossible : 
for the last term, as is shown above, being always a mul- 
tiple of all the roots, those roots, when rational, must, ne- 
cessarily, be in the number of its divisors. 

Examp. U Let the equation a^ — 4a^ — 7a? + 10 s 0, 
be proposed; then, the divisors of (10) the last term be- 
ing + 1,-1, + 2, _ 2, + 5, —5f + 10, — 10, let 
these quantities be, successively, substituted instead of x, 
and we shall have, 

1 — 4 — 7+10= 0, therefore 1 is a root} 
— 1 — 4+ 7+10sa:12, therefore — 1 is no root; 

8 — 16 — 14+10» — 12, therefore 2 is no root; 
-^8 — 16+14 + lOas 0, therefore — 2 is another root ; 
125 — 100^35+10*= 0, therefore 5 is the third root. 

It sometimes happens that the divisors of the last 
term are very numerous ; in which case, to avoid trou- 
ble, it will be convenient to transform the equation to 
another^ wherein the divisors are fewer ; and this is best 
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fleeted by increasing or diminishing the roots by an unitj 
or some oth^r known quantity. 

Examp* 2. Let the equation propounded be y* — A'f — 
82f+32=0; and, in order to change it to another whose 
last term admits of fewer divisors^ let a;+l be substituted 
N therein for y^ and it will become oc^ — 6a?^ — I6a;+dl » 0; 
where the mvisors of the last term are^ 1^ — .1, 3, — 3, 7 9 
— 7f 21f and — 21 ; which being, successively^ substituted 
for x, as before, we have, 

1 — 6 •— l6+21=s0, therefore 1 is one of the roots ; 
1 — 6 + 16+21=:32, therefore —1 is ndl a root; 
81 — 54 — 48+21=s0, therefore 3 is another root. 

But the other two roots, without proceeding further, will 
appear to be impossible ; for, their sum being equal to 
—4, the sum of the two positive roots (already found,) 
with a contrary sign (as the second term of the equation 
is here wanting,) their product, therefore, cannot be equal 
to (7) the last term divided by the product of the oth^ 
roots, as it would, if all the roots were possible. How- 
ever, to get an expression for these imaginary roots, let 
either of them be denoted by t, and the other will be de- 
noted by — 4— v/ which, multiplied together, give —41^ 



.^T^as 7 • when ce y ass— . 2+ y/ — 3, and consequently 

-^T? « — 2 — %/— 3. Now let each of the four roots found 
above, be increased by unity, and you will have all the 
roots of the equation proposed. 

When the equation given is a literal ontf you may still 
proceed in the same manner, neelecting the known quan* 
tity and its powers, tiH you find what divisors succeed ; 
for each of thtse, multiplied by the said quantity, will be 
a root of the equation.. Thus, in the literal equation / 

a:^+3aa;^— 4a^a? — 12a^sB0, the numeral divisors of the 
last term being 1, — 1, 2, —2, 3, —3, Sfc. I write these 
quantities, one by one, instead of x, not regarding a; and 
so have 

1+ 3 — 4 ~. 12 ss —12, therefore a is not a root'; 
—1 + 3+4 — 12 = — 6, therefore —a is no root } 
8 + 12— -8 — 12 = 0, therefore 2a is one of the roots; 
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— 8+12+ 8-^12 « o» therefore —2a is another rooty 
27+27 — 12 — 12 =5 30, therefore 3a is not a root; 

— ^27 +27+1 2 — 1 2 » 0, therefore — 3a is the third root. 

The reason of these operations is too obvious to need a 
further explanation. I shall here subjoin a different way, 
whereby the same conclusions may be derived, from Sir 
Isaac JSTtwtfnCs Method of Divisors y which is thus : 

Instead of the unknown quantity^ substitute, successively, 
three or more adjacent terms of tlie arithmetical progression 
2, 1, 0, — 1, — 2 ; and, having collected all the terms of the 
equation into one sum, let tlie qiutntities thus resulting, to- 
gether with all t/ieir divisors, be placed in a line, right 
against the corresponding terms of the progression 2, 1, O9 
— 1, — 2 ; then seek among the divisors an arithmetical 
progression, whose terms correspond with, or stand accord- 
ing to the order of, the terms 2, 1,0, — 1, — 2, of the first 
progression, and whose common difference is either an unit, 
or some divisor of the cotfficveni of the higliest power of the 
unknown quantity fxj in tfte given equation^ If any such 
progression can be discovered, let that term of it which stands 
against the term 0, in the first progression, oe divided by the 
common difference, and let the quotient, with the sign + or 

— prefixed, according as the progression is increasing or 
decreasing, be tried (as above J by substituting it for x in 
the proposed equation. 

Thus, let the proposed equation be x^ — afi — 10a;+ 
6 » ; then, by substituting successively the terms of the 
progression 2, 1, 0, — 1, instead o( x, there will arise 
— 10, — 4, 6, and 14, i-espectively : which, together with 
their divisors, being placed right against the correspond- 
ing terms of the progression 2, 1, 0, — 1, the work will 
stand thus : 



2 
1 




— 10 

— 4 
+ 6 



1 . 2 . 5 . 10 
1 • 2 • 4 • 
1 • 2 • 3 • 6 



5 
4 

3* 



— 1 +14 1. 2.7, 14 2 

Now, since the coefficient of the highest power (a:*) 
is, here, only divisible by an unit, I seek, among the di- 
visors, a collateral progression whose jcommon difference 
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isr 



in an linit ; and finil the only one of this kind to be 5, 4^ S, 
^ S ; whose third term standing against the term in the 
'first progression, I tlierefore take and divide by unity, and 
then substitute the quotient, with a negative sign, instead 
of X, and there results — 27 — 9 + 30 + 6 = ; there- 
fore — 3 is, manifestly, a root of the equation. 

Again, if the proposed equation were to be 2x^ -^ 5je* 
+ 4x — 10 ss 0, we shall, by proceeding in the same man- 
ner, have 



2 


— 6 


1.2.3. 6 




1 


1 


— 9 


1.3.9 




3 





— 10 


1 . 2 . 5 . 10 




5* 


— . 1 


— 21 


1 . 3 . 7 . 21 


• 


7 


— 2 


— 54 


1.2.3. 6 . 


9 &c 


9 



In which case, I discover^ among the divisors, the in- 
creasing arithmetical progression, 1, 3, 5,7, 9; whose third 
term, 5, standing against the term in the first proeres- 
siopt being divided by 2, .the common difference, and the 
quotient (f) substituted for x, the business succeeds, the 
positive and negative terms destroying each other. 

Moreover, if the equation x* + afi — 29a:* — 9a: + 180 
a were proposed, the work will stand as follows : 



2 


.70 


1 


144 





180 


— 1 


160 


-*2 


90 



1 . 2 . 5 . 7 . 10 . 14 . 35 . 70 

1.2.3.4. 6. 8. 9.12 
1^.2.3.4. 5. 6. 9. 10 

1.2.4.5. 8 • 10 . 16 . 20 
1.2.3.5. 6. 9. 10.15 





1 


2 


5 


&c. 


2 


3 


4 


&c. 


3 


4 


3 


&c.- 


4 


5 


2 


&c. 


5 


6 


M 



7 
6 
5* 

4 
3 



Here are discovered no less than four progressions, 
whose terms differ by unity ; whereof the terms correspond- 
ing to the term 0, in the first progression, are 3, 4, 3, and 
5 : therefore the two former progressions being ascending 
ones, and the two latter descending, I try the quantities -h 
5^ -f 4^ -^ S^ — i 5^ one by one, and find that they all suc- 
ceed. 

And after the same manner we may proceed in other 
cases ; but, in order to try whether any quantity thus 
found is a true root, we may, instead of substituting 
for Xf divide the whole equation by tliat quantity con- 

T 
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necfed to aCf with a contrary sign ; for» if the division 
termiDates vithout a remainder^ th6 said quantity is mani- 
festly a root of the equation. 

Thus, in the last example^ where the equation is a:^ + 
Of? — , 29a:* — 9x + 180 «= 0, the numbers' to be tried being 
+ S, + 4, — 3 and — 5, 1 first take -^ 3 and join ittox^ 
and then divide the whole equation, x^ + a? — 29as* — •9ap 
+ 180 (ss 0) by a? — 3, the quantity thence arising, and 
find the quotient* to come out afi + 4a^ — I7x — 60, ex- 
actly. Therefore +• 3 l^ one of the roots." 

Again, in order to try 4**4, the second number, I divide 
the quotient, thus found, by a: — 4, and there comes out 
0:*+ 8a; + 15; therefore +4 is another root: lastly, I 
try — 3, by dividing the last quotient by a; + 3, and find 
it also to succeed, the quotient being x + 5. 8ee the ope- 
f ation at large. 



s>^S)x*+ a:*— 29a:*— 9x+no{ofi+4a?^l7oo^^0 
x^ — 30:^ 

+4a?3_29«* 
+4af»^l2a:* 



—.17a;*—. 9a? 

—1 7a:»+ 510? 



—600?+ 180 
— 60a:+180 



a:— 4)a:'+4a;*— ira>— 60(aJ*4- 8i»+ 16 



+ 8a?— .iro? 
+8a:* — 32a: 



+ 15aj^ — ;60 




ac^+Sx 

+ 5X+15 
+ 5X+15 



1S» 











As another instance hereof^ let there be proposed the 
equation 23fi'^Sx^+l6X'^24>=»0; then, expounding x bjr 
£y 1» 0^ and — 19 successively y and proceeding as in the 
foregoing examples^ we have 



s 


+ 12 


1 .2. 3. 4. 6.12 


+ 2 


— 1 


1 


— 9 


US. 9 


+ 3 


+ 1 





—24 


1 • 2 • 3 • 4 . 6.8 &c. 


+4 


+ 3* 


— 1 


—45 


1. 3.5.9. 15 .4$ 


+ 5 


+ 5 



Therefore^ the quantities to be tried bdng 4 and |, I 
first attempt the division by x — 4 ; which does not an- 
swer : but trying^o? — |^ or (its double) 2a: — 3^ I find it to 
succeed, the quotient being a^-{^S, e^acUy. 

The reason why the divisors, thus found, do not al« 
ways succeed, is, because the first progression 2^ 1, 0, — 1 
is notcontinued far enough, to know whether the* corre- 
sponding progression may not break off, after a certain 
number of terms ; which it never can do when the busi- 
ness succeeds. Thus, in the last example, where we had 
two different progressions resulting, had the operation) or 
series, 2, I9 0, — 1, been continued only two terms fur- 
ther, you would have found the first of those progressions 
"to fail ; whereas, on the contrary, the last (by which the 
business succeeds) will hold, carry on the progression, 2, 
1, 0, — 1, as far as you will. The grounds of which, as 
well as of th^ whole method^ upon which the foregoing 
observations are founded, may be explained in the follow- 
ing manner. ' 

Let there be assumed any. equation, as asc* + bx^ -f- 
ax^ + dx + e sss 0, wherein a, b, 0, d, and e, represent 
any whole numbers, positive or negative, and let px+ q 
denote any binomial divisor by which the said expression 
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ax*+lKX?+GX^*{'dx+e is diyisible, and let the quotient 
thence arising be represented by rafi + sa^ + tx + v, 
or^ which is the same in effect, let ax^ + ba^ + ca^+dx 

+ esspx+qxrx^+8a^+tx+v. This being premised, 
suppose a; to be now, successively, expounded by the terms 
of the arithmetical progression 2, 1, 0, — 1, — 2 fas 
above; J and then the cori'esponding vsdues of our divisor 
px+q, will, it is manifest, be expounded by 2p+9» ji+f* 
4f -^+99 s^d — Qp+Qf respectively; which also consti- 
tute an arithmetical progression, whose common difference 
is p; which common difference (p) must be some divisor 
of the coefficient (a) of the first term,* otherwise the divi- 
sion could not succeed, that is, p could not be had in a, 
without a remainder. 

Hence it appears that the binomial divisor, by which 
im expression of several dimensions is divisible, must al- 
ways vary as x varies, so as to be, successively, expressed 
by the terms of an arithmetical progression, whose com- 
mon difference is some divisor of tlie first, ov highest term 
of that expression. 

It also appears, that the said common difference is al- 
ways the coefficient of the first term of the general divisor; 
and that the term (g) of the progression, which arises by 
taking x^O, is the second term. Tlierefore, whenever, 
by priiceeding luccording to the method above pvescribed, 
^ progression is found, answering to the conditions here 
specified, the terms of that progression are io be consi- 
dered only as so many successive values of some general 
divisor, as pa? +9* Whence the reason of the whole pr^ 
cess is manifest. 

After the same manner, we may proceed to the in- 
vention of trinomial divisors, or divisors t>f two dimen- 
sions ; for, let nux^ + px + qf be any quantity of this 
kind, wherein m, p, and q, represent whole numbers, 
positive or negative, and let the terms of the progi*es- 
sion, S, 2, 1, 0, — 1 , — 2, — - d, be wrote therein, one 
by one, instead of a; ; whence it' will become 9fn + Sp 
-i- q, im + Qp + q, m + p+ q, q, m — p + $, 4in-*- 
2p + q, and 9m — ^p + 9, respectively ; where tn must 
be some divisor of the coefficient of jhe first, term of the 
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^iren expression ; otherwise, the division could not sac- 
* ceed. Hence it appears, 

l"*. That the coefficient (hnj of the first term of the 
divisor must always be some numeral divisor of the co* 
efficient of the first term of the proposed expression. « 

2'', That the product of that coefficient by the square of 
each of the terms of the assumed progression, 3, 2, 1, 0, 
^^1, — 2, — $, being subtracted from the corresponding 
value of the general divisor, the remainders (3p + ^ 
9p + q, p + q, q, — p + 9, — 2p + 'g, — Sp + qJ will 
be a series of quantities in arithmetical progression, whose 
common difibrence is the coefficient of the second term of 
the divisor. 

3^, And that the term fqj of this progression, which 
arises by taking a? « 0, will always be the third, or last 
term of the said divisor. From whence we have the fol- 
lowing rule. Instead of x in the jfuantity proposed^ svisti- 
tnte, sitccessiveli/f four or more adjacent terms of the pro^ 
gression 3, Q9I9 O9 — 1, — 2, — 3 ; and from all the several 
diroisors of each of the numbers thus resultingf svitrMct the 
squares y the corresponding terms of that progression mirf- 
tiplied by some numeral divisor of the highest term jyf the 
qiuintity proposed, and set down tlie remainders right against 
the corresponding terms^qf the progression 3, 2, 1, 0, — 1, 
— 2^ — 3 • and then seek out a collateral progression which 
runs through these remainders $ whieh being fimndf let a tri- 
'nomiid be ass^imed, whereof tite coefficient rf the first term is 
the aforesaid numeral divisor; that of the second term, the 
common difference of this collateral progression; and where- 
of the thiraterm is eq^ial to that term of the said progression 
which arises by taking a; ss o; and the expression so as- 
sumed will be ihe^divisor to be tried. But ii is to be observed 
that the second term must have a negative or positive sign, 
according as the progression, found among the divisor's^ is 
an, increasing or a decreasing one* 

Thus, let the quantity proposed be ar* — x^ — 5ac^ + 
12x — 6 ; and then, by substituting 3, 2, 1, 0, — J, — Q, 
successively 9 instead of x, the numbers^resulting'will be 
39, 6, 1, — 6, — 21, and — 26 respectively ; which, to- 
gether with all their divisorS, both positive and negative. 
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I ^ace right against the corresponding terms of the pro- 
gression 3, £, 1, O9 — If — ^, in th^ following manner: ' 



3 


39 . 13 . 3 . 1 . — » 1 . — 3 . — 13 . — 39 


2 


6. 3.2.1.— 1. — 2.— 3.— 6 


• 1 


1.— 1 





6. 3.2.1.,— 1. — 2.— 3.— 6 


— 1 


21. r.S.'l.— 1. — 3.— 7. — 21 


— 2 


26 . 13 . 2 . 1 . — 1 . — 2 . -- 13 . — 26 



3 
2 
1 


— 1 

— 2 



SO. 4 6.— 8.— 1 0.— 1 2.-22.-4 8 

2.— 1.— 2 3.— 5.— « r.— 10 

0«— — 2. ■ ■ I I ■ II II y ^ 11 

6. 3. 2. 1. — 1. — 2. — 3. — 6 
20. 6. 2. 0. — 2.— 4. — 8. — ^22 
22. 9 2. — 3.— 5.— 6 17.— 30 



Theny from each of these divisors I sabtract tKe square 
of the corresponding term of the first progression multi- 
plied by unity (as being the only numeral divisor of the' 
first term,) and the work stands thus : 

■f4 —6 

+2 —3 

+ +0 

—2 +3* 

—4 +6 

—6 +& 

Heire I discover, among the remainders, two collateral 
progressions, vice. 4, 2, 0, — 2, — 4, — 6, and — 6, — 3, 
0, + 3, + 6, + 9 ; therefore the quantity to be tried is 
either a^'+ 2x — 2, or a:* — 3a; + 3 : by both of which 
the business succeeds. 

This invention of trinomial divisors is sometimes of 
use in finding out the/oot^ of an equation when they, are 
irrational, or imaginary. Thus, let the equation given 
be or* — 40?* + 5af^ — 4x — 1 = 0; and let x be succes- 
sively expounded by the terms of the progression 3, 2, 1^ 
0, aiid the numbers resulting will be 7, — 3, — 1, and 1 ; 
which, together with their divisors, being ordered accord- 
ing to the preceding direclions^ the operation will stand 
ab follows : 



3 

2 
1 




7 
3 
1 
1 



. 1 .—1 7 

. 1 ._i ._3 

.— 1 * *, 
.— 1 * * 



16 

7 



-^3 . — 8 .—10 
— 1 . — 3 . — 

.—2 * 

1 — 1 * 

Heriwe have«two progressions,. — 2, —.1,0, 1; and 
— 8, — 5, — 2, 1 J therefore tlie quantity to be tried 
is either ac* — a? + 1, or a:^— 3a? + 1 ; but I take the 



— 2 

— 1 



+ 1 



—8 
—9 

+ 1* 
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firsts and having divided o^ — 4a?3 + Sa^-^Ax + 1 there- 
hj, find U to succeed^ the quotient coming out x' — Sa; + 
i, exactly. There fore oc^'-Aa ^ + gac* — 4a: + l being 

universally equal to o;^ — a; + 1 >$ a^— 5a;+ l^letoi^^o; 
+ 1 be taken » o^ and also o:^— da; + l»0| from the 

former of which equations we have x^ i±>/ — |; and 

from the latter a? = | ± \/"jr Therefore the four roots of 

the given equation are i + %/ — 1> J — \/ — |, | + \A| 

mid I — >/ ^ ; whereof the two last are irrationalj and the 
two first imaginary. And in the s%me manner^ the roots 
of a UUral tqaaiion^ as %^ — 4a«^ + 5a'»' — Aa^% + a^ =sb 
0^ where the terms are homogeneous^ may be derived : for^ 

let the roots be divided by a^ that is^ let x be put sa — ^ 

or oa; ass s$; and then^ this value being substituted for ^^ 
the equation will become oc^ — 4a:* + 5a:* — 4a: + l «« 0; 
from which X will be founds as above ; whenjbe « ( =9 ax) 
is also known. 

Having treated largely of the manner of managing such 
equations as can be resolved into rational factors^ whether 
binomials^ or trinomials, I come now to explain the more 
general methods^ by which the roots of equations, of se- 
veral dimensions, are determined ; and shall begin with 

Tht Sesolutum of Cubic Equations, according to Cardan. 

If the given equation has all its terms; the second 
term must be taken away, as has been taught at the be- 
ginning of this section ; and thea the equation will be 
reduced to^this/orm ; vi». x^ + ax ssb; where a and b 
represent given quantities. Put x sss y + %; and then, 
'this value being substituted for ar, our e quation becomes 

y* + 3y* g + Syx ^ + «' + g X y + » = 5, or y* -h «^ 
+ 3|f« xy + » + axy + %ss 6. Ass ume, no w, Syco 

tssT^a; so shall the terips ^% x y + « and a x y + « 
destroy each other, and our equation will be reduced to 
9* + 0* SB fr« From the square of which, let four times 
the cube of the equation ff^ =» — i a be subtracted, and 



• 



• 



/ 
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4a^ , , 
we shall have j*» — ^f%^ + «• = 6« -t -^ j and there- 

foro^ by extracting the square rooty on both sides, ^ ~ 
»' est ^ 6> •{ ; which added to, and subtracted 

* from ^ + »« = ft, pivcs 2y* = 6 + J 6» + 1^» and 



« 



2«3 



and 



- J 6* + ^- *^^^^ y = T + Jt + ^i 



• 2 \(4 27 



+ »)-T--J^| 



3 

27 



I and consequently a? ( « y 



+ -s 



"NT + iT 



Which is Cardan** theorem; but the same thin^ may 
be exhibited in a manner rather more commodious for 
practice, by substituting for the second term its equal 

~^1* ^ — r~ ' 



2 +>I-4 



»p because y« « — 



37 



ka.J And t his being done, our theorem stands thus. 



2 '\ 4 27 






3 

4 27 

Example 1. Let the equation y^ + sfk+ % =- IS be 
propounded; and, in order to destroy the second term 
ther eof; let a: — 1 be put = « y; so shall x — 1^ +' 
S X a:— iT + 9 X a? — 1« 13, or a:^ + 6 a: « 20 5 
therefore, in this case, a being « 6, and ft = 20, wc 



have 



a+>l-4+i7 



*) 
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10 + ^ 100+8 p_ ' .x - io;3^n* 

I 10 + ^100+ 8 P 

S 

1j/ a» a^TSa — . .732 =s 2 ; and conseqnenfly f 

(«a;— 1) = 1. 

Eocamp. 2. If the equation given be jf^ — Sj* — 23^— 
— SesQ ; then^ by wri ting a: + 1 for y* » it wSi become 

ap+ iT — 3 X a? + ll* — 2xar+l — 8«0, or 
a:'..5x»l£: therefore^ a being » — 5^ and ft » 12^ a? 



will here be equal to 6 + ^36— Vy 1^— ^ , 

., 1,6666, &c. e+v'se-wl* 

-6 + 5,60091* + e^g^eoogj^ - 2^6376+ ,73624- 

S ; and consequently y' (»a;4- 1) » 4 : which is the only 

possible value of y* in the given equation. And it wiU 

be proper to take notice Jiertf that this method is only of 

use in cases where two^ of the three roots^ are impossible 

- ft* a* 
(except when they are equals) for — + r;^ being, in all 

other cases, a negative quantity, its square root is mani- 
festly impossible. 

I shall now give the investigation of tlie same general 
theorem, for the solution of cnbics, by a different method ; 
which is also applicable to other, higher equations. 

Supposing, then, the sum of two numbers, % and y, to 
be denoted by 9, and their product C%y) by p, it win ap- 
pear (Jrcm JProft. 68, p. 119,^ that the sum of their cubes 
f%^+i/*J will be truly expressed by s' — dps. 

If, therefore, c(? + if be assumed es i, we shall also 
have s^-^Spscsah: but, ^being ^Pf or y^ — , our 

first equation «? + y*9sh, will become »' + ^ « i; 

firom which, by completing the square, ^c. % is found 

U 



V 
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sa J > + y^iib — p» I* : whence jf ( ■« ^ ) is given ■» 

evidently, the true root of the equation «*— 3ps=»i. From 
whence the root of the equation afi+axanb, wherein the 
second term is positive, will be gtven, by writing x for s, 
and ia for -y^; whence x is found 



>f 



-. M -I- -^-4- + 

thp same as before. 



a^ 



"" «»+J 



4 ^ sr I 



In like manner, if things be supposed as above, and 
there be, now, given »«+jj««.6 • then, by the probkvi there 
referred to, we likewise hsLve s'-^Sps^+sp^s^b. Sutth^ 

first equation, by substituting — fop its equal y, become^ 

»' + ^ «= ft.' whence »i^ — 6»» «= — . p*, ««»}&-(. 



Vioo-^p^9 and«« jft+^iW—p^^i . and consequently 

» the true root of the equation 9'—'5p^+5]^$^i. Whicli 
by substituting x for s, and — ^ for y, gives x « 

ift+v/iw?gvlT_ i^^==„ for tte tme 

root of the equatioB «*+«i)^-t^«^a;«s Jt> 
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pi* 
GmeraUif, supposing «» + |f« » 5, op »" + ^ =« > 

(because y «= "zO we have «*• — J«* = _ p»j 



trhence g» :^ }fc + \/4ftft— ji", and » 

ifr + Vi»— 1^1*: therefore « (« + y) « « + ^ 



i 

i 
j 



"^ ib + Vibb + p^l^ J which is 
the true root of the equation ^ -^ itpx**^-^ + n • 
n — S n — 4 « — 5 

"T"* "T"- ~r"' y'^""' — *^- (=" ®* + ^^ 



This e<iuationy hy writing or f(HP ^^ and — for— ^ji^ 

n — 3 ^ n-— 4 

becomes a;* + ooc**-* + -gSf a*^*?*"* + "aS"/ 

-3JJ- a'a:^+ -^- "I T' ^JT' «^^ »c. 

sm b; and its root » *= 2 *'" ^"4 +1i*l "* 

a _______ 

P============tI^ Wherein the two' preceding 



theorems are included^, with innuttierable others of the 
same kuid ; but as every cme of tiiem^ except the firsts re- 
quires a particular relation of the coefficients^ seldom oc* 
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cnrring in the resolution of problems^ I shall take no far- 
ther notice of them here^ bat proceed to 

TAe Resclution of biquadratic equations, according to 

Des Cartes. 

Here the second term is to be destroyed as in the so* 
lotion of cubics ; which being done^ the given equation 
will be redaced to this form, a:* + ao(? + to: + c = ; 
wherein a, b, and c, may represent an y quantities wh at" 

evqr» positiv e^ or negative. Assume a^ + px + q x 

a^ + rx + s^x* + ax^ + bx + c; ovp which is the same^ 
let the biquadratic be considered, as produced by the 
multiplication of the two quadratics a^ +px + q^Of and 
x^ + rx + B^ Oi then, these last being actually mul- 
tiplied into each other^ we shall have x* + ax^ + bx + 

c«xir* + ^|a:»+9la^+ ^^X x + qs; whence, 

by equating the homologous terms (in order to deter- 
mine the value of the assumed coefficients, p, 9, r, and s,) 
we have p+r^OfS+q+prssa^ps + qr ^ b, 
and qs a* c; fI*om the first of which r xs .^ «; from 
the second 5 + 9 ( «» a— - jir) a* a + j^i and from the 

b 
third < — 9 ess -^ Now, by subtracting the square of 

the last of these from that of the precedent, we have 

bb 
4q8 «• a* + fiop* + j>* — — , that is, 4c ■» a* + Sop*^ 

bb ^ 
4-^4 — — (because gs a c); and therefore ]fi + 

£ap*_^ i ji» «a 5»j from which p will be determined, 
as in example the second, of the solution of cubics. 

Whence s (« ia + Jji* + ^0 and g ( ^ 4a + 4p* — 

_) are also known. And, by extracting the roots of 
the two assumed quadratics a^ + px + q ^sbOj and 
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V 
ai* + ra: + « as 0, we have a, in the one, se — -^ ± 

r^ IF I TT 

i^^ — g } and, in the other, «==—. — i ^-^ — « 

«s "g- * W "4" *^ because r =» — p. Therefore the 
four roots of the hignadrati c, ^ + aa^ + b x + c 

EXAMPLE. 

Let the equation propounded be y* — 4 y* — 8y + S2 
=s ; then, to take away the second term thereof, let 
x + 1 as y ; whence, by substitution, a;** — 6a:* — 
l^ + 21 ssx 0; which being compared with the ge- 
neral equation, x^ + ca^ + Jo? + c a= 0, we here 
have a «8 — 6, ft as —i 16, and c s 21 ; and conse- 

quendyp^'— l£jH — 48|^ (=« ji(* + Scji* _ ^^ > p') = 

S56 ( sa i*.) Now, to destroy the second term of this 
last equation also, make » + 4 ss p* ; and then, this 
value being substituted, you will have »' — 96« 
ssB 576 1 whence, by the method above e xplained, % 

win be found ( = 288 + ^^1* — li"!' '* + 

go 

7 ) a 12. Therefore p ( » 



288 + ^"isil* — 321* •' 

^^T4)is = 4,»(=»-|- + ^+ 2^) = 3, and 

g ( = -g- + -g- — -^) =7? consequently -|- + 



J^ .«« 3 -^^ 1^ . — 1 — 
I" — * * 2 AT — «-*» — 



P. 

2 
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ss'^2'^ >^ — 3j which are the four roots of the 
equation x^ — 6a^'^ 16a: + Si; to each of wUch let 

unity be adde d> and you will have 4, 2, — 1 + ^ — 3, 

and — 1 *^ V' — s, for the four rootft of the equatieii 
proposed ; whereof the two last are impossible. 

And that these roots are tmly assigned, may be easOy 
proved by multiplying the equations, y — 4 sa 0, y — 2 

— 0, y + 1 — vTZTs ss 0, and 2f + 1 + ^ — 3 = 0, 
thus lurising, continually together ; for, firom thence^ the 
very equa&>n given will be produced* 

The resolution of UjuadraiHes ty awther method. 

In the method of Des Cartes, above explained, all bi- 
quadratic equations are supposed to be generated from the 
multiplication of two quadratic ones : but, according to 
the way which I am now going to lay down, every such 
equation is conceived to arise by taking the diffsrenoe of 
two complete squares. 

Here, the general equation a^ + aa ? + ho(? + ex + d 

sss being pn^Nised, we are to assume a^ + Hax + Al'— • 

Ba: + C I* = 0:* +ea? + ba^ + ex + dsia which A, B, 
and C, represent unknown quantities, to be determined. 

Then, a^ + t ax + A, and Bar + C being actually 
involved, we shall have 

x^ + ax^ + £ Aoj* * * \ 

* * + ia*oc^+ aAx +A* lassa:*+aap» + i«* + 

• # _B»a:» — SBCo:— C«J 

GX^-d: from whence, by equating the homologous termsy 
will be given, 

l.SA + 4a* — B*= ft, or^2A + 4a» — 6=s= B»;. 

2. oA -^ 2BC as c, or, oA — c ss dBC^ 

3. A«— C« — il,er,A«~d — G». * 
Let now the first and last of these equations be muUi- 
plied together, and the product wUl, evidently^ be 



qf $ev€ral Iimen$ums. 191 

jiqual to i of the square of the second^ that is SA' + 

iaa—b X A» — 2dA — d x iaa—b ( « B*C*) — 

i X a*A* — 2acA+c*(=B*C*.) Whence, denoting the giv^i 

quantities icuv— d, and ic'+d, +^00 — h, by fc and I, respec- 
tively, there arises this cubic equation. A* — ibA^+kA — it 
^ 0: by means whereof the yalue of A may be determined (as 
hath been already taught;) from which, and the preceding 
equations, both B and C will be known, B being given 

...I ■ , aA-— — c 

ftpom thence «. \/2A+iaa— ^, and C « ■ ^ • 

The several values of A, B, and C, being thus fo und, 
that of X will be readily obtained : for a^+^ax+AY'^ 
Ba?+Ci* being universally, in all circumstances of x^ 
equal to a^+cui^+ba^+cx+df it is evident, that when 
the value of a; is taken such, that the latter of these ex- 
pressions becomes equal to n othing, the form er must like- 

wise be «= f and consequently x^+iax+A\^ = Ba:+C"l* • 
whence, by extracting the square root on both sides, a^+ 
iax-^A^±Boo±C } which, solved, gives ^s±iB — ia± 

V*ai4BT±C— A=±JB— iod: y/^^^*:^iaB +iB^C-Aj 
exhibiting all the four different roots of the given equa- 
tion, according to the variation of the signs* 

This method will be found to have some advantages 
over that explained above. In the first place, there is no 
necessity Am of being at the trouble of exterminating the 
second term of the equation, in order to prepare it for a 
solution: secondly, the equation A' — i&A'+fcA*— |I»0, 
here brought out^ is of a more simple kind than that de- 
rived by the former method : and, thirdly (which advan- 
tage is the most considerable) the value of A, in this equa- 
tion, will be eommensurate and raHonal (and therefore the 
easier to be discovered,) not only when all the roots of 
the given equation are eommenmratef but when they are 
ijra&nal aii4 even impoMsMcf as will appear from the 
examples subjoined. 
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Exam. !• Let there be given the equation ot^ + 1^ — 17 

Which being compared with the general equation ar>+ 
iw'+ftic'+cx+ifc^O, we have as=sO, 6«=0, cagl g, and d^ 

—17: therefore * (4ac— dj « 17, t (*c^+d x iaa—bj 
« 36 ; and consequently A* — Jft A* + fcA — iJi = A^ + 1 7 A — 
18=0; where it is evident, by bare inspection, that Ac=l. 

Hence B (« V'SA + iaa-^bj = v^2, C ( = --gg- )= 

—12 - , ,- n Z 

— =rc= — SV'S; and ^*=±J%/2± J- q: 3 -v/S— 1 
= ± J v^^=F J T 3 \/2 ~ —. Therefore the four roots 
of the equation are i \/i"+ jJ — 3 \/2 — ^, is/i" — 

J — 3 ^/i—l, — i >/i" + J 3 ^/^—jf and — jv^i 

— ^ 3 \/2 — 2 J whereof the first and second arc im- 
possible. 



Exam. 2« Let the equaUon given be x*— 60:^—580?— ^ 
114a;— .11 «0* 

Here a «= — 6, 6 =» — 58, = — 114, a nd d = — 11 ; 

whence k (ioc — dj«. 182, I (ice + d x iaa — bj « 
2512; and therefore A^ + 29A' + 182A — 1356 » 0. 
Where, trying the divisors 1, 2, 4, 157, ^c. of the last 
term ^according to the method delivered on p. 134) the 
third 18 found to succeed ; the value of A being, there- 
fore, ■= 4. Whence there is given B = \/75 « 5\^S, 

90 « 

C « 7—= « 3 ^3, and X ( « ± i B — ia ± 
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^ 17 ± V ^"X 



Exam. S. 1^^ ^A^re be note; proposed the literal equation 
»* + 2a«« — 37a2«* — 38a^» + a^ =« 0. 

Thi3 equation^ by dividing the whole by aS and writing 

a; ss —-, is i*educed to the following numeral one, sc^ + S^ 

•— 37:1^ — 38a; + 1 <» 0. If^ therefore^ a, b, c, and d, be 
now expounded by £» — 37^ — 38, and 1^ respectively, we 

shall here have k (i ac-^dj = — 20, i (lc*+d x iaa — bj 
=s 399 5 and therefore, by substituting these values, 

A3+ Y A« — 20A— «|» = 0, 
or, 2A3 + 37 A« — 40 A— . 399 = 0. 

Which equation, by the preceding methods, will be found 
to have three commensurable roots, 4, — 3 and — 19 : and 
any one of these may be used, the result, take which you 
will, coming out exactly the 'same. Thus, by taking — 3, 

for A, we shall have as* + a? — 3 = ± V"2 x 4.x + 2 : but, 

if A betaken = ^, then will ai^ + x + i = ± ^'5 X3a;+|: 
lastly, if A be taken a — 19^ thenar' + x — 19 = + 

6%^ 10. All which are, in effect, but one and the same 
equation, as will readily appear by squaring both sides of 
each, and properly transposing^ whence the given equa- 
tion a:* + SUfl — 37a:* — 38a? + 1 «» 0, wiU, in every 
case, emerge. And the same observation extends to all 
other cases, where there are moi-e roots than one ; it 
being indifferent which value we use $ unless, that some 
are to be preferred, as being the most sinq^e and jcom- 
modious. 



given the general solution of biquadratic equa- 
tions, by the means of cubic ones, I shall now point out two 
or three particular cases, where every thing may be per- 
formed by the resolution of a quadratic only. 

X 
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These are discovered from the preceding equations^ 

aA — c=s£BC 
and A* —d^ C>: 
therein, if A he suppoied ss o, it is plain that M' — » 
ft as BS — c as fiBC, and ~ d a: C> : whence B = 

— c 

Viaa — 6, C=gv^ ^^ ^ =» v^ — d, and consequently 

cc 



d = -^ ; by making/ =6 — Joa. 



cc 



Therefore, in this case, (wherein d = -;rp-) the gene- 
ral equation xi^ + joo? + A « ± Ba;± C, will become ac* + 

iax = ± arv^H/^F v^ — d. 

But, if B 6e supposed » 0; then will 2A + ia* — b s 0^ 
and also aA — c » o ; whence A » ift .^ ^ a' 

*« i/t= ~5 and therefore C (« v' A«— d^ m^^s/iff^d: 
so that in this case (where c » ^-g^) the general equa- 



tion becomes x^ + iax + if^ ± ^ \JJ — d; which, solv- 
ed, give* x^ — \a± ^"^"1^ — i/± sTT^ZZd. 
Lastly, if C he supposed »» 0, then will oA — css 0, 

c 

and A* — d sa ; consequently A = ~ «» v d, and B 

. j 2|; "* 

( = v' 2A + i a^ — t) ==ft ^— — /.• therefore, in this 

cc c 

case (where d ■= -— ) we shall have a^ + i ax + -^ 

From the whole of which it appears, thai, if e be 
ea -g, or d, either, equal to "I?* or to -^ ff being «= 
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h — ioa) ; then the roots of the given eqiiation» oc^ + 
iKv* + ho(^ + ex + d » Of may be obtained^ by the reso- 
lution of a quadratic^ only. 



Exam. 1. Lti there be given oc*^ — SSx* + 60x — 36 
« 0. 

Here a a 0^ & « •— 25> c = 60^ and d « — 36 ; there- 

cc \ 
fore, / («= — 25) being = ^ (i= — 25,) we have, by 



case 1, a;* + iax = ± a;v/ — f qp ^ ^^d$ t hat is, a:* « 

± 5a; 7 6 : which, solved, gives a; » ± | ± ^HlfEf tliat 

is, 0? = I ± i, or, X = — I ± I : so that 3, 2,' 1^ and — 6, 
are the four roots of the equation propounded. 



Exam. 2. Let there be now given x* + 2q3fi + 39*x* + 
2fx — r*«ss 0, 

Then, a being ss 2f , ft a 39*, c sa 29^, and d « — r«, 
thence wiU / ( - 6 — 4aa) » 2f, and -5- ( • 25* ) 
SB c; and so, the example belonging to ease 2, we have 

x(^^ — ia+ ^|iiT — i/± ^i//_rf) =--,}} ± 
W-" *M * ^ 5* + *^* 

JExani. 3. Lastly f suppose there to be given the equation 
a?« — 9x» + 15x* — 27x + 9 =» 0. 

Here, a being s — 9, ft » 15, c a _i 27, and d » 9, 

cc 
it is evident that — («bi9) «=:d(a»9): therefore by 



i 



156 « The RtscMion of EqnatwM 



/ 



that is, aj* — Mx + 3 ( « ± x^ 6 + ii — 15) 
\xs/ 5 : which, solved, gives 



»« 



7%f l{«9o{i/fi(m of Literal E<ttJATioNS, wherein tiie git- 
en, and the unknown quantity , are alike affected. 

Equations of this kind, in which the given and the un- 
known quantities can be substituted, alternately, for each 
other, without producing a new equation, are always 
capable of being reduced to others of lower dimensions. 
In order to such a redudton, let the equation, if it be of 
an even dimension, be first divided by the equal powers 
of its two quantities in the middle term : then assume a 
new equation, by putting some quantity for Utter J equal 
to the sum of the two q^iotients that arise by dividing Viose 
q;iia'(itities one by the other, alternately ; by means of which 
equation, let the said quantities be exterminated ; whence a 
nunural equation will emerge, of half the dimensions with 
the given literal one. 

But, if the equation propounded be of an odd dimension, 
let it be, first, divided by the sum of Us two qvuntities, so 
will it become of an even dimension, and its resolution will 
' therefore depend upon the preceding ntte* 

Exam, 1. Let there be given the equation x* -*- 4ax^ -f 
5a^:x^ — Aa^x + a* — 0, 

XX 4x 
Here, dividing by a^x^, we have — + 5 — . 

4a aa xx aa x a 

= 0, by joining the corresponding terms ;) and by mak- 

X a 
ing » **= ^ ■*" £c' ^^^ squaring both sides, we have 
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XX ad • XX tut ---, 

also «* « h 2 H 9OT »• — 2« 1 . There* 

aa XX aa XX 

tore, by substituting these values^ oar equation becomes 
«« — 2— ^9^+5«0^ or»* — 4»= — 35 whence »=a3. But 

— I — beine =» «• we have ac* — «Kr=— a*: and conse- 
a Of ** 



quentlj x « J»a± \/4o*»* — aa«= iaX3$±\/»% — 4 « 8a 
X S±v/57 in ^&e present case^ 

Bocam. 2. £e* there he given oc^+Aax* — lia^a? — ISa^a:* 
+4a^x+a*^0. 

In this case, we must first divide hjx+Bf and the quo- 
tient will come out oc^ + Sax^ — lSa*x^ + S^x + a^»0 : 
whence^ by procee ding as i n the former example^ we have 

XX iUt 'g' n. 

-HSr + ^+^^a+J- ^^Z^^ ^"^ «»-2 + S»-14 
« 0^ and from thence % «b — — ZL. . 4 



Eocam. 3, Suppose there to be given 7ofi — %^axf-^ 



Which, divided by a^f becomes r X ^ + £^ _ 



a* x^ 



26 X ^ + ^ =sO. Now, making, as before, « » ^ +-^, 
we have »» — 2 -» — + — ; and multiplying again 

X d SK^ 

by » B>i — + — , we likewise have flj» — 2« =» -r + 
ax a* 

a . a; , a' ar* , , a* 
^ 4. •. X .^^ S3 — 4. ^ 4. 



u a; O'* X^ Or « « ^ 

— + r +r3- = -rr +*"^r:iJ •"" therefore. 



«;3 — sa5 «B _ + ^ . which values being substitut- 
ed a bove, o ur equation becomes 7 x «^— . s» — 
2g X «^ — 2 = 0, or ra?* — 26«^ — 21« + 52 « 0. 
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Where, trying the dirisors of the last term, which are 
I9 Sy 4, 13, ^c. the third is found to answer ^ z, conse« 
quently, being » 4. 

Exanu 4. Wl^cmn Ut there be given £x^ — ISa^x^--^ 

Here dividing, first, hy x+a9 the quotient will be 2afi 
— Soa:*— 1 la*x* + 1 ia^x^-^l la*a^ —2afx+ £a« = 5 jwhich, 

divided again by a^x^, gives 2X-5 + -J — 2 x -v+~ 

_ 11 X - + - +11=0, that is, 2 X »«— 3i — 2 x 
a a: 

{&*— 2— ll»+ll=0, or 2«« — 2«*— iras + lSssO fvid. 
p. 119:) whence ««s3,f 

A literal equation may be made to correspond with a 
numeral ontf by substituting an unit in the room of the 
given quantity for letter: J and equations that do not 
seem, at first, to belong to the preceding doss, may some- 
times be reduced to such, by a proper substitution ; that 
is, by putting the quotient of the first term divided by the 
last, equal to some new unknown quantity Tor letter) 
raised to the power expressing the dimension 01 the equa- 
tion. Thus, if the equation given be 2a:^+24a^ — S15X^ 

2a;* 
+216ar+ 162=0; by putting -^ =j^, \ve have a;=sB3y; 

vii^nce, after substitution, the given equation becomes 
162y<+648y'~2835]^+648y+ 162=0: which naw an- 
Awers to the rule, and may be i-educed down to 22f*+8y' 
— 35y«+8y+2.. .. 

Of the Resolution of Equations by Approximation 

and converging Series. 

The methods hitherto given, for finding tiie roots of 
equations, are either very troublesome and labori- 
ous, or else confined to partic4ilar cases; but that by 
converging series, which we are here going to explain, 
ss nniverra, extending to all kinds of equations ; and. 



1 



tiiough not accurately true, gives the value sougbty With 
little trouble, to a very great degree of exactness. Whea 
an equation is proposed to be solved by this method, the 
root thereof must^ first of all, be nearly estimated (wbicb^ 
from the nature of the problem and a few trials, tkiay^ in 
most cases, be very easily done ;) and some letter, or un- 
known quantity (as %) must be assumed, to express the 
difference between that value, which we will call r, and 
the true value (a;;) then, instead of rv, in the given equa- 
tion, you are to substitute its equal r ± «, and there will 
emerge a new equation, affected only with % and known 
quantities ; wherein all the terms having two, or more di- 
mensions of %9 may be rejected, as inconsiderable in re- 
spect of the rest ; which being done, the value of % will 
be found, by the resolution of a simple equation ; from 
whence that ^i x(j^t±%) will also be known. But»^ 
this value should not be thought sufficiently near the truths 
the operation may be repeated, by substituting the said 
▼aloe instead of r^ in the equation exhibiting the value of 
^; which will give a second correction for the value otx. 

As an example hereof, let the equation a:* + \Oofi 
4- 5007 sse 2600, be proposed : thence, since it appears 
that X must, in this case, be somewhat greater than 
10, let r be put «= 10, and r + % ^=^ x; which value 
being substituted for x, in the given equation, we have 
r* + 3r*» + Sre* + »* + lOr* + 20r» + 10»* + 50r 
-!- 50% ss 2600 : this, by rejecting all the terms where- 
in two or more dimensions of % are concerned, is re- 
duced to r» + 3r%s + 10r» + 20r« + 50r + 50« = 

2600 — r» — lOf* — 50r 
2600; whence % comes out — 3^ ^ — ^q^ ^ 5Q 

as 0.18, nearly: which, added to 10 (a=r,) gives 
10,18 for the value of x^ But» in order to repeat the 
operation, let fliis value be substituted for r, in the last 
equation, and you will have % =&: — ^,0005347 ; whicb^ 
added to 10,18, gives 10,1794653, for the value of X9 
a second time corrected. And, if this last value be« 
again, substituted for r, you will have a third correction 
of or; fi-om whence a fourth mayy In like manner, be 
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found ; and 8o on* until you amve to what degree of ez« 
actness you please. 

Buty in onler to get the general equation firom whence 
these successive corrections are derived, with as litUe trou- 
ble as possible^ you may neglect all these terms, which, in 
substituting for x and its powers, would rise to two or more 
dimensions of the converging quantity : for, they being, by 
the rule, to be omitted, it is better entirely to exclude thern^ 
than to take them in, and afterwards reject them. 

Thus, in the equation o:^ + ^ + ^ =» 90, let r + » be 
put aa x^ and then, by omitting all the powers of % above 
the first, we shall have r^ + 2r^ a a^, and r^ + Sf^% ss 
a^, nearly ; which, substituted above, give r^ + Sf^x + 

90— f*— r»— -r 
r* + 2ra5+r+« = 90} whence » is found =ss a^a -i, gy -u i 

Therefore, if r be now taken equal to 4 (which, it is easy 
to perceive, is nearly the true value of a?) we shall have » 

( — 48+ 8+1 ■* 57) ~ ^*^^* ^ which, added to 

4, gives 4.1, for the value of x, once corrected : and, if 
this value of x be now substituted for r, we shall have % 



( =* 8f» + £r + 1 ^ ~ ^00283 J which, added to 4.1, gives 

4.10S83, for the value of a;, a second time corrected. 

In the same manner, a general theorem may be derived, 
for equations of any number of dimensions. Let ooc* + 
6a:*—* + Cfic*-^ + (te*-^ + ear»—^, ^c. = Q, be such an 
equation, where n, a, ft, c, d, &c. represent any given quan- 
tities, positive, or negative ; then, putting r + « » opf we 
have^ by the theorem in p. 41. 

of* « r» + HI*—' «, Ac. 



OP*—* e= i-»— » + n — 1 X r»— *«, &c. 

a;*-* =s r»— * + n — 2 x r^'», &c. 
&c. 

Which values being substituted in the proposed equations^ 
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it becomes ai^ + nat^^^A + ftr**— * + n — l x 6^"^« + 

cr«— 2 4- n — 2 X ct"^^c6 + dr"— ^ + « — 3 x dr*—^ &c. 
8 Q. From which % is found » 

Q — af» — tr*^^ — ct^—^ — dr'^^^ — ef^-^ &c, 

iiftr*-"*+ii^x6i*^*+n-2xcr''-^+n^ x dr»--*+«^xef»— * 

As an instance of the use of this theorem^ let the equa- 
tion — a:^ + 300:r a 1000 be projtounded. Here n be- 
ing ass 3, a ss — I9 6 » 0» c » 300, and Q =a 1000, we 
shall, by substituting these values above, have C6 s 

1000 + r^ — 300r . .^t- 1. , *j. v - 

— L-L zzLi m which (as it appears, by mspec- 

— 3r» + 300 ^ rr » / r 

tion, that one of the values of x must be greater than 3, 
but less than 4) let r be taken 8 3; and % will become &« 

127 

» 0.5, and consequently a; (ta r + ^) » 3.5, nearly. 

Therefore^ to repeat the operation, let 3.5 be now wrote 

instead of r, and co wOl come out &» ilizr a — . 0.0£f ; 

263.35 
which, adcled to 3.5, gives 3.473, for the value of or, twice 
eorrectetU And, by repeating the operation once more, x 
will be found a 3^7296351; which is true to the last 
figure. 

If the root of a pure power be to be extracted, or, 
which is the same, if the proposed equation be o:^ a Q ; 
then, a being a 1, and b, c, d, &c, each a O; a:, in this 

cafle> will be barely a j= ; which may serve as a 

general theorem for extracting the roots of pore powers. 
Thus^ if it were required to extract the cube root of 10 ; 

then, n being a 3, and Q a 10^ s$ will be a ^? ^ • 

^ ' 3f» * 

in which, let r be taken a 2, and it will become a 
^ a 0.16 : therefore x a 2,16 ; from whence, by re- 

12 

Y 
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peating the operation^ the next value of x will be foond 

» 2,1544. 

The manner of approximating hitherto explained^ as 
all the powers of the converging quantity after the first 
are rejected, only doubles the number of figures at every 
operation. But I shall, now give the investigation of 
other rules, or /ormu/ce, whereby the number of places 
may be tripled, quadrupled, or even quintupled, at every 
operation. 

Let there be assumed the general equation a% + h%^ + 
c%^ + d%* Sfc = p ; «, as above, being the converging 
quantity, and a, ft, c, d, &c. such known numbers as arise 
by substituting in the original equation, after the value of 
the required root is nearly estimated. 

Then, by transposition and division, we shall have % 

p boi^ ccc^ d/Xf^ 
=3 -s- -^ _ ^c. from whence, by reject^ 

P 
ing aU the terms after the first, and writing ^ » -^ there 

will be given » « f: which value, taking in only ane train 
of the given series, I call an approximation of the first 
degree^ or order* 

To obtain an approximation of the second degree, or 
such a one as shall include two terms of the series, let 
the value of » found above, be now substituUd in the se* 

b»^ 

cond term 9 rejecting all the following ones ; so shall 

(it 

» =s — — as a —9 which triples the number of 

figures at every operation. 

For an approximation of the third degree, let this 
last value of a» be now substituted in the second and 
thlfd tenns, neglecting every where all such quantities 
as have more than three dimensions of q: whence » 

tvffl be had (» ? - *t + i^ - i*l) -,-i- 



a aa 

ibb — ac 
aa 



«' + — 7;s— •«' 
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The manner of continning these approximations is suf- 
ficiently evident : but there are others, of the same de- 
grees, differing in form, which are rather more commodi- 
ous ; and whereof the investigation is also somewhat dif- 
ferent. 

It is evident, from the given equation, that 

P 
» rs -^-7T^ — ; — ^ , , , ^ . If, therefore, the first value 

of %t found above, be substituted in the denominator, atid 
all the terms after the second be rejected, we shall have 

V ^P 

* '^ aZb "" — '^thtT * ^^^^^ ^ *" approximation of 

the second degree. « 

But, if, for. % you write its second value, q , 

yon will then have » ( = ^3^ ) = 

a + bq ^ + eg* 



; being an approximation of the 



a + bq — — .— c*<f 
a 

third degree. 

b SU— oc 
Again, by writing j — . — g* H — — . g^ in the 

room of %f and neglecting every where all such terms 
as have more than three dimensions of g, you will have 

m ( SOB * \ 

a+ftg^— — g* -I . g'+c x g* . g* + dg^ 

'a aa o 

=== — : which 



a + bq — c. g* H + d • ^ 

a ^ aa a 

is an approximadott of the fourth degree. 

It is observable, that the powers of the converging 
quantity g, in the former approximations, stand, aU of 
them^ in the numerator ; but here, in the denominator : 
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but there is an artifice for bringiii|; ttiem, alike^ into botb^ 
and thereby lessening the number of dimensions^ without 
taking away from the rate of convergency. 

To begin \Hith the approximation C6 «» 

^ ., which is of the third degree, 

a+bq c . 0* 

b c 
put s «=■ — r— T- = the coefficient of the last term of the 

denominator divided by that of the last but one ; so shall 

P 
% s=s — -—^ — i— r5 whereof the numerator and the 
a + bq — 6sg* ' 

denominator beings equally^ mul tiplied by 1 + ^qf it 

a + bq — b$^ + asq + bsf — b^^ ' 
but, the approximation being only of the third degree, 
foV n**y ^^ rejected, a nd so we have 

p+pqs a+sp .p 

a+b+as . q ^ aa+b+a$ .p 

In the same manner, in order to exterminate the third 

dimension of q out of the equation 

p 
% == == , — 9 put w = 

a+bq* c.^-i ha-O* 

a aa a ' 

h rr— ^ — = the coefficient of the last term of 

a 00 — ac 

the denominator divided by th^t of the last but one; 

P 
then will « = ' — ^ ==== 

a + bq c,fl* + c. toq^ 

a ^ a ^ 

P ru * ^ > 

ars ; r— r ; r- [beCaUSe 3 ■=» — — '^15 

a+bq — bsfj^+bsw^ ^ a b ^ ^ 

whereof the terms being equally multi plied by l+wq^ 

&c. we thence have » « — --r — ^— r-: . , — r- 

a + bq — bsf + awq + 6wg» 
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p X 1 + wq. 






a + b + aw • J + w - 
ap X a + wp 


- s • b^ 



which is an 

axaa + b+aw.p + w — s . pp 
approximation of the fourth degree^ and quintuples the 
nu tnber of figures at every operation* 

By pursuing the same method^ other equations might 
be determined to include 5 or more terms of the given se- 
ries ; but^ then, they would be found more tedious, knd per- 
plexed in proportion ; so that no real advantage, in prac- 
tice, could be reaped iherefrom. I shall, therefore, pro- 
ceed now to illustrate what is laid down abovb by a few 
examples. 

Exam. 1. Let the eqtuition given be sd^ + 20x » 100. 

Here, x appearing, by inspection, to be something 
greater than 4, make 4 + c& ^z x; then the given equa- 
tion, by substitution, becomes 2S% + o^ ss 4. There** 
fore, in this case, a»s28, b sa i, cssQ, &c. and 

ap lid 28 

p = 4j and consequentiy jj:j:^ ( - — = — ) :^ 

0.14213 ; which is one approximation of the value of »• 

h c 
But, if greater exactness be required, then 9 { — — -j*) 

1 3b ad-^bc 1 

being here ^s* ^'^^ ^ ( T + ftHTS^) = 14' ^^ 

shall, according to our two last/ormute, have 

a + sp . p ^ _ 28 + 1 X 4 _ 



aa + b + ii . p 28 X 28 + 2 X 4 

28 + * ' ' 197 
28 X 7 + 2 ' " T386 =0,14213564, nearly,- and 



, ap X a + wp 28X4X 28+y 

» (= — ■' z=r- ~ ==: — 

axaa-^-b+aw .p+w — s.pp 28x784+12+4 

28 X 28 + s 28 X 198 5544 



7 X 796 + ^ ~ 49 X 796 + 1 ~ 39005 
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r 

6.14213562369 more nearly ; which value is true to the last 
figure. 

Exam* 2. Suppose tht given equatianf when prepared for 
a solution, to be 768» + 48«* + »^ = — 96. 

In this case a ss 768, ft ss 48^ c sas 1^ d as 0, j) ss 

p 1 he 11 

~96, ?( = -)-- g, «( = ^-7)= 16-4S 

1 26 ad — he 1 48 

s«25,andw(« a) + W_ac ==T~48 x 48 — 768 

lis « p+pqs 

— ^. Therefore » s= — 



8 48-16 -- 32- "^*^^"*^--a + ftT^.? 
_96— 96 X— I X^fV —96 + i —191 
768 +4F+ 52 X —I ~768— 6— 4 *" 1516 *" 

p + pqw 



— 0.12598945 nearly; or « = =u ^ 

a+h+aw . 5+w — s»hqq 

_ 96— 96 X —I X yV —96 + 1 

7 768+48+72 X—i+vVX^ =768 — 6 — 9 + TfT 

— 96X128+9X16 12144 

" 753 X 128 +"1 — ~ 96389 "* — 0,1259894802, 

more nearly. 

In the same manner the roots of other equations may 
be approached : but, to avoid trouble in preparing the equa- 
tion for a solution, you may every where neglect all such 
powers of the converging quantity % as would rise higher 
than the degree or order of the approximation you intend 
to work by. And further to facilitate the laboui^ of. such 
a transformation, the following general equations for the 
values of p, a, 6, c, d, &c. may be used, 

p«fc— ar— . fir*— yr^^—ir^i^e. 

a = *+2iSr+ 3>r»+ A^t^^c. 

b = a+Syr + 6/1^ + lon^ ^c. 

c ra: ^+4irr +10ir» + ^c. 

d ss /+5ir + ^-c. 

The original equation being ax+fix^+yx^+^x*+^Je^ 
.^c. as ft .' fh>m whence, by making r + %zssx, the above 
values are deduced. 



by JtppraximaHan* 167 

The better to illustrate the use of what is here laid 
downy I shall subjoin another example : wherein let there 
be given oc' + SUx^ + S3(? + 4ac* + 5x (or 5x + 4a:» + 
Sx* + Zx^ + oif) B 54321 J to find X9 by an approxima- 
tion of the second degree* 

In this case, k being <&> 54321, « a 5, ^ « 4, > «s 3, ^^ «s 
2, and • a I, we have 

p« 54321 ^ 5r -^ 4r* — Sr» — 2r« — r*, 

a « 5 + 8r + 9r» + 8r« + 5r*, and 

6 « 4 + 9r + 12r> + lOr*. 
Which values, by assuming r s 8, will become p es' 
11529, a » 25221, and ft « 5964: whence 9 ( » 
p p 11529 

~ )- 0,45, and « (- j-^ ) - ^55^j-^-^^ « 0.41 J 

and therefore a? ( =■ r + ») « 8,41, nearly. 

To repeat the operation, let 8,41 be now substituted 
for r; so shall p =« 135,92, a » 30479, ft » 6876, q 

( = £.)«0.00445, and«j( ^) « .^\^f:?.^ = 

^ a' ^a+ftg^ 30479+30 

0,004455: which, added to 8,41, gives 8,414455, for the 
next value of x. 

The forimdce, or approximations determined in the pre- 
ceding pages, are general, answering to equations of all 
degrees howsoever affected ; but in the extraction of the 
roots of pure powers, the process will be more simple, and 
the theorems themselves very much abbreviated. 

For let X" a Je be the equation whereof the root x is 
to be extracted ; then, b y assuming r nearly equal to x, 

and making r x I + % «b Xf our equation will beeome 

jt 

I* X 1+ «1* « A-, or 1+ »|" =« pj> that is, I + n% 

n — 1 , . n — 1 n — 2 _ . « — 1 

+ n . —X— «' + « . — r— • — r— • «* + n . — r— 
2 2 3 2 

• "J^ • ' """ ^ . «< 4"^. =t — : from whence, by trans- 
position and division, « + T" • «^ + ' "T* • » ^ • 
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, . ^ — 1 ^—2 « — 3 ft — 1« 

«^ + -g 3 4--«^*^-«-;s^- 

Here, by a comparison with the general equation, 
a» + b%^ + c»^ + d»* ^c. «s y, we have a « 1, 
^ w— 1 ^ w — 1 n — 2 w — 1 n — 2 

w — 3 fc — r* » 

—J- ^c. and ;> « -^^jj^r • whence q (-) « p; s 

fh c n — 1 n — 2 n + 1 2& 

taT^ ^-g- 3— « -g— i and w ( — 

ad 

T ~ ^ ^~1 ;^j^--2^w— 3— j:.»Iir,n^ 



j^^^ - h*n — 1 — J. 11 — 2 



00 

■ft 



— ^ — ^ I ^ — 2,n — 3 — 2?t^— 2 .n 2 

^ 2 . » + 1 ^ 

W— 1 71 — 2 _______ 71 — 1 

71 — 2 71 1 71 2 71 ^, ' 

X — 71+1 = —T- TT- « -;;• Therc- 



2 . 71+ 1 

fore, for an approximation of the tliird degree, we have 
_ O' + ^ -V _ 1 + j^p *7l + 1 , y ^ 

.""00 + fc + OS . p 1 + 71 1 71+1 "" 

~2" + "T^-^ 

7} + 7t + 1 ^ H^ 

^^ — •===~— : and for an approximation of the 
l+2n— 1,^ *_^^ 

fourth degree « PJLl+J-i 



a + 6 + atD . g + w — « . ig* 
p + ifij^ 



n 1 71 ^ , 71 71 + 1 71 1 - 

^ 2^2^26 2^ 
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2n — 1 . 2n — 1 n — 1 . 
1+ -^•J'+-S S--2^ 



Hence it is evi- 



2 



dent that the root x frxi + % ) of the given equation 

af»Jkt will be equal to r + — — === — —^9 nearly i 

1+g n— 1 ,iy 

and eqnal to r -t 



^2 ^ 12 

fBore nearly* 

But both these theorems will be rendered a little more 
commodious^ by putting v = , , and substitut- 
ing —9 in the place of its equals p, w hence^ afte r 

^ ^ rx6v + n+ 1 

proper reduction^ ;k will be had « r + — -^ - > 

nearly i and equal to r + 



V X 2i?+2n.— 1 X J .11^— 1.2w— 1> 
fRore neariy. 

I shall now put down an example, or two, to show the 
use and great exactness of these last expressions* 

1. Let the equation given be a^^2, or, which is the 
same, let the square root of 2 be required* 

Then, assuming r =a 1.4, we have n s= 2, kt=s 2, 
^ nt* 2 X 1,96 . ^^ ^ xu r 

V ( jg^ — irrroe ^ " ^^' **** therefore r + 

rx6x>+ n+1 t A I >>4X591 _^ ^ , 197 

1*4 + ^o.. go>. = 1|4 + 



V X 6v+4fi— 2 98X594 70X198 

197 
1,4 + ; 3QgQ » M 1421 356; which is the value of Xp 

lELccording to the fbnner approximation ; butj according 

Z 
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to the latter, the answer will come out 1.4 + oq^«- 

1.41421356236; which is true to the last figure; and, if 
with this number tlie operation be repeated, you will have 
the answer true to nearly 60 places of decimals. 

2. Let it be required to extract the cube root of 

1728. Here, taking r b 11, we shall have v L ^ ) 
3993 ic— r^ 

«»— - — aas 10.05793 ; and therefore r . + 
397 



rx9v+n ^ 11,99998; which 



9ro+Zn — ixv+iXn — lx2ii — 1 

differs from truth by only — - — part of an unit; 

•^ 50000 *^ 

3. Let it be proposed to extract the cube root of 
500. Here, the required root appearing to be less than 
8, but nearer to 8 than 7, let r be taken » 8, and 

3 X 512 

we shall have v ( = rr-) = — 128; and therefore 

^ — 12 ^ 



rx2v4-n „ 6072 

gTj+Sn—lxv+^xn— 1x27^—1 ^^^89 

7.937005259936 ; which number is true to the last place. 

4. Lastly, let it be proposed to extract the first sor- 
solid root of 125000. In which case, k being = 125000^ 
7i>» 5, r s 10, and v =s 20, the required root will be found 
a. 10,456389. 

Besides the different approximations hitherto delivered, 
there are various other ways whereby the roots of equa-» 
tions may be approached ; hut, of these, none more gene* 
nJ, and easy in practice, than the following. 



I 
» 
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Let the general equation^ a»+b%'*+e%^+dx^+e%^, ^c. 
s p, be here resumed ; which, by division, becomes % ss 

——, If, therefore, we 



a c a e 

a 
make A «& — ; and neglect ril the terms after the first, we 

shall have ^'"''t; being an approximation of the firstdegree. 

And if this valae of % be now substituted in the second 
term, and all the following ones be rejected, we shall then 

have «- i =« ^L—.^^ (by making B «« 

p+p^A p ^^ P 

aA+» 

— —) ; which is an approximation of the second degree. 

In order now to cet an approximation of the third de* 
gree, let this last vidue be substituted in the second term, 
neglecting all the terms after the third ; so shall 

% at ; ;.............» : bat, here, in the room of 

a A c 

ft* either of the squares of the two preceding values 
of %f or their rectangle may be substituted, that is, either 
1 1 A A 1 A 

a" ^ a"* B" ^ B"* ^' X ^ 5" * "^"^ *'** "^^ ^^ ^ ^^ 

s ( 5*) ^ ^^^ ^^ commodious j whence we have » = 

B B . ^«,^5«^ p aB + fcA + c 

>a.— ; supposing C ss * 



a ^ b c ^ 

p p p 

Again, for an approximation of the fonrth degree, we 
6 frBe cBAgA 

^y^p » ^p^cip^'^f X C ^B = 7 ^CJ 
d d B A 1 d 1 

^^p^'^p^c^'B^ A -p ^ r^ ^***^^ ^ 

lues being substituted in the ^neral equation, and all the 
terms after the four first rejected, there now comes out 
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» = 



o 6B cA d a b c • d 

C ^ ,. _ aC+bB+cA+d 
= 5; by making D »= ~ . 

In like manner, for an ajqproximation oi the fifth de* 

b b C c c C B 

gree, we shall have - » = - x 5, p^^'^'p ^ D ^ C 

cB d d C B A dA e 

= ^'p*=pXD^C>^B-^'*^*f** = 
C B A 1 t 

D^C^B^A'^yD^ **^* consequently » 

99 s; J mipposing E s 



a b c d e 'El 

p p p p p 



aD+ftC+cB+dA+e 

^ . Whence the law of continuation is 

P 

a 
manifest ; whereby it appears, thai if there be taken A » r-^ 

/^ 

aA+6 oB+tA +c ' aC-fftB+cA-fd 

p P P 

aP+ftC+cB+dA+g aE + tD+cC+dB+fA+/ > 

^ oF+tE+cD+dG+eB+/A+^ ^ ^^ .„ I 
G a=s ^ , S^ then will -j, 

A B C D E F 

B ' C"* D"' E ' F ^ G"' ^^* ^^ ^ ™*"y successive ap- 

ppoximations to the value of %f ascending gradually from 
the lowest to the superior orders. 

An example will help to explain the use of what is 
above delivered ; wherein we will suppose the equation 
given to be 12»+6»*+»*=«=2. 

Here aasai£, iss6^ csssi, dsssO, esBsO, &c. andpaasS; 

a aA + fr 12x6+6 
whence A ( - -) = 6, B (=-y- ) « ^ 

aB + JA + c 12 X 39 + 6 X 6 + 1 
^S9,C( = ^ 5 » 
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505 -^ , aC+JB+cA+d. 6x505+6x39+6 
==_, D ( ^ ) = ^ _ ^ 

16359 ^c. 

A £ 

Therefore, g « -~ = «, neaHfy. 

B 78 

C ~ 505 •*** ^^^ nearly. 

C 101 ..„ 

^ 3s r; — as tf 9 8tm nearer. 

D 654 ^ 

From the same equations, the general values of B, C, D, 

^c. may be easily found, in known terms, independent of 

each other* 

-oA h^ a* b ^ .a 

Thus B (=-—+-) «::3+ - (because A= ); 

P P I^ P P 

also C ( « r£.+ilfL+«) « ^+_.+-^. 
^ P P P^ t t P 

JB Tx r aC , bB cA d^ a*» Sa«6 

and D (« — + + +-) «--+—-- + 

\ p p P P P^ r 

^ae+bb.d ^ mu j^ ^ 
—-5 — + -, *c. Therefore 

fr P 

A ap 
B*" a«+6p ^ 



B pxa*+6p 



C a«+2a*p+cp* ' 



C pxtt^+gflftp+cp* 

I> a*4;3a»6p+2ac+SF.p*+dp*' 



D ^ pxa^+Sa^bp+Qac+bb » ji^+dp^ a^^ 

E a^+4a^bp+Sae+3bb . a;^+bc+ad ..2p*+cp* 

which are so many different approximations to the value 
of %. 

Thus far, re^rd has been had to equations which 
consist of the simple powers of one unknown quantily, 
and are no ways affected, either by surds or fractions. 
If either of these kinds of quantities be concerned in 
an equation, the usual way is to exterminate them by 
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multiplication^ or involution (as has been taught in Secf. 
IX.) But as this method is, in many cases, very labo* 
rious, and in others altogether impracticable, especially 
where several surds are concerned in the same equation^ 
it may not be amiss to show how the method of converg- 
ing series may be also extended to these cases, without 
any such previous reduction. In order to which, it will 
be necessary to premise, that if A+B represents a com- 
pound quantity, consisting of two terms, and the latter 
(B) be but small in comparison of the former ; then will, 



2^A+1^^«A^ + 



1 B 1 



B 

A2i 
B 



or 



A* + 



B 



* * A+Bl* Ai 

4'- A+Bli- ^^ + 



— — r or' 



ff 



2A| Ai 2AxAi 

B , A*B 

^.orA*+.^^ 

B 1 B 



>t neariy. 



* A+Bli A* 
6\ A+ll* - A* + 



3A| **■ A* 



B 

4A« 
B 



or 



A* + 



sAxA^ 

BA* 
4A 

B 






s 



*A+Bl» A* 4Ai A* 4AxA*J 



All which will appear evident from the general theo- 
rem at p. 41: from whence tiiese particular equations^ 
or theorems, may be continued at pleasure ; the values 
here exhibited being nothing more than the two first 
terms of the series there given. But now, to apply 
th em to th e pu rpose ab ove mentioned, let there be given 

^^1 + x^ + ^/% + a^ + s/S+H^ « 10, as an exam* 
jde, where, x being about 3, let S+e be therefore sub- 
stituted for X, rejecting all the powers of c id>ove the 



fry JippriKcimaiunu 175 

firsts as incon siderable , and then th e giv en egnatio n will 
stand thus, v^iO + 6e + v'll + 6e + v^i2 + 6e = 10: 



but, by thtoTtm 2, V'lO+Oe will be — v^lOH — » 

nearly ; for, in this case, A » lo, and B » 6e, and there* 

^ A4B 

fore A* + -gj- — vTo + 3j/lOj<^. in like man- 

10 



,— . 3 v/il X e 



neris \/ll + 6c =■ •!! + , ^c and consc- 

quently \/10 + + v 11 + + \/12 

^ ^ 10 11 

+ ^/^^^^ — 10; which, contracted, gives 9.944 +« 
12 

2.T18e sslO; whence 2.718f « .056, and ets».0205; conse- 
quently X B 5.0205, nearly. Wherefore, to repeat the ope- 
ra tion, let 3.0205 + e b e now s ubstituted for a;; then will 

%/ 10.12542 + 6.04le + ^Z 11.12342 + 6.041e + 

%/ 12.12342 + 6.04le » 10; whence, by th€orem 2, 

6.04 le 

• 10.12342 + g^ 3^0.12342 "•" ^11-12342 + 

6.04 1 e 6.041g 

iTnTTHI + ^ 12.12342 + iTTom - io» or 

9,9987814 + 2.7224e » 10: from which e comes out « 
•000447, and therefore x a 3.020947 ; which is true to 
the last place. 

Again, let it be proposed to find the root of the eqna- 

tlon--=^== + ^^ + ^ - 34. Pat20 + 
>/l6+5a?+a:» 25 

c » 0?; then, by proceeding as before, w e shall have 

400 4- 20e 20 + e X ^^405 + 40e ^^ , ^ 

• ' ■ — ' + ■ — ■■ e« 34: but 

t/516 + 45e ^ 25 



f fry tkc(n'€m S) =? is nearly 



V^516 + 45C " v^5l6 
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45c — __ 

7—- ■■ — ^ > and rby theorem 2) v'405 + 40e = 

10S2 X ^/516* ^ ^ -' 

^405 + — ; which values being substituted above^ 
oup equation becomes ^ 



1 45e , gO+g .—=, gPg 

400+20«X— =.- — ;===• + '"■fi?"^^^^^+"7T^ 

v^5l 6 1032X^/ 516 ^^ v^405 

SB 34, th at is, 400 + 20 e X ,044022 — .00192« + 
20 + e X ,804984 + .0398e « 34 ; whence rejecting c», 
^c. we have 1.713e « .1915; and consequently e =» 

.1118. 

Thirdly, let there be given ^l—x+ v^i — 2ac» + 

^1 3a;3 = 2. Then, if O.S + ebe subs tituted the re* 

in for ar, it wil l become ^ 0.5 — e +j/ 0.5 — 2 c + 

-•0.625 — 2.256 e= 2 ; or v' 0.5 — -• 0.5 X e + %/ 0.5 

^ 2,25c 

v^ 0.5 X 2e + \/.625 — z=. = 2 J whence S.545e 

2^/.625 
:*= .204, c = .057, and x » 0,557, with which the opera- 
tion being repeated, the next value of x will come out » 

.5516. 

Lastly, let there be given l +x^i + 1 +a»l§+ 1 +a:*l* 
sa 6,5. Here, by writing 3 + e for x, and proceeding as 

above, we shall have 2 +x + ioli + ^^ +^81* 

28 I X27C ^ g^g ^^^^ J 6.455+ 1.23c « 6.5 ; whence 
^ 4 X 28 
e » . 036, and x <= 3.036. 

It may be observed that this method, as all the povirers 
of c above the first are rejected, only doubles the num- 
ber of places, at each operation : but, from what is there- 
in shown, it is easy to see how it may be extended, so as 
to triple, or even quadruple, that number ; but then the 
trouble, in every operation, would be increased in pro- 
portion, so that little or no advantage could be reaped 
therefrom. 
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Hitherto we have treated of equations which include 
one unknown quantity, only* If there be two equations 
given, and as many quantities fx and t/ ^ to be determined, 
one of those quantities must first be exterminated, and the 
two equations reduced to one, according to what is shown 
in sect. 9. But, if this cannot be readily done (which is 
sometimes the case) and the unknown quantities be so en- 
tangled as to render that way impracticable, the following 
method may be of use. 

Let the values of x and y b.e assumed pretty near the 
truth (which from the nature of the problem, may al- 
ways be done ;) and let the values so assumed be denoted 
by ff and gf at4 what they want of truth by s, and t re- 
spectively ; that is, let/+ Sasor, and g+tssy: substitute 
these values in both equations, rejecting (by reason of 
their smaUness) all the terms wherein more than one sin- 
gle dimension of the quantities $ and t are concerned : let 
all the terms in the fii^st equation, which are affected by Sf 
be collected under their proper signs, and denoted by A^,* 
in like manner, let those affected by tf be denoted by B^; 
and those affected neither by s nor U by Q : moreover, let 
the terms of the second equation, wherein s and t are con- 
cerned, be denoted by as, and U, respectivdy ; and let the 
known terms, on the right-hand side of this equation, or 
those in which neither s, nor t enters, be represented by 
q. Then the equations (be they of what kind they will) 
will stand thus, As + B^ ss Q, and as + bt sss q. By 
multiplying the former of which by b, and the latt^ 
by B, and then subtracting the one from the other, we 
shall have bAjs — Bos a &Q — Bq ; and tlierefore s a 
b(l — Bq 
Ab_aB ^' whence x ( ^f+ s) is given. 

Again, by multiplying the former equation by a, and 
the latter by A, ^c. we shall have aBt — A(^ a aQ — - 
- , flQ — Aqf A} — aQ 

Aq, and therefore i = jp^_^^ » Ab — aB ' ^^^^^^ 

y ( aa« ^ + Q is likewise given. ^ 

2A 
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It is easy to see that this method is also applicable, in 
case of three or four equations, and as many unknown 
quantities ; but as these are cases that seldom occur in the 
resolution of problems, and, when they do, are reducible 
to those already considered, it will be needless to take ftir- 
ther notice of them here : I shall, therefore, content myieif 
with giving an example, or two, of the use of what is above 
laid down. 

1. Let there be given ac* + 1^ a=B lOOOO, and re* — y* «» 
25000 ; to .find x and y. Then, by writing / + ^ bs a;, 
g+tsaiflf and proceeding according to the aforegoing di- 
rections, we shall hvLve f*+4f^s+g*+4g^t ^ 10000, and 

/*+5/*«—^—5^ft« 25000, or 4f^S+4gi ^10000 ^/^ 
— ^ and S/'^s — S^^eaSSOOO+ir*— /•: thei-efore, in this 
case, A=.4f% B = 4^, Q = lOOOO — /^ — If*, « «= 5/% 
ft as — 5g*9 and q » 25000 + g' — fK But it appears^ 
fW>m the first of the two given equations, that x mast 
be something less than 10, and from the second that y 
must be less than x: I therefore take/sss 9, and ; bs 8} 
and then A becomes s 2916, B = 2048, Q « — eSTf 
a «&s 32805, 6 es — 20480, q asz — 1281 $ and tiierefore 

ftQ^Bf Af — oQ 

^(*A=3d) 0-lS,and«(j^^^3^)«-0.14 5 

hence x » 8.87, and y » 7.86, nearly. 

Therefore, in order to i^peat the op^ation, let/ be now 
taken =B 8.87, and ^=s 7.86; then will A= 2791, B = 
1942, Q = — 6.76, a r^ 50950, 6 = — 19083; and q^ 94; 

bq—Bq Aq—aQ 

consequently s (— XjUJb) *= • W)047, and I (« ^^^ ^g ) 

= -^ .00415; Whence x «= 8.87047, and f *= 7.85585 j 
both which values are true to the last figure. 

Example 2. Let there be given 20a: + ary'li + Tx\i 

— — ^ 

=i=?12, «nd i/a:* + y* + , ^ 13. Here tiie 

given equations, by writing / + s for x, and g ^+ i 
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for If, wiU become 30/+ iOs+fg' + zfgl +^3]^ + s/^+ss 
-12, and ^f»+g'+ifs+2gt + ^/_g.+ifs_^gt - 
13: but 80/+/**+ 20« + ^st+^syr, by whal 
in p. 174, wUl be transformed to 20/+fg* I J + 



xzoi+iifgt+g^s (supposing all tbe terms 
more than one dimensio M of 8 and t, to be 1 

inconsiderable ;) also ^f»+g»+ 3/s+ igt, is t 

fs+gt 1 

*o '/f+g* + ^■- — , and — ===^== to 

1 /»— yf 

y fp~t ~p^y. ^^^* therefore our equa- 
tions will stand thus, 

4s fa+tt 

1 /»— g( 

tions, if/ be assu med = 5, a nd ;=4, will be reduced to 
S.6462 + .01045 x 363 + 401+6.3 2 45+ .63a4«=.lg, and 
6.40Sl+781a+.625(+«0+3*+4sx.S33S— .1852s+.148St 
= 13j whence 1.008j+.418(=.029S, and 1.59»— 3.253(, 
= .0698: therefore, in this case, A = 1.008, B =0.418, 
Q=.9293, a-°>1.99,&«— 5,855, and 9~.0698: conse- 

'"•■"^'(-^^ES)- »•'»=. •"■"( = ^fE^) 

— — .0040 J therefore x - 5.0305 and y = 3.9960. 



180 Tlu Resolutim of 



SECTION XIII. 



Of Indeterminate or Unlimited Probkms. 

A PROBLEM is said to be indeterminatCy or unlimit-' 
ed^ when the equations, expressing the conditions thereof^ 
are fewer in number than the unknown quantities to be 
determined; such kinds of problems, strictly speaking, 
being capable of innumerable answers : but the answers 
in whole numbers, to which the question is commonly re- 
strained, are, for the general part, limited to a determi- 
nate number ; for the more ready discovering of which, I 
shall premise the following 

LEMMA. 

Supposing to be an algebraic fraction, in its 

c 

lowest terms, x being indeterminate, and a, &, and e, given 
who]^ numbers ; then, I say, that the least integer, for 

the value of x, that will also give the value of 

an integer, will be found by the following method of cal- 
culation. 

Divide the denominator (c) by the coefficient (a) of the 
indeterminate quantity; also divide the divisor oy the re- 
mainder, and the last divisor, again, by the iast remaUider; 
and so cm, till an unit only remains* 

Write down all the quotients in a line, as they JMoiw ; 
under thejirst of which write an unit, and under the second 
write the first; then miultiply these two together, and hav- 
ing added the first term of the lower line J^or an unit) to 
the product, place the sum under the third term of the upper 
line : multiply, in like nmnner, the neod two corresponding 
terms of the two lines together, and, having added the second 
term of the lower to the product, put down the result undm* 
the fourth term of the upper one : proceed on, in this way, 
tiU you have multiplied by every number in the upper line. 
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Then multiply the last number thus found by the absolute 
quanUty (b) in the numerator of the given fraction, and 
divide the product by the denominator $ so shall the remain^ 
der be the true value of x, required; provided the number 
of terms in the upper line be even, and the sign of^ nega^ 
live, orf if that number be odd and the sign of b qfirmutive; 
butfHf the mimber of terms be even, and tne sign of b af- 
firmative, or vice \ersk, then the difference between the 
said remainder and t&e denominator of the fraction wiU be 
the true answer. 

In the general method here laid down a is supposed less 

than c, and that these two numbers are prime to each othef : 

for, were they to admit a common measure, whereby b is 

not divisible, the thing would be impossible, that is, no 

integer could be assigned for x, so as to give the value of 

ax ±b * 

— T — an integer : the reason of which^ as well as of the 

^lemma itself, will be explained a little further on : here it 

will be proper to put down an example or two^ to illustrate 

the use of what has been already delivered. 

.87a: — 50 ♦ 
Examp. Let the given quantity be — 256~" * 

Then the operation wiU stand as follows. 

87 )256( 2 

82)87(1 2, 1, 16, 2 

5)82(16 1, 2, 3, 50, 103 

2)5(2 50 

1 256 )5150( 20 

30 so:. 

rirc+io 

Examp. 2. Qiven — -^ — • 

71)89(1 

18)71(3 1, 3, 1 

17)18(1 U If 4, 5 

I 10 

. 50 oa or. 
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S77X—Z50 
Examp. 3. CHven ^jj; — • 

srr)450(l 1, 5, 6 

73)377^(5 1, 1, 6, 37 

12)73(6 250 

1 1850 

74 



• 450)9250(20 

250 
450 

200 as o:. 

987a:+651 
Examp. 4. Oiven — j^^^ — • 

987 )1235 (1 1, 3, 1, 48, 1, 1 

248 )987( 3 1, 1, 4, 5, 244, 249, 493 

243)248(1 651 

5)243(48 493 

3)5(1 2465 

2)3( 1 2958 

"T* 1235) 3209 43(259 

7394 
. 12193 



1078 
1235 



I 157 = a:. 

These four examples comprehend all the difierent cases 
that can happen with regard to the restrictions specified 
in the latter part of the rule : I shall now show the use 
thereof in the resolution of problems. 

PROBLEM I. 

To find the least whole nvntier, rvlnch, divided by 17, shall 
leave a remainder of 7} but being divided by 26, tfie rtmatn" 
der shall be 13. 

Let X be the quotient, by 17, when 7 remains, or^ 
which is tiie same, let 17^ + 7 express the number 
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sought; then, since this number, ivben 13 is subtracted 
from it, is divisible by 26, it is manifest that 

5fi * ^^ — ifi — "* * whole numbei:: 

whence, by proceeding according to tlie lemma^ x will be 
found »8; and consequently 17a7+7»143, the number 
required. See the operation. 

/ 17)26(1 

17 1, 1, 1, 

9)17(1 1, 1, 2, 3 

_9 J5 

8)9(1 18 

1 26 

m 

PROBLEM IL 

S^tpposing 9a?+13y»2000, U is required tojlnd aU the 
possible values qfx and y in whole positive nvmbers* 

By transposing 13y, and dividing the whole equation 

1. « ,. 2000— 13y ^^^ 2—41/ 
by 9, we have x ^ r ^ « 222 — y -\ --^ j 

which, as X is a whole positive namber, by the question, 

must also be a whole positive number, and so likewise 

4f 2 

-2-- — • from which the least value of y, in whole num- 
bers, will come out a 5 ; and conseqaenfly the correspond- 
ing value of a?=«215. From whence the rest of the an* 
swers, which are 16 in number, will be found, by adding 
9, continually, to the last value of y, and subtracting 1 3 
from that of a?, as in tike annexed tsJ»le, which exhibits all 
the possible answers in whole numbers, 

x=2151203|189|176|163|150|137|134|lll|98|85| 721 591 461 331 201 7 
y = 51 141 231 32| 4l| 50| 59| 68| 77|86|9S|l04|ll3|l22|l3l|l40|l49 

In the same manner, the least value of y, and the 
greatest of ar, being found, in any other case, the rest of 
the answers will be obtained, by only adding the co- 
efficient of x, in the*given equation, to the last value of y, 
omitinuaUyf and subtracting the coeffident of f from the 
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corresponding value of a?« Hence it follows^ that^ if the 
greatest valae of x be divided by the coefficient of y, the 
remainder will be the Uast value of x, and that the quo- 
tient + 1 will give the number of all the answers. But 
it is to be observed, that the equations here spoken of, are 
such, wherein the said coefficients are prime to ^ach other; 
if this should not be the case, let the equation given be, 
first of all, reduced to one of this form^ by dividing by the 
greatest common measure. 

PROBLEM IIL 

To find how many different ways it is possible to pay 
lOOL in guineas and pistoles f only; reckoning guineasat 21 
shillings eachf and pistoles at IT. 

Let X represent the number of guineas, and y that of 
the pistoles ; then tlie number of shillings in the guineas 
being 21x, and in the pistoles, ITy, we shall therefore 

have 2lx+l7y=^2000, and consequently x^ — - 

a^ 95 -I — 2 • which being a whole number, by the 

^^ 17y 5 

question, it is manifest that — ^- — must also be an in- 

teger : now the least value of y, in whole numbers, to 
answer this condition. Mill be found s4, and the expres- 
sion itself «d ; the corresponding, or greatest value of a; 
being ^92; which being divided by 17, the coefficient of 
y (according to the preceding note J the quotient comes 
out 5> and the remainder 7 : therefore the least value of x 
is 7, and the number of answers (^5+ 1) ^6 1 and these 
are as follow, 

7 
109 

PROBLEM IV. 

To deiermine whether it be possible to pay 1002. in gm- 
neas and moidores only ; the former being reckoned at 21 
shillings each, and the latter at 27. 

Here^ by proceeding as in the last question^ jwe have 



a(r«92 


7S 


58 


41 


24 


y= 4 


25 


46 


67 


88 
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210? + Sry =» 2000 5 and consequently x «* SOOO — ^Ty 

=s 95 — jf — -^—j — : where, the fraction being in its 

least tcnns, and the numbers 6 and SI, at the same time, 
admitting of a common measure, a solution in whole num- 
bers (^by tite note to the preceding lemma J is impossible. 
The reason of which depends on these two considera-* 
tions ; that, whatsoever number is divisible by a given 
number, must be divisible also by all the divisors of t^,* 
and that any quantity which exactly measures the whole 
and one part of another, must do the like by the remain- 
ing part Thus, in the present case, the quantity 6^ — 5, 
to have the result a whole number, ought to be divisible 
by 21t and therefore divisible by 3, likewise Twhich is, 
here, a common measure of a and c :J but 6y, the former 
part of 6y — 5, is divisible by 3, therefore the latter part 
— 5 ought also to be divisible by 3 ; which is not the case, 
and shows the thing proposed to be impossible. 

PROBLEM V. 

•fl butcher bought a certain number of sheep andoxen^for 
which he paid 1002. ; for the sheep lie paid 17 shillings 
a-piece, and for the oxen, one with another ^ he paid 7 pounds 
O'piect; it is required to find how many he luidofeach sort. 

Let X be the number of sheep, and y that of the oxen ; 
then, the conditions of the question being expressed in 
algebraic pterins, we shall have this equation, viz. 17x 

+ 140y «■ 2000.; artd consequently x =» ~ 2 

4y 11 

as iir — 8y — -^-75: — } which being a whole number, 

4if — 11 

■ ' ■ — must therefore be a whole number likewise: 

17 

whence, by proceeding as above, we find y ^7, and x » 
60 ; and this is the only answer the question will admit 
of; for the greatest value of x cannot in this case be di- 
vided by the coefficient gt y, that is, 140 cannot be had iu 

2B 
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60 ; and therefore, aecording to the preceding note^ the 
question can have only one answer, in whole numhers. 

PROBLEM VI. 

JSt certain number of men and women being merry-fRak- 
ing together^ the reckoning canu to 33 shUlingSf towards 
the discharging of which, each man paid 3s. 6d* and eacli 
woman Is. 4d. : the question is, to find how many persons 
of both sexes the company consisted of* 

Let X represent the number of menf and y that of the 
women ; so shall 42x + 16y » 396, or 2lx + 8y =» 198 ; 

, ^_ 198 — Slo: ^^ ^ 5X—6 
and consequently y » r a«24 — Zx r — ; 

5x — 6 
whence, y being a whole number, — r — must likewise 

o 

be a whole number; and the value of x, answering this 
condition, will be found » 6 ; and consequently that of y 
(s=£4 — 12 — 3)e=9; which two will appear to be the 
only numbers that can answer the conditions of the >ques- 
tion ; because 21, the coefficient of x, is here greater than 
9, the greatest value of y. 

PROBLEM VIL 

One bought 12 loaves for 12 pence, whereof some were 
two-penny ones, others penny ones, and the rest farthing 
ones r what number were there of each sort? 

Put X « the number of the first sort, y » that of the 
second, and % » that of the third ; and then, by the con- 
ditions of the question, we have these two equations, vi%, 

X + y + » =* 12, and 
8j? + 4y -f « «= 48. 
Whereof the former being subtracted from the latter, 
in order to exterminate », we thence get 7x + Sy^ S6, 

* 36 — Tx X , 

and therefore y = — - — = 12 — . 2a? — -- . whence it 

^3 3> 

is evident that the value of oc » 3, and consequently that 

?ss 5, and « » 4 $ which are the numbers that were to 
e found. 
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PROBLEM VIII. 

To find the least integer possible, whichf being divided by 
28y shall leave a remainder of 19; but, being divided by 19» 
the remainder shall be 15; and, being divided by 15, the re*' 
mainder shall be 11. 

• 

First, to find the least whole number that can answer 

the two first conditions, let the quotient by ZS, the first of 

the given divisors, be denoted by x, or, which is the same, 

let the said number be expressed by ZSx +19; then this 

number, when 15 is subtracted from it, being divisible by 

2SX+4 907+4 

19, it is manifest that — ig^f or its equal x + ^q 

must be an integer ; from whence the least value of x will 
be found ass 8 : and consequently 28x + 19 as 243 ; which 
is the least whole number that can possibly satisfy the two 
first conditions. This being found, let the least number 
that is exactly divisible by both the said divisors 28 and 
19, be now assumed ; which, because 28 and 19, are prime 
to each other, will be equal to 28 x 19, or 532: then^ 
since the number required, by the nature of the problem, 
must be some multiple of 532, increased by 243, it is 
plain that the said number may be represented by 532ai; 
+ 243 ; from which, if 11 be subtracted, and the remain- 

5320? + 232 

der be divided by 15, the quotient ( j^ = 35o; 

7x + 7 
+ 15 + — rz — ) will be a whole number by the ques- 

7x + 7 
tion, and consequently — ^ — a whole numbei: also ; from 

whence the least value of x will be found ss 14, and con- 
sequently that of 5320; + 243 =s 7691 ; which is the num- 
ber that was to be found. In the same manner the least 
number possible may be found, which, being successively 
divided by four or more given divisors, shidl leave given 
remainders* 
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PROBLEM IX. 

t 

Supposing S7x + 256y = 15410; to determine the least 
value qfx, and the greatest ofy, in whole positive numbers. 

By trandposition and division we have ' 

15410 — 87x 87a:— 50 

y = ^ = 60 — —255 — : .where the firac- 

tion being the same with that in Examp. 1. to the pre- 
mised Uminaf the required value of x will be given from 
thence = 30 ; from thence that of y will likewise be 
known. But I shall in this place show the manner of de- 
ducing these values^ independent of all previous consider- 
ations^ by a method on which the demonstration of the tem- 
ma itself depends. 

In order to this, it is evident, as the quantity dfo: — 6 
(supposing &sb50) is divisible by 256, that its double 174x 
— 2h must be likewise divisible by 256. But Q56x is 
plainly divisible by 256 ; and if from this the quantity in 
the preceding line be subtracted, the remainder, 82a; 4-25 
will be likewise divisible by the same number; since what* 
soever number measures the whole, and one part of another 9 
must do the like by the remaining part : for which reason^ 
if the quantity last found be subtracted from the first, the 
remainder 5a; — Si will also be divisible by 256 : and, if 
this new remainder multiplied by 16, be subtracted from 
the preceding one (in order to further diminish the co-effi- 
cient of Xj) the difference 2a:+506 must be still divisible 
by the same number. In like manner, the double of the 
last line, or remainder, being subtracted from the preced- 
ing one, we have x — 1036, a quantity, siilh, divisible by 

103& 30 

256 : but -^^ sss 20 + ^Ta 5 therefore x — 30 must be di- 
visible by 256 ; and consequently x be either equal to 30, 
or to 30 increased by some multiple of 256 ; but 30^ being 
the least value, is thai required. 

It may not be amiss to add here another example, to 
illustrate the way of proceeding by this last method : 

987a: +651 
wherein let us suppose the quantity given to be — ^^ — 



1 



Indeterminate Problems. 189 

Then, making b » 651^ the whole process will stand 
as follows. 

From - - - - 1235a? 
sub. ... - 9S7x+h 

1. rem. . • - Q4Bx~-~b 
1. rem. x 3 - - 744a; — Sb 



2. rem. - - - - 243a:+4ft 



3. rem. - - - - sx — 5b 

3. rem. X 48 - - 240ar — 240& 

4. rem. - - - - 3x+2446 

5. rem. - - . - zx — 2496 



6. rem. ----- a:+49365 

where^ x being without a coefficient^ let 4936, or its equal 
320943^ be now divided by 1235, the common measure to 
all those quantities, and the remainder will be found 1078 ; 
therefore, ar4-1078 is likewise divided by 1235; and con- 
sequently the least value of a: (=1235 — 1078)= 157. 
The manner of working, according to this method, may 
be a little varied; it being to the same effect, whether the 
last remainder, or a multiple of it, be subtracted from the 
preceding one, or the preceding one, from some greater 
mtiUiple of the last. Thus, in the example before us, the 
quantity 248a; — 6, in the third line, might have been 
multiplied by 4, and the preceding one subtracted from 
the product ; which would have given 5x — 5ft (as in the 
sixth line) by one step less. — If the manner of proceed- 
ing in these two examples be compared with the process 
for finding the same values, according to the lemmttf the 
grounds of this wiU appear obvious. 

PROBLEM X. 

Supposing €, /, and g, to denote integers ; to determine 

aj_c X — ^ , 

the value ofx, such that the quantities , — r^ , ana 

*— — ^, may all of them be ititegers. 
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By making -^r— =» y, we have a?=« 28jf + c ; which 

So 

value being substituted in our second expression^ it be« 
comes — ^ Q^" 9 whichy as well as y^ is to be a whole 

number: but — ^ 1 9 by making J—e — J, will be 

a yH — ^-TT- ; ftnd therefore 19y and 18y+Si being both 
19 

divisible by 1^^ their difference y — 9b must be also divi- 
sible by the same number; whence it is evident^ that one 
value of y is £(; and that 2^+199$ (sumNMing % a whole 
number) will be a general value of y ; and consequently 
that X (a28y+e)»9Sd«+56&+£ is a general value of x, 
answering the two first conditions. Let thiSf therefore^ 

be substituted in the remaining expression ■ j which^ 

, . , 5S2«+566+e— r 
by that means, becomes -z ^ ^ 35« + So + 

t^LLZ (supposing H « ll6+c— ^« 12«~ 1 If^gO Here 

15% and 149(+2^ being both divisible by 15, their diffbr- 
ence % — 2/0 must likewise be divisible by the same num* 
ber ; and therefore one value of % will be 2A» and the gene- 
ral value of as»2^+15tc.* from whence the general value 
of X («532»+56ft+0 is given -= 7980w+1064;8+56* 
+e; whichf by restoring the values of ft, and /S, becomes 
7980W+ 12825e— 11760^-1064^. 

Now» to have all the terms affirmative^ and their co- 
efficients the least possible, let w be taken =« — e + 2f+ 
g; whence there results 4845e+4200/'+6916|r9 for a new 
value of X : from which, by expounding «, /, and g^ by 
their given values, and dividing the whole by 7980, the 
least value of a;, which is the remainder of the division^ 
will be known. 



Indeterminate TvMems. 191 

i 

PROBLEM XL 

i/ 5x + 79 + 119 s 224 ; it is rffuiffd (0 find all the 
possible viUmes of Xf y, and %f in rvlude numbers. 

In thiSf and other questiotis of the same kind^ where 
jou have three or more indeterminate quantities, and 
only one equation, it will be proper, first of all, to 
find the limits of those quantities. Thus, in the pre- 

£24 — 7y — 11» ,- 

sent case, because a; is cb ^ , and because 

the least yalues of y and » cannot (by the question) be ^ 

less than unity, it is plain that x cannot be greater than 

224 — 7 — 1 1 

, or 41 : and, in the same manner it will 

5 

appear that y cannot be greater than 29, nor % greater 
than 19 ; which therefore are the required limits in this 

m* . • 224 — 7y— 11« 

case. Moreover, since xib a^ ^ =45 — 

9 

«— 2« ^ «s a whole number^ it is mani- 

festthat -^ — must also be a whole number: let 

5 

« + 1 be therefore considered as a known quantity, and 
let the same be represented by ft, and then the last ex* 

2i/ *t* h 
pression wiU become -^-r — : from which, by proceed- 
ing as above, we shall get y » 2ft » 2^ + 2 ; whence the 
corresponding value of x comes out » 42 -«- 5a$. 

Let » be now taken « 1, then will a? » 37 and 9 » 4 ; 
from the former of which values, let the coeflSicient of y 
be continually subtracted, and to the latter, let that of x 
be continually added, and we shall thence have 37, 30, 23, 
16, 9, and 2, for the successive values of a;; and 4, 9, 14, 
19, 24, and 29, for the corresponding values of 1^: which 
are all the possible answers when %^U 
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Let s be now taken a 2, then x cs 32, and y » 6 ; let 
the former of these values be increased or decreased by 
the multiples of 7$ and the latter by those of 5, as far as 
possible, till they become negative ; so shall we have 39^ 
32, 25, 18, 11, and 4, for the successive values of a;, in 
this case, and 1, 6, 11, 16, 21, and 26, for the respective 
values of y .- which are all the answers when « a 2. 

Again, let % be taken » 3 ; then, by proceeding as 
above, the corresponding values of x and y will be found 
equal to 34, 27, 20, 13, 6; and 3, 8, 13, 18, 23, respec- 
tively. And so of the rest : whence we have the follow- 
ing answers, being 60 in number. 



"1 


y 


X 




1 


4 . 9 . 14 . 19 , 


24 . 29 . 


37 . 30 . 23 . 


16. 


9.2. 


2 


1 . 6.11 .16, 


. 21 . 26 . 


«>i7 . «5^ . ^5 . 


18. 


11 .4. 


3 


3. 8.13.18. 


23 . 


34 . 27 . 20 . 


13. 


6. 


4 


5.10.15.20. 


25. 


29 . 22 . 15 . 


8. 


1 . 


5 


2. 7.12.17. 


22. 


31 .24.17 . 


10. 


3. 


6 


4. 9.14.19. 




26 . 19 . 12 . 


5 . 




7 


1 . 6.11 .16. 




28 . 21 . 14 . 


7. 




8 


3 . 8.13.18. 




23.16. 9. 


2. 




9 


5 . 10 . 15 . 




18.11 . 4. 






10 


2. 7.12. 




20.13. 6 . 






11 


4. 9.14. 




15. 8. 1 . 






12 


1 . 6.11 . 




17.10. 3. 






13 


3.8. 




12. 5. 






14 


5.10. 




14. 7. 






15 


2. 7. 




9.2. 






16 


4. 




4. 






17 


1 . 




6. 


• 


, 


183. 




1 . 
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PROBLEM XII. 

If \7x + 191/ + 2\% s= 400^ it is proposed to find 
all the possible values of Xf y, and », in whole positive 
numbers. 

. "When the coefficients of the indeterminate quantities^ 
X, jff and %9 are nearly equals as, in this equation, it Vr'Al 
be convenient to substitute for the sum of those quantities. 
Thus, let a; + 9 + » be put =m; then by subtracting 17 
times this last equation from the preceding one, we shall 
have 2y+4» =400 — I7m; and by subtracting the given 
equation from 21 times the assumed one x + y + Xssmf 
there will remain Ax+^y=21m — 400. Therefore, since 

?r and » can have no values less than unity, it is plain> 
irom the first of these two equations, that 400 — 17m can- 
not be less than 6, and therefore m not greater than 

400 — 6 

— r= — , or 23 : also, because by the second of the two 

last equations^ 21m — 400 cannot be less than 6, it is ob- 

400+ 6 
tIous that m cannot be less than — ^r — , or 19 : therefore, 

19 and 23 are the limits of m, in this case. These being 

determined, let 4x be transposed in the last equation, and 

the whole be divided by 2, and we shall have y = 10m— 

m 
200 — 2x+ -qI which being a whole number, by the ques- 

m 
tion, -Q must likewise be a whole number, and conse- 
quently m an even number ; which, as the limits of m are 1 9 
and 23, can only be 20, or 22 : let, therefore^ m be first ta- 
ken ss 20, then y will become =10 — 207 and » (m — x 
-^y^ sss 10 + x; wherein x being taken equal to 1, 2, 3, 
and 4, successively, we shall have y equal to 8, 6, 4, 2, 
and % equal to 11, 12, 13, 14, respectively, which are four 
of the answers required. Again^ let m be taken = 22 ; 
then will jf == 31 — 2a;, and % sbs x — 9 ; wherein let 
X be interpreted by 10, 11, 12, 13, 14, and 15, sue- 
cessively^ whence y will come out 11^ 9^ 7> 5, 3, and 1 ; 

2C 
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and X equal to 1, S, S, 4, 5» and 6^ respectively. There- 
fore we have the ten following answers \ which are all the 
question admits of. 



OTs 1 



2 


3 


4 


10 


11 


12 


13 


14 


6 


4 


2 


11 


9 


7 


5 


3 


12 


13 


14 


1 


2 


3 


4 


5 



15 
1 
6 



PROBLEM XIII. 



Supposing 7x+ 9y + 23« =» 9999 ; i^ is required to deter* 
mine the number ojail the answers, in positive integers. 

In cases like thist where the answers are very many, 
and the number of them onty is required^ the following 
method may be used. 

In the general equation ax+by+c% as k (where a and 
b are supposed prime to each other) let » be assumed as 
; and find the greatest value of x, and the least of ^, iit 
the equation ax+by :=s kf thence arising; denoting them 
by g and I: find, moreover, the least positive value of n 
(in whole numbers) from the equation am+bn ss c* toge- 
tlier with the corresponding value of w, whether positive 
or negative ; then, supposing q to represent an integer, the 
general value of x tnay be expressed by g — bq — m», 
and that of y by {+^9 — ?i»; as will appear by substituting 
in the general expression ax+by+cz>f which thereby be- 
comes ag — dbq — aw» + W + o6g — bn% + c» ea * (as it 
ought to be,) because ag+bls= fe, and all the rest of the 
terms destroy one another. And it may be observed fur- 
ther, by the bye, and is evident from hence, that any two 
corresponding values of m and n, determined from the 
equation am + bnss: c, will equally fulfil the conditions 
of the general equation ; but the least are to be used» 
as being the most commodious. — As to the limits of % 
and 9, these are easily determined ; the former from the 
original equation, and the latter from the general va- 
lue of x; by which it appears that q cannot exceed 

g.^m% . 

wherein the greatest, or the least value of % is 






to be used, according as the second term^ after aubstita- 



n 
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tion for m, is positive or negatiTe. But beBides tkiSp there 
is another limit* or particular value of q to be determined, 
which is of great use in finding the number of answers. 

It is evident* from the given equations* that the values 
of X will begin to be negative* when % is so increased as 

to exceed - — - ; and that those of y will, in like man- 

ner, become negative* when % is taken greater than ^ ; 

m 

therefore* as long as - — - continues greater than ^ 

(supposing the value of 9 to be varied) so long will x 
admit x}f a greater assumption for % than y will admit of. 
Without producing negative values ; and vice versi. By 
making* therefore, these two expressions equal to each 

other* the value of q will be given ( = , ) » 

fU^ ..-. ffll ' ^^ 

^ ; expressing the circumstance wherein both the 

c 

values of x and y* by increasing », become negative to- 
gether. But this holds only when m is a positive quan- 
tity ; for* in the other case* the last term ( — m9i) in the 
general value of x being positive* the particular values do 
not become negative by increasing*, but by diminishing 
the value of «; it being evident, ttiat no such can result 

from any assumption for %, but when q is greater than €. 

ft 

To apply these observations to the equation, 7x + 
92f + 23» » 9999, proposed, we diaU, in the first 

place, by taking a^-Bf have x « 14£8 — jf — ^\^ ■ : 

.whence the least value of 9 is given » 5; and the 
greatest of a; « 1422. Again, from the equation am + 
bn^ Cf or 7m + 9n n 23, we have m » 3 — n — 



-r — } in which the least positive value of n is given 

as 1 ; and the corresponding value of ni « 2 ; and so 
the general values of x and y do here become 1422 — 
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gq — 2«, and 5+7q — cc, respectively. From the former 

1422 — 2 
of which the greater limit of 9 is given s= r , or 

157i; and from — 9 expressing the lesser limit, we 

c 

have 61, for the value of 9, when the least value of x 
becomes equal to that of y. These limits being assigned, 
let a be now interpreted by 0, 1, 2, 3, 4, 5, ^c. succes- 
sively, up to 61, inclusive : whence the number of answers, 
or variations of y corresponding to every interpretation, 
will be found as in the margin. Prom whence it appears 
that the arithmetical progression 4 4-1 1 + 1 8 + 25 + 32, ^c. 

continued to 62 terms, will truly ex- 
press the number of all the answers 
when q is less than 6 2 ; which numb er 

is therefore given =4 + 61x7+4 x 
31 == 13485. In all which answers it 
is evident, that x, as well as y, will be 
positive (as it ought to be :) because it 
has been proved that the least value of 

X, till q becomes ( = — )=» 6l|, will be greater 

than that of y; which is positive, so far. Vut now, to 
find the answers, when q is upwards of 61, we must have 
recourse to the general value o(x; which, in these cases, 
by the different interpretations of ss, becomes negative 
before that of y. Here, by beginning with the greatest 

limit, and writing 157, 156, 
155, 154, ^c. successively, in 
the room of 9, it will appear, 
that the number of answers 
will be truly expressed by the 
series 4 + 8 + 13 + 17+22, ^c. 
continued to 157 — 61 terms: 
which terms being united in 
pairs (because, in every two 
terms, the same fraction in the limit of i% occurs) ih% 



q 



y= 


N. Ans. 


5— » 


4 


1 


12— » 


11 


2 


19 — » 


18 


3 


26 — » 


25 


4 


33 — » 


32 


^c. 


4rc. 


tc 



9 
157 


x^ 


«-3 
4i 


N. Ans. 


9 — 2» 


4 


156 


18— 2» 


9 


8 


155 


27— 2» 


13i 


13 


154 


36— 2a 


18 


17 


153 


45 — 2« 


22J 


22 


^c. 


^c. 


^c. 


^C. 



n 
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series 12 + 30 + 4S + ^c. thence arising^ urill be a troe 

arithmetical progression ; whereof the common difference 

157—61 
being 18, and the number of terms asss r ss 48, the 

sum will therefore be given =s 20880 : to which adding 
13485, the number o^ answers when q was less than 62, 
the aggregate 34365 will be the whole number of all tlie 
answers required. 

PROBLEM XIV, 

To determine how many different ways it is possiMe to 
pay lOOOL without using any other coin than crowns, gui^ 
neas, and moidores* 

By the conditions of the problem we have 5x + fily + 

27» 3= 20000 ; where taking « 3= O, a; is found ss 4000 — 

y 
Ay — -J-, and from thence the least value of ^=sO (0 being 

^0 be included, here, by the question) : whence the great- 
est value of X is given = 4000. Moreover, from the equa- 

n — 2 
tion 5m + 21n ss 27, we have m = 5 *-^ 4n — — g — ; from 

which '71=2, and mrs — 3 : so that the general values of x 

and jf, given in the preceding problem, will here become 

4000 — 219+3%, and 5q — 2». Moreover, from the given 

20000 
equation, the greatest limit of % appears to be = q, 

g — m% 4000 + 3 X 740 

;= 740 J whence we also have — r^^— = rr 

g 4000 
s= 296 = the greatest limit of g ; and j- =s= -^r- ss- 

190, expressing the lesser limit of 9, when the value of 
Xf answering to some interprletations of %, will become 
negative, while those of y still continue id9Srmative. 
To find the number of all these affirmative values, up 
to the greatest limit of 9, let 0, 1, 2, 3, 4, ^t^c. be 
now wrote in the room of o (as in the margin.) Whence 
it is evident that the said number is composed of the 
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9- 


9 = 


Quot. 


N.Ans. 





0^2» 





1 


1 


5— 2i» 


2i 


3 


2 


10— 2» 


5 


6 


3 


15~2» 


7J 


8 


4 


20 — 2« 


10 


11 


5 


25— 2» 


I2i 


13 


6fc. 


4-c. 


*c. 


^c. 



series 1 + 3 + 6 -f 8 + H + 139 ^* continued to 297 

terms; which terms (setting 
aside the first) being united 
in pairs, we shall have the 
arithmetical progression 9+ 
19+29, ^c. where the num- 
ber of terms to be taken be^ 
ing 148, and common differ- 
ence 10, the last term will 
therefore be 1479, and the 
sum of the wholeprogression 
110112: to which adding (1) 
the term omitted, we have 110113, for the nunAer of aD 
the answerSf including those wherein the value of a; is ne- 
gative; which last must therefore be found and deducted* 

In order to this we have already found, that these ne- 
gative values do not begin to have place till q is greater 
than 190: let, therefore, 191, 191, 193, ^c. be substituted^ 

successively, for q ; from' 
whence it will appear that 
the number of all the said 
negative values is truly ex- 
hibited by the arithmetical 
progression 4 + 1 1 + 1 8 + 25, 
^c. continued to 296 — 190 
. terms; whereof the sum is 
39379; which subtracted from 110113, found above, leaves 
70734, for the number of answers required. 

After the manner of these two examples (which U- 
lustrate the two different cases of the general solution, 
given in the preceding problem) the number of answers 
may be found in other equations, wherein there are 
three indeterminate quantities. But, in summing up 
the numbers arising from the different interpretations 
of f, due regard must be bad to the fractions exhibited 
in the third column expressing the limits of « ; because, 
to have a regular progression, the terms of the series ia 
the foinrth column, exlubiting the number of answei^ 
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Qoot. 


N.Ans. 


3»— 11 
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192 


3«— 32 


^^1 


11 


193 


3%SS 


^4 


18 


194 


3«— 74 


24| 
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^c. 


4re. 
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Qiust be united by twos, threes, or fours^ ^e» according 
as one and the same fraction occurs e^ery second, third, 
or fourth, ^«. term (the odd terms, wlien there happen 
any over, being always to be set aside, at the beginning 
of the series.) And it may be observed further, that, to 
determine the sum of the progression thus arising, it will 
be sufficient to find the first term only, by an actual ad- 
dition ; since, not only the number of terms, but the com- 
mon difference also, will be known ; being always equal 
to the common difference of the limits of » (or of the 
quotients in the said third column) multiplied by the 
square of the number of terms united into one ; whereof 
the reason is evident* But all this relates to the cases 
wherein the coefficients of the indeterminate quantities, 
in the given equations, are (two of them at least) prime 
to each other: I shall add one example more, to show the 
way of proceeding when those coefficients admit of a com* 
won measure. 

PROBLEM XV. 

Supposing I2x + 15y + 20% « 100001 ; it is reqtnred to 
find the number of all the answers in positive integers* 

It is evident, by transposing 20« and dividing by (3) 
the greatest common measure of x and y, that 4x + 5y» 

and consequently its equal 33333 — 6» — — - — , must 

he an integer, and therefore 2« -— d divisible by 3 : but 
$% is divisible by 9, and so the difference of these two, 
which iB% + if must be likewise divisible by the same 
number, and consequently » » i + some multiple of 3. 
Make, therefore, I + Su^ % fu being an integer;) then 
the given equation, by substituting this value, will be- 
come 12X + 15y + 60tt + 20 s 100001 ; which, by divi- 
sion, ^c. is reduced to 4x ^ 5y + SOu » 33327 : wherein 
the coefficients of x and y are now prime to each other^ 
and we are to find the number of all the variations, an- 
swering to the different inter^tatioas of u, from to 
the greatest limit inclusive. 
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By proceeding, therefore, as in the aforegoing cases^ 

jf-3 



we haye x « 8331 — y — 



whence the least value 



of y is given » 3, and the greatest of a; =:» 8328« More*'- 
over, from the equation 4m + 5n=s so, we have m » 5 

*-,. ti -• whence n s 0, and m = 5. Therefore the 

4 

general values of x and j/ fgiven in problem 13) do here 
become 8328 — 5q — dtf*, and 3 + 49; from the former 

8328 
of which the greatest limit of 9 is given » --— as 1665. 

Now, since the value of y will here continue positive, in 
all substitutions for q and u (as no negative quantity en- 
ters therein ;) the whole numbers of answers will be de- 
termined by the values of x alone. 

In order to this, let q be successively expounded by 

1665, 1664, 1663, ^c and it 
will thence appear that the 
said number will be truly de- 
fined by 1666 terms of the 
arithmetical progression 1 + 
£ + 3 + 4 + 5, ^'C whereof 
the sum is found to be 1388611. 

When there are four indeterminate quantities in the 
given equation, the number of all the answers may be de- 
termined by the same methods: for, any one of those 
quantities may be interpreted by all the integers, succes- 
sively, up to its greatest limit (which is easily determin- 
ed ;) and the number of answers, corresponding to each 
of these interpretations may be found, as above ; the ag- 
gregate of all which will consequently be the whole num- 
ber of answers required : which sum or aggregate may^ 
in many cases, be derived by the methods given in sec- 
tion 14, for summing of series by means of a known re- 
lation of their terms. But this being a matter of more 
speculation than real use^ I shall now pass on to other 
subjects. 
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SECTION XIV. 

The Investigation of the Sums of Powers of JWmiens 

in 4riihmetical Progression. 

BESIDES the two sorts of progressions treated of 
in section 10^ tbere are infinite varieties of other kinds; 
but the most usefol^ and the best known^ are those con- 
sisting of the powers of numbers in arithmetical progres- 
sion; such as l*+2*+S«+4* . . . . n*, and l«+2*+33+4* 
• • • • 11^9 ^e. where n denotes the number of terms to 
which each progression is to be continued. In order to 
investigate the sum of any such progression, which is the 
design of this section, it will be requisite^ first of all^ to 
premise the following 

LEMMA. 

If any expression, or series, as 

-m^b7^-en^ -dn^ t^c. J ' «v^»^^n« *»»« Powers of 
an indeterminate quantity n, be aniyersally equal to no- 
thing, whatsoever be the value of n; then, I say, the sum 
of the coefficients A — a, B — b, G-— c, Csfc. of each rank of 
homologous terms, or -of the same powers of n, will also 
be equ^ to nothing. 

For, in the first place, let the whole equation 

-tit«l*S Ic! } - 0' "« ^^'^^ '•y «> *»d ^'^ 

shall have { J^^J^! |^} » j and this being 
universally so, be the value of n what it will, let, there- 
fore, n be taken «:0, and it wUl become -J '^\ = j 

which being rejected, as such, out of the last equation, we 

ri.all next have {ll^lSj-S?^^ }-<>i ^^^''> 

sD 
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dividing again by n, and proceeding in the TCiy same 
manner, B — b is also proved to be ss o ; and from thence 
C— c, D— d, &fc. i^c. Q. E. D. 

Now, to apply what is here demonstrated to the pur- 
pose above specified, it will be proper to observe, first, 
that, as the value of apy progression (l*+2*4-3*+4* • • • • 
n*) varies according as (n) the number of its terms varies^ 
it must (if it can be expressed in a general manner) b^ 
explicable by n and its powers with determinate coeffi- 
cients ; secondly, it is obvious that those powers, in the 
cases above proposed, must be rational, or such whose 
indiceii ai'e whole positive numbers ; because the progres- 
sion, being an aggregate of whole numbers, cannot admit 
pf surd quantities ; lastly, it will appear that the greatest 
of the said indices cannot exceed the common index of the 
progressf&n by more than unity ; for, otherwise, when n 
is taken indefinitely great, the behest power of n would 
be indefinitely greater than all the rest of the terms put 
together. 

Thus, the highest power of n, in an expression univer- 
sally exhibiting the vahio of 1*4-2*4-3* .,••• nS cannot 

be greater than n^; foi: 1*4-2*4-3* n* is manifestly 

less than n^ (or ii*4-n*4-w*4- fc^c. continued to n terms;) 
but n\ when, « is indefinitely great, is indefinitely greater 
than n^ or any other inferior power of n, and therefore 
cannot enter into the equation. This being premised^ th^ 
method of investigation may be as follows. 

Case 1^ To find tlie mm of the progression 1+24-S4-4 

• . . . vl. 

Jjei An*+Bn be assumed, according to the foregoing 
observations, as an universal expression for tlie value 

of 1 4- 2 + 3 + 4 n; where A and B represent 

unknown, but determinate quantities. Therefore, since 
the equation is supposed to hold universally, whatsoever 
is the number of terms, it is evident, that, if the num- 
ber of tern^s be increased by unity, or, which is the sam^ 
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tbingf if n+1 be wrote therein^ instead of n» the equality 
will still subsiBty and we shall have Axw+l^+B xn^-l 
— 1+2+3+4. .*. .• . .ii + n+ 1, From which the first 
^uation beiiyg subtracted^ there remains A x n + ll*— 
An*+B xn+l — Bnsn+1 : this contracted will be 2An 
+A+Basn+l5 whence we have 2A — 1 xn+A+B — 1 
assOj wherefore, by taking 2 A — 1=0, and A+B — 1=0 
f acceding to the lemma J we have A=i, and fi=i ; and 
consequently 1 + 2 + 3 + 4 n(= Aii*+ Btt) =* 

^' , w «xn+ 1* 
^ + — , or 



Case 2^. To Jlnd (Ae sum of the progresmn 1* + 2' + 
3> ««, or 1+4+9+ 16 . . . • n^ 

« 
Let An^+Bn'+Ciif according to the aforesaid obser* 

rations, be assumed = 1* + 2^ + 3* + 4* . . . . n^ : 

then, by rea soning as in the preceding case, we shall hav6 

A X n + il^ + B X w+ ll« + C X n+ 1= i« + 2^ + 

3* + 4* . • • . II* + w + l"|* ; that is, by involving n + I 
to its seteral powelrs, An* + 3A«i' + sAn + A + Bi^ 

+ 2Bn + B + C» + C = 1« + 2« + 3* + 4« • . • • «» 

+ n + ly : fh>m which, subtracting the former equa- 



* In this investigation it is taken for granted, that the 
sum of the progression is capable of being exhibited by 
means of the powers of n, with proper coefficients : which 
assumption is verified by the process itself; for it is evi- 
dent from thence, that the quantities An^+Bn, and 1 + 2 
+ 3+4 • • • n, under the vsdues of A ami B there deter* 
mined, are always increased equally, by taking the value 
of n greater by an unft : if, therefore, they are equal to 
each other, when n id = (as they actually are) they 
must also be equal when n is 1 ; and so likewise, when n 
is 2, &*c. CsPc And the same reasoning holds in all the 
following cases. 
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tion, we get 3Aii»+3An+A +gBn4- B+C («gnTT1^ ^ 
it*+2n+l ^ and consequently SA — 1 Xti*+3A+2B — 2X 
n+A+B + C — l=sO; whence fby the kmmaj 3A — !=» 
0, 3A+2B— 2=*0, andA+B+C—l»0; therefore Ass 

1 2— -3A 1 1 ^ 

y, B=5 — 3 — =s— , C=l — A — B = -g-j and con- 

sequently 1 + 4 + 9 + 16 n*a=-j+ 2" + "6f«r 



n.n + 1 . 2n + 1 



Case 3**. To determine the sum of theprogression V+^ 
+3»+4« n% or 1+8+27+64 .....nK 

By putting A«* + B# + C«* + Dn« 1 + 8 + 27 + 

64 n% and proceeding as above, we shall have 

4Ah^ + 6An» + 4An + A + 3Bn« + 3Bn + B + 2Cfi 
+ C + D (« n + ll^) « n3 4. 3^« + 3n + 1 j and 
therefore 4A — - 1 X «^ + pA + 3B — 3 X n* + 

4A+3B+2C— 3X«+A+B + C+D— 1=0: henceA» 
1 3 — 6A 1 3 — 4A — 3B 1 

( « 1— A— B — C) «= 0; and therefore 1* + 2» + 3« + 



^' ^«T + "2 +T'^r 1 ^• 

yery same manner it will be found that 

n* «• ti? n 

1* + 2* + 3* ....«'- -g- + -3 + iJ — 12* 



In the 



n* n* n* «' n 



1' + 2. + 3 . . . . n" — ^ + 2 + g — g "^ 42' 
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In order to exemplify what has been thui9 far ddiveredy 
let it, in the first place, be reqaired to find the sum of the 
series of squares 1 + 4 + 9 + 16, &f'c* continued to 10 
terms: then by sub stituting 10 for % in the generat ex- 

n . n+ 1 . 2n + 1 . ^* ^* . * > a. ,^a im- 
pression -!-.g -2— (9^j + Q +jf) ft>«*^^ ^7 

case 2^t there will come out S85, for the required sum of 
the progression : which, the number of terms being here 
small, may be easily confirmed, by actually adding the 
10 terms together. Secondly, let it be required to find 
the number of cannon-shot in a square pile whose side 
is 50 ; then, by writing 50 for n in the same expression^ 

w.n+ 1 .2n+l , „- ,50X51 Xl01.^^_^ 
g f we shall have ( g — ) 429£5> 

expressing the number qf shot in such a pile. Lastly, 
suppose a pyramid composed of 100 stones of a cubical 
figure ; whereof the length of the side of the highest is 
one inch; of the second two inches; of the third three 
inches, ^c Here, by writing 100 instead of n, in the 
third general expression, we have 25502500, for the numr 
her of solid inches in such a pyramid. 

Hitherto regard has been had to such progressions as 
have unity for their first term» and likewise for the com* 
mon difference; but the same equations, or theorems^ 
with very little trouble, may be also extended to those 
cases where the first term, and the common difi*erence^ 
are any given numbers, provided the former of them be 
any multiple of the latter. Thus, suppose it were re^ 
quired to find the sum of the progression 6' + 8^ + 10' 
J*c. (or 36 + 64 + 100 S^e*J continued to eight .terms: 
then, by making (4,) the square of the common dif. 
ference, a general mul tiplicator, the given e xpression 

will be reduced to 4 X S* + 4» + 5* . . . . 10^ : but the 
sum of the progression 1* + 2* + 3' + 4* .... 10* is 
found, by the second theorem, to be 385 ; from which, if 
(5,) the sum of the two first terms, (which the series 
3» + 4* + 5» 10* wants,) te taken away^ the re- 
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jnainder will be S80 ; and tblsy multiplied by 4, ghres 
1520f for the true sum of the proposed progression : and 
60 of others. 

But if* the first term is not divisible by the common 
difference, as in the progression, 5* + 7* + 9* fcPc. the 
speculation is a little more difficult; neyertheless, the sum 
of the series, in any such case^ may be still found, from 
the same theore ms. 

Let th e series m + e"|* + 7» + QeY + m + 3e"]* 

m + neY be proposed, where m and e denote any quan- 
tities whatever, and where n repi-esents the number of 
terms. Then, by actually raising each root to its second 
power, and placing the terms in order, the given expres- 
sion will stand thus : 

Ante + 4me 4- 6iiie • . • • 2nme v . Now, it is evident 

«« + 4e» + 9c* ....«*«> J 
that the sum of the first rank, or series, isn x nfi also 

the sum of the second, or Qme x 1 + 2 + 3 + 4. ...n 
appears f6y ease 1) to be Zme x -- ^ j and that of 



the third, or e* x 1 + 4 + 9+16 n« ^by case 2) 

^ _ « . n + 1 . 2n + 1 ' , ■ ., ' . ^ 

•" «* X : therefore the sum of the 

o 

whole progre ssion^ m + e"]* + m + ge ^ + m+ SeY 
. • . . m + nc"|' is s= n • m* + n . n + 1 . me + 
7i.n+1.2n+l.e* 
6 

In like m anner, if the series proposed be 

wT+ry + m + 2eY + m + 3eT • • • • tn + wel' j then 
may it be' resolved 



1 + 1 + 1 1 x w? "I 

into J ^ + ^+ ^ ~ X ^a^ I: 

I 1 +4 + 9 it» X Swie* j 

Ll + S + sr n?xe» J 



whose sum^ by 
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the afore mentioned theorems, wiU appear to be n • m^ 4- 
n . n + 1 . Sm'^ u •ii4- 1 . 2» + 1 . wie* n.*n+ 1 \\^ 

■■■■■■■■»■'■ ' ■ -4- ■ I I ■ .1 I I- I. ■ m i ■■ . ^ 11 ■ III ■■ 1 ■ n .i» 

And» by following^ the same method, the sums of other 
series may be determined, not only of powers, but like« 
wise of rectangles, and solids, ^c. provided that their 
sides, or factors, are in arithmetical progression. Thus, 
for ex ample^ 1^ there be proposed the series of rectangles 

m + e .p + e+ln+2e .p+^e+m+Se .'p+Sc . • . . + 

m + nc • p 4- *w. Then, the factors being actually mul* 
tiplied together, and the terms placed in order, the given 
series will be resolved into the three following ones : 
flip + mp + mp + mp • . . • + wp 
m+p.e+m+p.Ze+m+p.tie+m+pAe* . . +m+p.ne 
e*+ 4e«+ 9e^+ I6e« . . • + nV. 

Whereof the respective sums fhy case 1 and 2) are 

n.n+1 , ^ n.w+l.Su+l 

mpxn,m+p . e x r , and e* X g^ 

and the aggregate of all these, or 



nxmji-l — ^.m+y.c4 • ^, is oonse* 

quently the true sum of the series of rectangles proposed. 

Prom this last general expression, the number of can- 
non-shot in an oblong pile, whether whole or broken, 
will be known. For supposing e^\, our series of rect- 
angles becom es wH - l >p+ 14-w+2 . p+2+m+S .p+S 
+m+n • p+n; and the sum thereof =» n x 

mp+ — r — . m+p + ■ . — ' — «s the number sought: 

where m+ 1 and p+l represent the length and breadth of 
the uppermost, rank, or ture | n being the number of ranks 
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one above another. But the expression here brought oat 

may be reduced to — x ^m+n+ 1 . 2p+n+ 1 4 r ; 

which is better adapted to practice, and which, expressed 
in words, gives the following rule* 

To twice the length, and to twice the breadth of the 
uppermost rank, add the number of ranks less one, and 
multiply th^ two sums together ; also multiply the num- 
ber of ranks less one, by that number more one, and add ^ 
of this product to the former; then i of the sum multiplied 
by the number of ranks will be the answer. 

As a rule of this sort is of frequent use to persons con- 
ceimed in artillery, it may not be improper to add an ex- 
ample or two, by way of illustration. 

1. Suppose a complete pile, consisting of 15 tires, or 
ranks, and su])pose the number of shot in the uppermost, 
(which in this case is a single row) to be S2. Then the 

first product mentioned in the rule will be 64 + 14 x 2+14 
»78Xl6sl248; and the second =t h x 16»224; ^ 
whereof /is r4|, and this, added to 1248, gives 1S22|' 
whereof i part is dSO|; which, multiplied by 15, gives 
4960^ for the whole number of srliot in such a pile. 

S. Let the pile be a broken one, such that the length 
and breadth of the uppermost tire may be 25 and 16, and 
the number of tire s 11. 

Here, we have 50+10 x 32+ 10=60 X42«2520, for 

the first product; and 12 x 10» i^o, for the second : 

2560 
therefore — j— x ll«=640 x 11=8 7040, is the true answer. 

Having exemplified the use of the theorem, for find- 
ing the sum of a series of rectangles, I shall here subjoin 
one instance of that preceding tf, for determining the 
sum of a series of cubes ; whe rein the value of the first 

10 term s of the pro gression 2 + v'2T + 3+2v'2l* + 

4+3V'2]^+ 5+4v/2l* &fc. is required. Hci^^ e being 
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1 + ^/2, m will be al ; therefore, by writing 10, 1 9 and 
1 + v^2, for Uf m, and e, respectively, in the general 

-x .1, . ^ 10. 11 .3.1 + v^2 
expression, it will become 10 H — 

10,11.21. l+v/27 100.121 .l + x/sfY ^ 243. . 

+ 17600\/2, the value sought. 

If any one is desirous to see this speculation carried 
farther, so as to extend to series of powers, whose irMices 
are fractions; such as square roots, cube roots, ^c. I 
must beg leave to refer to my Essays, where it is treated 
in a general manner. Here I must desire the reader to 
'observe, once for all, that the theorems above found will 
hold equally, in case of a descending series, such as 

in — e"!' + wi — 2e'l' ^c. or m — ey +111 — 2eY ^c. provided 
the signs of the second, foui*th, ^c. terms be changed 5 as 
is evident from the investigation. 

Although the subject of this section has, already, been 
pretty largely insisted on, yet it may not be improper to 
add a different method, whereby tlie same conclusions wilU 
in many cases, be more easily derived : in order to which, 
it is necessary to premise the subsequent 

LEMMA. 

Iffl+l+c+i+«+ §l^c. be a series, whereof the terms, 
a, fr, c, d, &c. are so related to each other, that the siim> 
or value thereof, can be universally expounded by an ex- 
pression of this form, vi». Are+B xnxn — 1 + Cxnx 



11 — ixn — 2+Dxnxii — ixn7-2xn — 3, ^c. n being the 
number of terms to which the series is to be continued, 
and A, B, C, D, ^c. determinate coefficients ; then, I say, 
the values of those coefficients will be as hereunder speci- 
fied, v%%. 

Aaaa 

—g+fc 

JD ^ " « 



2E 
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^ a~-9h+e 

—^4.36 — Sc+d 



2.3.4 
a — 4&+6c — 4d+« 

2.3.4.5 ' 



For, since the equation A x n+ B x n x n — 1 + C x n x 



ixn — ^2+D xnxn — ixn — 2Xii — 3, 4*<^. s»a+ft+c 
4-d+e» ^c. is supposed to hold universally, let the num- 
ber of terms be what it will, let n be expounded by 1, 2, S^ 
4, ^c. successively, and the general equation will become 

1^ *A«a, 
2^2A+ 2B»a+ftf 
3^SA+ 6B+ 6C«a+ft+c, 
4^4A+12B + 24C+ 24D«a+ft+C+i, 
5^5A+20B + 60C+120D + 120E«a+H-c+d+f, 
&c. &c. 

Now, the double of the first of these equations beine 
subtracted from the second, its triple from the third, and 
its quadruple from the fourth, ^c. we shall have 

*2Bafr— a, 
6B+ 6C=— 2a+6+c, 
12B + 24C+ 24D=— 3a+*+c+d, 
30B + 60C+120D + 120Es— 4a+6+C+d+f, 
&c. &c. 

Again, if the triple of the first of these be subtracted 
from the second, and its sextuple from the third, ^c we 
shall, next, have 

♦6C«a— 2ft+c, 

24C+ 24D=3a— 5ft+c+d, 

60C+120D+120E«6a— 96+c+d+«. 

Moreover, by taking the quadruple of the first of these 
from the second, ^c. we get 

•24D»— «+$^3c+d, and 
120D+120E«--4a+ll6— 9c+d+«; 
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from the latter of* which subtract the quintuple of the 
former, and there will remain 

♦ iSOE — a — 4ft+ 6c — 4d'\je. 

Now divide each of the equations marked thus, *, hj 
the coefficient of its first term, and there will come out 
the very values of A, B, C, D» ^c. above exhibited. 
Q. £• D. 

COROLLARY. 

» 

If every term of the proposed series a, b, c, d, &c. be 
subtracted from the next foIlowing» the first of the remain- 
ders, — a+bf — 6+c,^c+df— <i+«f &c. divided by 2, 
gives the value of B, the coefficient of the second term of 
the assumed series. And, if each of the quantities thus 
arising be subtracted from its succeeding one, the first of 
the new remainders, a — 26+c, 6 — 2c +d, e — 2d+f, &c. 
divided by 6, will be equal to C, the coefficient of the third 
term of the same series. In like manner, if each of these 
last remainders be, again, subtracted from its succeeding 
one, the next remainders will be, — a+3fr — Sc+df — b 
+ Sc — Sd + e, &c. whereof the first, divided .by 24, 

Skives the coefficient of the fourth term, ^e. ^c. There- 
ore, if the first remainder of the first order be denoted 
by P, the first of the second order by Q, the first of the 
third by R, the first, of the fourth by 8, ^c, then, 
P Q R 8 

s E, ^c. it is manifest that the sum of the series a + b 
-fc + d + c+Z, &c. will be truly exp ressed by 

, « n X n — 1 , g\ ^ n X n — 1 X n — 2 . 

an + V X = + Q X + 

1.2 1.2.3 



n X n — 1 X n — 2 X n — 3 , 

R X h 

1.2.3.4 



n X n — 1 X n — 2Xii — 3Xtt — 4 ^^ 

1.2.3.4.5 

Example 1. Let the sum of the series of squares 
14.44.9^. i6.... + n'be required. Then> taking 
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the differences of the several orders^ according to the pre- 
ceding corollary^ we Jiave 

1^ 4, 9, 16, 25, 36, &c. 

3f 5, r, 9, 11, &c. 

2, 2, 2, 2, &C. 

0, 0, 0, &£• 

Therefore, a in this case being aei^PssS, Q»2^ 

and R, S, ^'^^ each s o, the sum of the whole series^ 
1 4- 4 + 9 . X 16 +' 25 • , > , , tt S is found « « + 

3n X n — ' 1 , n X n — 1 X n — 2 _^ 9/v? + 3n^ + n. 



n X n+lX2n4-l 
6 

Exainple 2. Let it be required to find the sum of n 
terms of the following series of cubes, yix>. 2r + 64 + 
125 + 216 + 343 + 512, ^c. Proceeding here> as in the 
last example, we have 

27, 64, 125, 216, 343, 512> &C. 

37, 61, 91, 127, 169, &c. 

24, 30, 36, 42, &c. 

6, 6, 6, &c« 

0, 0, Jcc 

Therefore, by substituting 27 for a, 37 for P, 24 for C, 
and 6 for D, we thence get 

37n X n — 1 , 24n X « -^ 1 X n — 2 , 

27n + + + 

2 2.3 



6fix» — I Xn — 2 X n — 3^ „u:^u ui. • * -i u 
— } which, abbreviated, be- 

1 . 2.3.4 

n^ 5n3 37n* 
comes "J- + -Q- + -J- + 15n, the sum, or value re- 
quired. 

Example 3. Let the series propounded be 2+6+12+ 
20+30, ^c. In this case, we have 

2, 6, 12, 20, 30, &c. 

4, 6, 8, 10, &c. 

2, 2| 2, &C. 
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Hence^ a being » 2, P a 4, Q » 2, and R, S, ^c. 
each a g 0, t he sum of the series will therefore be 2n tf- 

4n X n — 1 2n X n — 1 X n — 2 n^ + Sn* + 2» 



i^Xn+l X71+2 
3 

And in the very same manner the sum of the series 
may be truly found, in all cases where the differences of 
any order become equal among themselves : and even in 
other cases, where the differences do not terminate, a near 
approximation may be obtained, by carrying on the pro- 
cess to a sufficient length. 



SECTION XV. 

Of Figurate Mimbers, their 8um$9 and the Sums of their 
Reciprocals, with other matters of the like nature. 

THAT series which arises by adding together a raalc 
Units (called fig. No. of the 1st ord.)"^ 
Figurate numbers of the 2d order 
.1 Figurate numbers of the Sd order 
^ I Figurate numbers of the 4th order 
Figurate numbers of the 5th order 
^Figurate numbers of the 6th order 

Therefore the figurative numbers 



of the< 



2^ 

Si". 



>* 



^ 6 

at • 

o bo 



<^ 



r2d'^ 

sd 
4th 
5th 
6th 
ZthJ 



hi 



rist order "1 




ri . 1 . 1 . 1 . 1 . Ac. 


2d order 




1.2. 3 • 4 • 5 • &c. 


Sd order 


>^Te< 


1.3. 6 . 10 . 15 . &c. 


4th order 




1 . 4 . 10 . 20 . 35 . &c. 


^5th order ^ 




^1 . 5 . 15 . 35 . 70 . &c. 



Hence it is manifest, that^ to find a general expression 
for a figurate number of any order, is the same thing as 
to find the sum of all the figurate numbers of the pre* 
ceding order, so far. Let n be put to denote the distance 
of any such number from the beginning of its respective 
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order^ or the number of terms in the preceding order 
whereof it is composed : then it is evident, by inqiec* 
tiont that the sum of the first order, or the nth term of 
the second, will be truly expressed by n, the number of 
terms from the beginning. It is also evident, from sect. 
14, p. 203, that the sum of the second order, 1 + 2 + 3 

ti' n n w + 1 

+ 4 .... ft, will be — + - ( — - X — — ) which, 

according to the preceding observation, is also the value 
of the nth term of the third order. Hence, if the num- 
bers, 1, 2, 3, 4, 5, ^c be successively wrote instead of n, 

n^ n 
in the general expression -^ + -- we shall thence have 

i + a, $ + i, I + I, V + !• Y + |, fc. for the va. 
lues of the first, second, third, fourth, fifth, ^e. terms of 
this order, respectively ; whence it appears, that the se- 
ries 1 + 3 + 6 + 10 + 15 + 21, ^c. may be resolved 
into these two others, viz. 

i + ¥ + I + I + V + V *^- and 
* + | + | + 4+| + |&c. 

The former of which being a series of squares, its sum 

n' n' n 
will therefore ^® "■ g" + T + 73 C^ ^^^^ ^f P* ^^^) 

and that of the latter series fby case 1, p. 203) appears 

n* n 
to be -J + -J : an^ ^^ aggregate of both, which is 

n^ n^ n n n+1 n + 2 

true value of the proposed series 1 + 3 + 6+10+159 
Sfc* continued to n terms, and therefore equal, likewise^ 
to the nth term of the next superior order, 1+4 
+ 10 + 20 + 35, ^c. Let, therefore, 1, 2, 3, 4, 5, 
S^c. (as above) be successively wrote for n in this ge- 



n* n* n 



t. 



neral expression^ "s "*" ¥ "^ a"' *"^ ^* ^^ become 

I + i + i, J + i + 1, + V + I + 1» V + Y + ^ 

^c. for the vidues of the firsts second^ thirds fourth^ ^c 
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tenns of the fourth order respectively ; whence it appears 
that the series 1+4 + 10+20+359 ^e. may be resolved 
into these three others^ vi%» 

1 + 8+27+64+125+216 • . . . n« 

6 • 

1+4+ 9+16+ 25+ 36.,>.n» 

2 ' 

1 + 2+ 3+4+ 5+ 6. ...n 



•. u i? *!. n^ ^ n^ .n* n^ . n^ ^ n 

whereof the sums are — A + rr* -x- + — • + — » 

wii^.vv« *«v 0Mu» «»«> 24 12 24 6 4 12 

and -g + g- C^y p* 202^ and 203) the aggregate of 
, . - n* . n^ . lln* . n , n «+l «+2 

which, OP ~ +-+— + -( = -X-^X -^ 

fl + 3 

X —J- ) will consequently be the true value of the whole 

series. After the same manner, the sum of the fifth order 

.„ ^ I « «+l n+Z n+3 n+4 

wdlappeartobe-x-^X— x -^ X ^-, 

from whence the law of continuation is manifest. And it 
may not be amiss to observe here, that though the con* 
elusions thus brouglit out, are derived by means of the 
sums of powers determined in the preceding section, yet 
the same values may be otherwise obtained, by a direct 
investigation, from either of the two general methods there 
laid down. 

In order now to find the sum of the reciprocals of any 
series of figurate numbers, suppose 1+b+bc+bcd+hcde 
+bcdtf+ &c. to be a series whose terms continually de« 
crease, from the first to the last, so that the last may va- 
nish, or become indefinitely small : then, by taking the 
excess of every term above the nex t following one, we 

shall have 1—6, h x 1 — c, be x 1— d, bed xl — c, bcde x 

1^9 &c. The sum of all which is, evidently^ equal to the 
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excess of the first term above the last, or equal to the first 
term* barely; because the last is supiiosed to Tanish, or to 
be indefinitely small in respect of the first. Hence it 

apjieare tliat i — (+6x1 — c+bcx 1 — d+6cdx l— e+icde 

X i—f, &c. « 1. 

Let ft be now taken =» — , c «= — ; — • a=s — r-^, c = 

a a+p ' a+q 

m+r _ m+s « -«, ... a— m 

— r— , /=» — rr»*c« Then, l— ^ heme « , 1 — c 

a+r "^ a+s ' ® a ^ 

« — ; — 9 I — a sas — ; — , 1 — c sx — • — , &c. we shall, by 
a+p a+q a+r ^ 

substituting these several values in the above equation, 

- tt— m . m a — m , m m+p a— m . in 

have + - X — - — + - x — -^ X — — +- X 

a a a+p a a+p a+q a 

w+p m+q fl*— tn ^ » ., 

— — X — r-^ X — ; h &c. sss 1 ; and consequently 1 + 

a+p a+q a+r ' i j * 

fit , fH m+p . m m+p m+q ^ 

a+p a+p a+q a+p a+q a+r 

a o— -'in 

-; by dividing the whole by 



a— m ^ V •'a 

Hence, if 9 be taken =a£p, r»3p, ^=»4p, &c. and fi be 

^ 

, „ , m m . m + p 
put =s a +p, we shall have 1+ — + --^ — I- 

^ 0'/i+P 

m.m+p.m+2p , m. m+p . m+^p . m+ Sp 

fi.fi+p*/^ +2p fi.l^ +p.li + Qp.0+Sp + *C- «« 

infinitumf «= — ^ — ^— ; which, when psi, becomes l+'j+ 

m.m+1 . m.m+l.m+2 , . i8— 1 ^, . . ^ ^ . 

j:^i+I + 77^8+1^+2+ *^^-^7=S^ ' tills, by taking 

1 1.2 1.2,3 

Wail and fissn, gives H — + ' —^ + 



n n.n+l n.n+1.7i+2 



and iheir Bedprocals, ilf 

l.S;d.4 ^ n — 1 

+ &c. =« ^ g } exlubiting the 



n.n+1 .n4-2.n+3 
general value of a series of the reciprocals of iigurate num-'^ 
bersy infinitely continued ; whereof the order is represented 
by n: from whence as many particular values as yoa 
please may be determined. Thus, by expounding n by 3, 
4, 5, Sfc. successively 9 it appears that 

1111 

1+T + T+ io + i5*^-" ^' 
1 i. J. J. _ £ 

1 + 5 + 15 + 35 + 70 *^' ** 3 ' 

< » 

And so on^ for any higher order ; but the sums of the 

two firsty or lowest orders^ cannot be determined^ these ' 

being infinite. 

By interpreting ^ and iti by different values, the sums 

of various other series may be deduced from the same 

general equation. , Thus, in the first place, let fi sa 

m 
m + £ ; so shall the said equation become 1 + , ^ + 



711. w+1 wi . w + 1 m . m + 1 

&c. 



m •¥ SL.m + S m + d.m + 4 m + 4 .m + 5 

^ 111+ 1 ; wbkh, divided by m . m + 1^ gives 

11 1 1 

+ 1 =1+ — : = + 



^n.m+l m+l.an+2 m+2.i»+3 m+3.m+4 

Again, by taking li ^ m + 3, a nd dividing the 
whole equation by m . in + 1 • m + 2, we have 

1 1 

— — =. + ' +. 

fii.iii+l.m + 2 m + l.m+2.ii» + 3 

&C.SS 



m + £.ifi + 8.wi + 4 m.m+1.2 

£F 
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In like manner we shall have — \ ^g 






From whence the law for continuing the sums of these 
last kinds of series is manifest ; by which it appears^ thaty 
if instead of the last factor in the denominator of the first 
tenUf the e^bcess thereof above the first factor be substi- 
tuted, the fraction thence arising will truly express the 
value of the whole infinite series. 

A few other particular cases will further show the use 
of the general equations above exhibited. 

8 2 4 2 

Let the sum of the series l + "5' + "J ^7" + "5' ^ 

4 6 2 4 6 8^ , . 

required. 
Here, by comparing the proposed series with 1 + "T* 

and p^Q} and consequently p-^^ as s «■ the true 

value of the series. 
Let the sum of an infinite series of this form, vi». 

1 1 1 

1.2.3&C. + 2.3.4&C. + 3.4.5&C. + *^* ** ^^ 
manded. 

Here (according to the preceding rule) we have 

1 1 1 1 

1.2 +■ 2.3 + 3.4*"^*°'l.l ""^J 
111 11 



+ :; — :; — 7&c.^ 



1.2.3^2.3.4^3.4. 5^^*"" 1.2.» 4» 
1 1 111 



kc. 



1.2.3.4 ^ 2.3.4.5 ^ 3.4,5.6'*''* 1.2.3.3 18» 
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If, instead of the whole infinite series, you want the 
soul of a given nnmber of the leading terms only ; thea 
let the value of the remaining part be found, as above, and 
subtracted from the whole, and you will have your desire. 

Thus, for instance, let it be required to find the sum of 

111 
the ten first terms of the series YTi" + "iTs "*" TTT "^ 

1 1 1 

^ ^ g , ^c. Then the remaining part, ^^ ^^ + "YJTY^" 

+ isTH + i47i5» *^ *^^"S "* 11 <"'* '*^ "•'^ ^^^^-^ 

and the whole series » i, the value here sought will there- 

1 10 
fore be 1 — rr'ass rr. The like of others. 

The sum of series arising from the multiplication of the 
terms of a rank of figurate numbers into those of a de- 
creasing geometrical progression, are deduced in the fol- 
lowing manner. 

By the theorem for involving a binomial (given at 

p. 40. and demonstrated hereafter) it is known that 

1 - ,. m + 1 

■ 1^ (or 1 — a;|-*») is«l+iiw:+m. — 5— .jc* + 

1 — a:j ^ * 

m+l 111+2 m+l m+2 ro+3 

«!• — 2~* — 5— .oc^ + iii. — 2^* — 3— • 4 • x*f &c* 

In which equation let m be expounded by 1, 2, 3, 4, 5, &c 
successively, so shall 

l^ j-^^jj tmt+x + a^ + afl + oc^ + a:^ + &c. 

1 

2\ »a = 1 + 2a: + Sac* + 4ac» + So:* + Car*, &c. 

1 — 0:1 

1 

3\ -^ -13 a» 1 + 3ar + 6a:» + 10a:*+ 15a:r*+21a:', &c. 

M — "— ar I 

1 
4\ T—"u « 1 + 4a? + iai?+20a:^+35x<+56a:»,&c. 



1 
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1 — X \ 
1 

1 ——a? I 

All which series (whereof the sums are thus given) are 
ranks of the different orders of figurate numbers, multi- 
plied by the terms of the geometrical progression, 1, x^ 
Xff x^f x^f ecc* 

From these equations the sums of series composed of the 
terms of a rank of powers, drawn into those of a geome- 
trical progression, such as l+4a7+9a;^+16a::^, &c. and 1 
+ 8a: +270:* +640:*, &c, may also be derived 5 there being, 
as appears from the former part of this section, a certain 
relation between the terms of a serfes of powers and those 
of figurate numbers; the latter being there determined 
by means of the former. To find here the converse rela- 
tion, or to determine the former from the latter, it will be 
expedient to multiply the several equations above brought 
out, by a certain number of terms of an assumed series 
1 + Aa;+Ba:*+Ca;*, &c« in order that the coeflScients of 
the powers of x may, by regulating the values Af B, C$ 
D, &c. become the same as in the series given. 

Thus, if the series given be l+4a:+9x*+16a:*+25ac<, 
&c.; then, by multiplying our third equation by 1+Aa:, 

1-f Aa ; 

we shall have Y—xV '"^ + ^ + -^><^ + ^+ 3A xa«+ 

10+6A X a:^+&c. Which series, it is evident by inspection, 
will be exactly the same, in every term, with the proposed 
one, if the quantity A be taken » u The sutn of the 
said series, infinitely continued, is therefore truly repre* 

I + X 
sented by ====i^« 
1 — a: I 

In like manner, if the fourth equation ^^ « 

I + 4x + lOa:* + 20a:^ + SSx*^ &c. be multiplied by 
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» 

^ 1+An?+Bac* 

1 + Ax + Ba^, there will arise ^. ■■ 1 + 

1 — a: I 

4 + Axa:+iO+4A+Bxa:*+20+ 10A + 4B X sc^ &c. 

where, the several terms of the series being compai^ed with 

those of the series l + 8a?+27'a:*+64a:', &c. we have 4+ A 

»89 and 10+4A+B=2r; whence A:»4, and Bsl; and 

1 + 4a: + oc* 
consequently, by substituting these values^ — -14 " 

^l + %x+273(f^+643fi+125x*, &c. 

Again, by multiplying the fifth equation, -===j- tss 

1 — X I 

l + 5a:+l5ac*+35ac», &c. by l+Ax+Bai^+Cx^, it be- 

1 + Ax + Bop* + Ca:* 

comes -ij =» 1 + 5 + A X x'+ 

X " X I 

15+5A+B xa»+S5 + i5A+5B+Cxa:^, &c. And, by 

comparing the several terms of the series with those of 

1 + !&«:+ Sloe* +£56a;»,&c, we get 5+A=l6, 15+5A+B 

«»81, and S5 + 15A+5B+C^256i whence As 11, B 

(easi— 15— 55)«11, and C (=256— .35 — 220) = ljand 

l + lla?+lia:*+a:' 
consequently ==ts « 1 + l6a? + SlaS^ + 

£560:', &c« 

By proceeding the same way, it will be found, that 

1 + £60: + 66a:* + 36ic» +a;* 

na = 1 + £«a: + 3««* + 4'a? + 

1 — x\ 

&c. &c. 
And, universaUfif putting assm, ism. — ^ — ,esffi • 

""i — * — 5~* ^* *"^ multiplying the general equation, 
» l+aa:+6a?+c»»+da:*, &c. by l+Aar+Ba;» 



T=^T 



1+Aa:+Ba:», &c. 
+ Ca»+Da:*, &c. there arises -.„, = 1 + 

1' 0? I 
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a+A xx+b+aA+Bxa^ + c+bA+dB+C X a?, &c. 
The terms of which series being compared with those of 
the series l+a*a;+3»a^+4«a:'+5*3B*, &g. we have A=2* 
—a, B=«3»— flA— *, C«4»— aB— ftA— c, D«5*— «C-- 
iB — cA — dy &c* where the law of continuation is mam« 
fbst ; and where, from the law observed in ail the preced- 
ing cases, it appears, that the value of m must exceed the 
index n, of the given series of powers, by an unit ; and 
that the aeries 1 +Ax+Bofi+ Cac*, &c. will always consist 
of n terms $ whereof the coefficients of the first and last^ 
the second and last but one, CsPc wOl be respectively equal 
to each other : so that, having found, fi*om the preceding 
equations, as many of the quantities A, B, C, &fc. as are 
esq^n-essed by i»— l, the others will be given from thence^ 

Mid consequently, — -i„^^ the true value 

of the proposed series l+2"^+3»ac"+4*a:», &€. Thus, 
for example, let ii»6 : then fiieB7sa, fras28, Aa»64 — 7s 
57, B»729— 399— 28sS02; and therefore 

1 + S7X+ 302ac»+ 302a:«+ 57oe^+a!^ 

^ ===17 ^l+ft^X + ^W + 

1 — x\ 
4*aP, &c« and so of others. 

These equations, or theorems, give the sum of the 
whole series, infinitely continued; but from thence the 
sum of any assigned number of terms may be determined, 
not only when the coefficients are a series of powers, but 
likewise when they are produced by factors that are un- 
equal : the method of which I shall instance, in finding 

the sum of t terms of the series /— p • g — q , xT+JL^sp* 

g—^q . «*'+*+/— 3p . f^. «r+^^+, &c. Which sc- 
ries, by actually multiplying the factors together^ is re* 
solved into the three following ones. 
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r 
X ] 



fg% X 1 + jas^ + ft^ + i»^ + «*^, &c. 



— /g + ^ . » X 1 + 2«^ + S!Jb»* + 4fl5»^, &c. 

+M»*' X 1 + 4«* + 9{K«*" + 16»^S &c. 
Tbe sum of the first of these^ infinitely continued^ sup- 

toe*' 
posing X sss «', win be » ' ; that of the second ■= -^ 

• 

fq+gp.» ^^ ^^^ ^^^^^ ^_^ ^ l+x.pq» ^^ 

1 — ojy 1 — ary 

Aas tent abme determined; and consequently the sum of all 

thethreeequalto j^::^ x/ir — riri + ====H - 

the whole infinite series/ — p . ^ — q . a** +/ — 2p . j^ — 2g 
.ccr'*'^+ Csfc But the sum of the t first terms only to 
wanted ; therefore the sum of all the remaining terms^ after 
the i firsts must be found in like manner^ and be deducted 
firom the sum of the whole, here given. Now, to do thiSf 
we are first to get the leading term of the said remaining 
ones ; which , according to the law of the series, wiU be 
expressed by / — p — tp • g — q — tq. «*"^ ^ : whence, if we 
make/-— ^ji ^hpg^^tqrak, and r+ fo = g, i t is evi dent, 
that the series to be deducted will be h — ji.fc— }•«•+ 
h — 2p, k — Sj.V'*'*, &c. which having the very same 
form with that first proposed, its sum will therefore be had 
by barely writing h for/, k for g, and s for r, in the value 
above determined : which, thereby, becomes 



«* hq + kp pq , 1 + X 
X Afc~ — ;: ~ + 



l^x ^'"^ 1— « ' 1 — a;T 
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In the same manner, supp osing the f first term s of the 

series a — p . b — p • c — p . d — p . &c. x »** + a — lip, 

b — 2p • c — 2p . d — 2p . &c. X %^'^^ &c. were to be re- 
quired ; by putting the continual product of all the quanti- 
ties Of bf Cf d, &c. as P^ the sum of all the products 

P P P 

(— 4- T- + — &c.) that arise by omitting one letter in each^ 

P P 

aiQ ; the sum of all those (^ + "^ ^* ^7 omitting two 

letters esR^ &c« we shall here have 



x 



X < 



Qp Rp« • 1 + a: 
p ^ - 4- ^ 



&c. for the sum of the whole infinite series : and if we 

make a = a — tp . 6 = 5 — fp, r = r+h>, &c. it is evi- 
, dent that the sum of the remaining terms^ after the t firsts 
will be truly expressed by 



'r 



% . Qp Rp«.H-a: Sp«.H-4a: + a* 

&C4 where «:«»*', and P, Q, IBl. i, &c. are the same in re- 
lation to a, 0, c, d, £<fc. as P, Q, R^ S^ (s?c. in respect to 
a, b, Cf'df £^c. 

A multitude of other cases and examples might be given^ 
there not being, in the whole scope of the mathematical 
sciences, a subject of greater variety and intricacy tliaii 
this business of series : but to pursue it further here would 
be inconsistent with the general plan of this work. Such^ 
therefore, who are desirous of a greater insight into the 
matter, may, if they please, turn to my Miscellames^ where 
it is carried to a greater length. 
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From the series for figurate numbers, derived in tk% 
former part of this section, the investigation of a general 
theorem for determining how many different combinationa 
any number of things will admit of, when taken two by 
two, three by three, ^e. may be very easily deduced* Let the 
number of things in efuA combination bCf^rsU supposed trco^ 
only; am let n be, universaUyf put to represent the whole 
nuimer of things, or letters, a, ft, c, d, &c« to be combified^ 
When the number of things is only two, as a and ft, it is 
evident that there can be only one combination C^O b^ty 
if n be increased by 1, or the letters to be combined be 
three, as, a, ft, e, then it is plain that the number of com- 
binations will be increased by 2, the number of tiie pre- 
ceding letters a and ft; since, with each of thost, the new 
letter e may be joined ; and therefore the whole mimber 
of combinations, in this case, will be truly expressed by 
1+S« Again, if it be increased by one more, or the whole 
number of letters be four, as a, ft, c, d; then it will appear 
that the number of combinations must be increased by 5^ 
since 3 is the number of the preceding letters, with which 
the new letter d can be combined, and therefore will here 
be truly expounded by 1 + 2 + 3. And, by reasoning in 
the same manner, it will appear, that the whole number of 
combinations of two, in five things, will be 1+2+3+4; 
in six things, 1+2+3+4+5; and in seven, 1+2+3+4 
+ 5+^\ Src. Whence, universally, the number of combi- 
nations of n things, taken two by two, is « 1+2+ 3 +4+ 

n — 1 : which being a series of figurate numbers of 

the second order. Where the number of terms is n — 1, tha 
sum thereof, by case 1. p. 203, will therefore be truly de** 

n — 1 n n — 1 

fined by — j— x "J* ^'^ " ^ g ' • 



Let, now, the number of quantities in each eombinatUm, he 
supposed to be three. 

It is plain, that, in three things, a, ft, c, there can be 
only one c<mibination ; but, if n be increased by 1^ or the 

2G 



s 
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Biiniber of things be 4, as a, ft, c» d, then will the number 
of combinations be increased by (S) the number of all tho 
combinations of two, in the preceding letters a^bfC; since 
with each two of those the new letter d may be combined $ 
therefore the number of combinations^ in tbto case, is 1 + 
S* Again* if n be supposed to be increased by 1 more, or 
the number of letters to become five, as a, (, c, dt € ; thea 
the number of combinations will be increased by six more 
1+2 + 89) that 18, by all the combinations of two, in 
le four preceding letters, a, 6, c, d; since, (as before) 
with each two (if those, the new letter e may bV. combined. 
Hence the number of combinations of p things, taken 
three by three, appears to be 1 + 3+6+10, &c. continued 
to ««— 2 terms; which being a series of figurate num- 
bers of the third order, the value thereof, by what is be- 

n—St 
fore determined (p. 214) will be truly expressed by — j — 

n — 1 n n n— 1 n — 2 

X —^ X Y» ^^ **» equal, y x —^ X ^ • 

And universally, since it appears that increasing the 
number of letters by 1, always increases the number of 
combinations by all the combinations of the next inferior 
order with the preceding letters, Tfor this obvious reason^ 
that to each of these last combinations, the new letter may 
be joined,) it is manifest, that the combinations, of any 
order, observe the same law, and are generated in the 
yery same manner as figurate numbers; and therefore 
may be exhibited, by the same general expressions ; onlyt 
as there are 2, 3, 4, 5, ^c. things necessary to form the 
firsts or one single combination, according to the different 
cases, it is plain that the number of terms must be less by 
1> 2, 3, ^c. respectively, than fnj the number of things ; 
and therefore, instead of n, in the aforesaid general ex* 
pressions, we must substitute n — 1, n — S, or n — 3, ^c 
respectively, to have the true value here* Hence, the num- 
ber of combinations of two things, in n things, will be 
n — ^ n n n — 1 n — 2 n — 1 fi 
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n It— 1 ti — 2 n — 3 Wr— fi n— 1 

or Y X -g— X -^j of four, —J- x -g- x —3- M 



n n »— 1 It— 3 n— -3 

-^, or Y X — g- X —3- X -j—f *^^P* 215): whence, 

universallr, the number of combinations in the number, n, 
of things, taken two by two, three by three, ^c. will be ex- 

n n — 1 n— 2 n — S 
pressed by y ^ ""2" ^ ""^ ^ ""i^* ^^* ^J**'"**^* ^ 

as many factors as there are things in each combination. 

From this last general expression, showing the combi- 
nations which any number of quantities will admit of, the 
known theorem for raising a binomial, to any given power, 
is very easily and naturally derived. 

For it is plain that a a J, ^\^ + ^(^^ a + b x a+cf 

which, multipled by a+il, gives (^ + cya* + bdya + 
+dj cdj 

bcd^a+bxa+cxa+d; and this, again, multiplied by 
«+** gives 




+ bd 
+ be 
+ cd 
+ ce 

+ de 



+ cdej 



a + ftxa-hcxa + d.xo + «. 

Whence it appears, that the coelDicient of a, in the se- 
cond term, is always the sum of all the other quantities ft, 
Ci df &c. added together ; and that the coefficient of the 
third term is the sum of all the products of those quantities, 
or of all their possible combinations, taken two by two ; 
since, from the nature of multiplication, they must be all 
concerned alike, in every term : whence it is also mani- 
fest, that the coefficient of the fourth term must be the 
sum of all the solids of the same quantities, or of all their 
possible combinations, taken three by three, ^c. ^c* 
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Hencey if the number of the quantitieSf b, c, 4$ e, &c. or 
the number of the factors, a+b, a+Cf a+d, a+e^ &c. to 
be multiplied continually together, be denoted by «, it fol- 
lows, that the number of letters, or t|uantitie8, in the coef- 
ficient of the second term of the product will likewise be 
denoted j^y n; that the number of all their products, or of 
all the combinations of two, in the coefficient of the third 

n— 1 
term^ will be « x — 3 — (it having been shown above that 

the number of combinationa of n things, taken two by 

n— 1 
two, is « X — 2 — ) ; and that the number of all the solids 

of those quantities, or all the combinations of three, in the 

n — 1 n — 2 
coefficient of the fourth term, will be « x ^ x "^> 

4*0. Therefore, if all tite quantities b, e, d, e, &c > be now 

taken equal to each other, it is evi dent^ th at a- ffe x a+ex 

a+dxa-^e, &c. wUl become a-f 6 xa+6 x a-^b xa+fr,&c. 

or a + 6l"; and the coefficient of the power of a, in the se- 
cond term of the product, will be nb; in the third n X 

n — 1 

-^ b^ (since all the rectangles, as well as all the solids, ^ 

_. , n — 1 n — S 

do here become equal); and in the fourth n x — g — X ""3" 

h^f (tc. But it is evident, from the nature of multiplication, 
that the powers of a, in tlie second, third, fourth, ^c. terms 
of a+b raised to the power w, are a**—*, a"—*, a*—*, £sfc. 

Therefore a+ft", or a+6 raised to the power n, is truly 

n — 1 n — 1 

expressed by 0**+ nfta"-*+ n x — ^ ft* a"--*+fl x — ©^ X 

n — 2, ^ ^ n — 1 

— g— 6^ a'*""^ qfc. or a*»+7Mi'»— ^ b+n x — 3— a«— » J'+nX 

n — 1 n — 2 

— ^T" X — g— a""-f ¥» ^x. as was to be shown. 
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SECTIok XVI. 

Of Interest and Jnmiities. 

INTEREST may be either simple or compound : sim- 
ple interest is that which is paid for the loan of any prtn- 
cipaiy or sum of money, lent out for some limited time^ 
at a certain rate per cent, agreed upon between ^he bor- 
rower and the lender, and is always proportional to the 
time. Thus, if the rate agreed upon, be 4 per cent, per 
ammnif or, which is the same, if the interest of 1 00{. for 
one year, be 4l. then the simple interest of the same sum 
for two years, will he SL for three years, ML and for four 
years, 16L and so on for any other time in proportion* 

Compound interest is that which arises by leaving the 
simple interest of any sum of money, after it becomes 
due, together with the principal, in the hands of the bor- 
rower, and thereby converting the whole into a new prin- 
cipal. Thus, he who lets out lOOL for one year, at the. 
rate of 4 per cent has a rieht to receive 1042. at the year's 
end ; which sum he may leave in the borrower's hands, a 
second year, as a new principal, in order to receive in- 
terest for the whole; and this interest fwhich will be 
found 41. Ss. 2|d.) together with 4L the interest of the 
first principal, for the first year, will be the compound 
interest of lOCtf. for two years : and so on, for any greater 
number of years. But I shall first give the investigation 
of the theorems for simple interest. 

liCt the rate per cent, or the interest of lOOZ. for one 
year » r; the months, weeks, or days in one year s t; 
the months, weeks, or days which any sum, a, is lent out 
for n n/ and the amount of that sum, in the said timc| 
viso. principal and interest, «■ b. 

Then it will be as 100 is to r (the interest of lOOl.) so 

or 
is the proposed sum (a) to -^, the interest of that sum, 

for the same time. Again, as ^ the time in which the 
said interest is produced, is to n (the time proposed) so is 

Af* anr 

J— the interest in the former of these times, to — - , that 
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in the latter ; which^ added to a, the principalf gives a + 

— - » ( fthe whole amount :) from whence^ we also have 
100< ^ ^ 

lOOW 100< Xh — a , lOO^xfc 

« «■ i^^A . — 9 T a- 9 and n 



1 00< +nr an ar 

fhe use of which equations^ or theorems, will appear by 
the following examples. 

Examp. 1 • What is the amount of 5501. at 4 per ccfU. 
in seven months ? 

In this case we have a « 550t ^4, l» 12, ii»7; 

anr 550x7x4 ^ ., 

and consequently a + j^ « 550 + ^^^ ^ ^^ -562|i. 

or 5622. I6s. 8d. the true value sought* 

Examp. 2. What is the interest of ll. for one day, at 
the rate of 5 per cent, f 

Here r being « 5, ^ « 365, a »1, and n t^i, we have 

S - 100X865 - lOOlos - 0.0001369863 ^x. - 
the decimal parts of a pound required. 

Examp. S. What sum, in ready money, is equivalent t» 
900L due 9 months hence, allowing 5 per cent, discount? 

Here r being a 5, i » 12, n » 9, and b » 600, we 

,1 .X X 100 X 600 X 12 ^ 

have a fJy fA^orem 2) = 100x12 + 9x5 *^^®»^^^^ ®^ 

j^SL 6«. Sid. which is the value required. 

Examp. 4. At what rate of interest will SOOt. in fifteen 
months, amount to, or raise a stock of 330/. 7 

In this case we have given f « 12, n » 15, a » S00» 
mid ft as 330 ; whence (^by theorem 3) r will come out » 

100 X 12 X 30 ^ ., ^ ^ ^ . ^1. 

— —-- — » 8 ; therefore 8 j>f r cent, is the rate rc- 

300 X 15 ' ''^ 

quired. 
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Examp. 5. In how many days will S65L at the rate of 

4 per cent, aoiount to^ or raise a stock of 400L? 

,- ^ ' X ^ 100X365X35 
Here fby theorem 4) we have n « ttt — r — ■« 875 

vOd X 4 

a the number of days required. 

* I 

Of Annuines or Fensione in Jlrrear^ computed at Bimflc 

Interest. 

Annuities or pensions in arrear are such^ wbich^ being 
payable, or becoming due» yearly^ remain unpaid any 
number of years : and we are to compute what all those 
payments will amount to, sdlowing simple interest for their 
forbearance, from the time each particular payment be- 
comes due : in order to which, 

rA»= the annuity, pension^ or yearly rent 
• X J n^ the time, or number of years, it is forborne* 
j r= the interest of IL for one year. 
[tn^ the amount of the annuity and its interest. 

Then, as 1 : r : : A : rA, the interest of the proposed 
sum or pension A, for one year; which, as the last year's 
rent but one is forborne only one year, will express the 
whole interest of that rent or payment : moreover, since 
the last year's rent but two is forborne two years, its in- 
terest will be drA: and, in the same manner, that of 
the last year's rent but three will appear to be 3rA, ^c* 
^c. whence it is manifest, that the sum total of all these, 
or the whole interest to be received at the expiration of 
n years, for the forbearance of the proposed annuity or 
pension, will be truly defined by the arithmetical prc^ 
gression rA + 2^'A + 3rA + 4rA + 5rA, ^c, continued 
to n — I terms, that is, to as maiiy terms as there arft 
yearSf excepting the last. But the sum of this pro- 

11— —1 
gression is equal to n x — r— x rA f fty theor. 4. sect. 10.) 

Therefore, if to this 9 the aggregate of all the rents, or it A, 
be added, we shall have nA+^ — ^^^ x rA» m.- whence 

2 
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m Zm — 2nA 



we jilso have A* 



« + «x^xr «x«-.ixA 



, Em I . 11 

*->f;A^^~^"* supposing j)»-—-. 

JBxmnp. 1. If 600L yearly rent^ or pension, be forborne 
five yearSf what will it amount to, allowing 4 per cent. 
interest for each payment, from the time it becomes doe? 

Here we have given A =600, n^5f and r«s.04, (for 

as 100 : 4 : : 1 : .04) which values substituted, in tileorem 1, 

ft—* 1 
give m « (iiA+11 X — T— Ar» 5000+240) » 3£40l. for 

the value that was to be found. 

Examp. S. What annuity, .or yeariy pension, being 
forborne five years, will, in that time, amount to, or raise 
a stock of 3240/. at 4 per cent, interest? 

In this case, we have given n» 5, ra .04, and m^ 3240^ 

m 
and therefore, hy tkeorem 2, A ( » — — : =i== =» 

3240 

' ) « 600 1 which is the annuity required. 

Examp. 3. At what rate of interest will an annuity of 
560L in seven years, raise a stock of 4508L? 

In this case, we have given A»560, n^7, and me 

^, , V • 2m — ^2nA 

4508 5 whence, (by theor. 3.) we have r (« — == — r 

wxifr— 1 X A 

9016—7840 ^^ . . . i. . , 

"" — 42x560 "* ** interest of It for one year; 

therefore it ^ill be as 1 : ,05 : : 100 : 5 per cent. J the rate 
required. 

Examp. 4. How long must an annuity of 560L be for-- 
borne, to raise a stock of 4906L supposing interest to be 
5 percent.^ , 



Of IfUerat and JmnmHes. 2SS 

Here, we have given As 560, rs.05, ms450B ; whence, 

1 1 
hy theorem 4, we also have p(sB — — -g-) = i9.5 ; and 

consequently n ( =s /J-r + p* — p) = 7; which is the 
number of years required. 

JVbte. If the rent or pension is payable half-yearly, or 
quarterly, the method of proceeding will be still the same, 
provided n be always taken to Express the number of pay- 
ments, and r the interest of IL for the time in which the 
first payment becomes due. Thus^ if it were required to 
find what SOOl. half-yearly pension would amount to in 
five yeaTs at 4 per cent, interest : then the simple interest 
of IL for half a year being » ,02, and the number of pay- 
ments SB 10, we, in this case, have As 300, r= ,02, and 
n=10; and consequently m (by theorem 1) ^ rA + n x 
n—1 
^■g — X rAsSaroL which is the value sought. And tiie 

like is to be observed in what follows hereafter. 

Of ilie present values ofJhmnitieSf or Pensions computed at 

Simple Inierest. 

r A s the annuity, pension, or yearly rent. 
• . J r s the interest of 1/. for one year. 
I n s the number of years. 
L V «» the present value of the annuity. 

Then, because the amount of the annuity, in n years, 

is found above to be nA + in . n — 1 • rA, and since IL 
present money, is equivalent to 1+nr to be received at 
the end of the time n, we therefore have 1 + nr : I ::nA 

nA+in.n — 1 .rA 



+ in . n — 1 . rA (the said amount) : iJTnr 

its required value, in present money. But it may be ob- 
served, that this method, given by authors for determining 
the values of annuities, according to simple interestf is, in 
reality, a particular sort, or species of compound interest r 

2H 
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since the allo\i^ing of interest upon the annaity^ as it he- 
comes due^ is nothing less than allowing interest upon in- 
terest ; the annuity itself being, properly, the simple in- 
terest, and the capital, from whence it arises, the principal. 
It is true, the sum 1+nr, expressing the amount of IL is 
given, strictly speaking, according to simple interest: but 
the conclusion (as ^ late author "^^ very justly observes) 
would be more congruous, and answer better, were the 
same allowances to be made therein as are made in find- 
ing the amount of the annuity ; that is, were interest upon 
interest to be taken once and no more. Agreeable to this 
assumption, r, the interest of IL being considered as an 
annuity, its amount in n years (by writing r for A, in the 

general formula above) will be given =*«r+in.« — l.r*: 
to which the p rincipal !{• being added, the aggregate 1 +• 

nr+ in.n — 1 . r' will therefore be the whole amount of It 

in the time n; and so we shall have 1 + nr+ln .n — l . 

2nA + n.n — 1 • r A 

r* : 1 : : «A + J» . n — 1 . rA : t—^ — : === — ' ^t, 

Q+2nr+n.n — 1 . r* 

the true value of the annuity, accordit^ to the said hypothe- 
sis. From which equation others may be derived, by 
means whereof the different values of A, n, and r, may 
be successively determined. But, as this method of al- 
lowing interest upon interest, once and no more, is arbi^ 
trary, and the valuation of annuities, according to simple 
interest, a matter of more speculation than real use, it hew- 
ing not only customary, but also most equitable to allow 
compound interest in these cases, I shfdl not stay to exem- 
plify it, but proceed to 

The Bes6h$tion qf the various cases qf Compound Interest, 
and of Jlnnuities, as depending thereon. 

f Raa i^^^ amount of It in one year, t>i^. pril^cipal 
Let •<**(. and interest. 

LP ^ any sum put out at interest. 



* Mr, Hardy^ in kit .^imtrieff. 
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' n B8 the number of years it is lent fyr* 
a =s its amount in that time. 
• . I A ss any annuity forborne n years. 
' m =s its amount. 

{the present valiie of the annuity for the 
same time. 

Therefore^ since one pounds put out at interest, in the 
first year is increased to B» it will be as 1 to R» so is R, 
the sum forborne the second year, to E^, the amount of 
one pound in two years ; and therefore as 1 to R, so is 
RS the sum forborne the third year, to R^, the amount 
in three years : whence it appears that R% or R raised 
to the power whose exponent is the number of yearst 
will be the amount of one pound in those years. But 
as IL is to its amount R% so is P to faj its amount, in 
the same time ; whence we have P x R" » a. More- 
over, because the amount of one pound, in n years, is 
B**, its increase in that time will be R"-— 1; but its 
interest for one sin^e year, or the annuity answering to 
that increase, is R — 1 ; therefore as R — 1 to R** — 1, 

A X R** 1 

SO is A to m. Hence we get — 5 ; — = m. Fur- 

n—— 1 

thermore, since it appears that one pound, ready money^ 
is equivalent to R", to be received at t he expir ation of n 

A X R» 1 

years, we have, as R** to 1, so is — = (the sum 

R— 1 

in ar rear) to v , its worth in ready money; and therefore 
Ax 1- jji 



R— 1 



r. 



From which three original equations others may be de- 
rived, by help whereof the various questions relating to 
compound interest, annuities in arrear, and the present 
values of annuities, may be resolved. 



a a 

fHif and R s -p 



L 
n 
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Thus, because PR« is « a, there will come out P «= 

9 &c. or by exhibiting the same equa- 
tions in logarithms (which is the most easy for practice) 
we shall have 

1°. Log. a =a log. P + n X log. R. 

2^ Log. P « log. a — n X log. R. 

„ , « ^^S* « — log. P 
3°. Log.R — -^- ^ 



4^ n = 



n 
log. a — log. P 



log.R 

Which four theorems, or equations, serve for the four 
cases in compound interest. 

A X R** 1 

Again, since in is = — ^j ; , we shall have 

K— 1 



1°. Log. m « log. A + log. R»— 1 — log. R— 1 . 
2*. Log. A = log, m — log . R" — 1 + log. R -*- 1. 
log. 7«H — m + A — log. A 



3%n 



log.R 
ntR Tti 



4^ R*» — . -J- + ;j — i « 0. 

To which the various questions relating to annuities ia 
arrear are referred. 

Moreover, seeing A x ^ . is =■ t , we thence have 



1**. Log.' V = log. A + log. 1 — . log. R — 1. 

2'. Log. A =s log. V + log. R— 1 — log. 1 — A . 

o ^ log. A — log. A + r — rR 

. log. R 

A A 

4». R»+» — - +1 X R« + - = 0. 

V V 
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The use of which theorems^ respecting the present 
values of annuities, as well asiof the pt-eceding ones, for 
compound interest and annuities in arrear, will fully ap- 
pear from the following examples* 

Examp. 1. To find the amouiit of 57 5L in seven yearSy 
at 4 per ctnt* per annunif compound interest. 

In this case^ we have given P=b575, Rts 1,049 and n^ 
7 ; therefore, by theorem 1, log, a^ log. 575 + 7 log. 1,04 
aB2,8r89011 ; and consequently a^s 756,66, or 756/. ISs* 
did. the value required. 

Examp. 2. What principal, put to interest, will raise 
a stock of 1000/. in fifteen years, at 5 per cent, f 

Here we have given R=l,05, ns»15, and a»1000; 
therefore, by theorem 2, log. P=log. 1000 — 15 log. 1,05 
»2,6821605; and consequently P=481^02, or 481/. Os. 
43d. the value sought. 

Eocamp. 3. In how long time will 5751. raise a stock 
of 756/. ISs. 2id. at 4 per cent.? 

In this c|ise, we have Rsl,04, Pa 575, and a^756fi6i 
1L .r . *og- 756,66— log. 575 ^ ^, 

whence, hy theor. 4, 11=— 2 — - — T"o4 ■* ^» t^*® 

number of years required. 

Examp. 4. To find at what rate of interest 481/. in 
fifteen years, will raise, a stock of 1000/. 

Here we have given P=481, asiooo, and ns«15; 
^, -. r .. ^ t ^ log. 1000— log. 481 

therefore, by theorem 3, log. R=— 2 — 2 « 

• 0211903, whence R=al,05; consequently 5 percent, is 
the rate required. 

The four last examples relate the cases in compound 
interest ; the four next are upon the forbearance of annu- 
ities. 

Examp. 1. If 50/. yearly rent, or annuity, be forb(M*ne 
seven years, what will it amount to, at 4 per cent, per an- 
num, compound interest ? 

Here we have Rb1,04, As 50, and n«a7j and there- 
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fore, by (ktor. 1, log* m ( =log» A + log, R" — l — log. 

SIIT)«log, 50+log. UOiy—U — log- ,04 = 2,59659r J 
and consequently ms 395/. the value that was to be found. 

Bxamp. 2. What annuity, forborne sevea years, will 
amount to, or raise a stock of, 3951. at 4 ptr cent, con* 
pound interest? 

In this case, we have given Raly04, n^7, and m^ 
$95; whence, by theorem 2. log. A (as log , tti. — log. 

R«— 1 + log. R— 1) = log. 395— log. "i^oil^— 1 + log. ,04 
« 1,6989700; and consequently A»502. which is the an- 
nuity required. 

Eocamp. 3. In how long time wiU 501. annuity raise 
a stock of 395{. at 4 per cent, per annum, compound in- 
terest ? 

Here we have R»l,04, As=50, m=B395; and therefore, 

, ^, ^ , log. mR— m+A — log. A. ,1192559 

s7y the number of years required. 

Examp* 4. If 120i!. annuity, forborne eight years, 
amounts to, or raises a stock of, 12002. what is the rate of 
interest? 

In this case, we have given n^B, A»120, and m^ 
1200, to find R; therefore, by theorem 4, we have R* — 10 
R+9^0, from which, by any of the methods in sect. 13, 
the required value of R will be found = 1,06287; there- 
fore the rate is 6,287, or 62. 5s. 9<i. per cent, per anrmm. 

The solution of the last case, where the rate is required, 
being a little troublesome, I shall here put down an ap- 
proximation, (derived from the third general formtUa, at 
p. 165) which will be found to answer very near the truth, 
provided the number of years is not very great* 
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» . ^ ft • w — 1 • A 
Let Q « — ; then wiU 

2 • m ^— n A 

3000Q + £n— 1 •400 ,. xi . 

be the rate per^ 



^Q-5Q+ Sn — 4 + J.« — 2.11» — 13 
cen^* required. 

Thus, for example, let n = 8, A = 120, and m « 

55 ^ 120 
1200 ; then will Q - "JTlio '^^ ^"^^ ^'^^ ^'^^ ^**® ^*»^^f 

42000 + 6000 
= 84 X 90 + 75 *" ^^2^7', a« atore. 

The preceding examples explain the different cases of 
annuities in arrear; in the following ones the rules for the 
valiiation of annuities are illustrated. 

Examp. 1. To find the present value i>f lOOt annuity, 
to continue seven years, allowing 4 ptr cetU» per annum 
compound interest* 

Here we have given Rs* 1,04, A«« 100, andn^T; 
and therefore, by theorem 1, log. t. ( «« log. A + 

r 1 — ' 

'».?• 1 — R^r — log. R— 1) « log. 100 + log. 1 -^ 

— log. ,04 a=s 2,778296 ; and consequently v « 600,2 «« 
600/. 45. which is the value that was to be found. 

Examp. 2. What annuity, or yearly income, to con- 
tinue 20 years, may be purchased for 1000/. at Si per 
cent. ? 

In this case, R=s 1,035, ti = 20, v « 1000 ; when ce, by 
theorem 2, we have log. A ( « log. v + log. R— l — log. 

1 ~ "Kn") *■ 1>^473S6 } and consequenfly A « 70,36, or 
70/. 7». 2d. 
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Examp* 3. For how long time may one^ with 600f. 
purchase an annuity of lOOL at 4 per cent.f 

In this example we have R » 1,04, A ^ 100, and 
f) B 600; and therefor e^ by theorem s, « ( » 

log. A — log> A+ V — vR 

ioeTR ) ■" ^* ^^ number of years 

required. 

Examp. 4. To determine at what rate of interest an 
annuity of 50L to continue 10 years, may be purchased, 
for 4001. 

Here A » 50, it » 10, and ts400 ; whence, fty thto* 

rem 4, R» + ' — — + 1 x R» + — being « 0, we have 

R"— < 1,125R^®+, 125=0; which equation resolved, gives 
the required value of Rs 1,042775; and consequently the 
rate of interest, 4^^7751. per annum. 

The solution of this last case being somewhat tedious, 
the following approximation (which will be found to an- 
swer very near the truth, when the number of years is not 
▼ery large) may be of use. 

n .» + 1 • A ^ 

Assiime Q = ^^^ ^^ ; so shall 



SOOOQ — £« + 1 X 400 

express the 



6(1.5(1— Sn — 4 + |.n + 2. lln+ IS 

rate per keni. very nearly. ^ 

Thus, for example, let 'A (as above) be « 50, 

10 X 11 X 50 
n aa 10, and v « 400; then, Q being = ^qqq ^qq 

82500 — 8400 
-27.5, we have jgj3^-Y03jTi46» ^' ^>^^^^^ ^^^ ^ 
rate, per cent, the same as before. 
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SECTION XVII. 

Of Plane Tngonometry. 

DEFINITIONS. 

1. PLANE trigonometry is the art, whereby, having 
given any three parts of a plane triangle (except the three 
angles) the rest are determined. In order to which, it is 
not only requisite that the peripheries of circles, but aJso 
that certain right lines, in and about the circle, be supposed 
divided into some assigned number of equal parts. 

S. The periphery of every circle is supposed to be di- 
vided into 360 equal parts, called degrees ; and each de- 
gree into 60 equal parts, called minutes, and each minute 
into 60 equal parts^ called seconds, or second minutes, ^c 
Any part of tlie periphery is called an arch, and is mea- 
sured by the number of degrees and minutes, ^c it con^ 
iains. 

3. The diflTerence of any arch from 90 degrees, or a 
quadrant, is called its complement, and its difference from 
}80 degrees, or a semicircle, its supplement. 

4. A chord, or sub- 
tense, is a right line H K. 
drawn from one ex- 
tremity of an arch to 
the other; thus BE 
is the chord or sub- 
tense of the archB A£, 
or BDE. 

5. The sine (or 
right sine) of an arch 
is a right line drawn 
from one extremity of 
the arch perpendicu- 
lar to the diameter 
passing through the other extremity : thus BF is the sin* 
of the arch AB, or BD. . 

21 
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6. Tlie versed sine of an arch is the part of the diame- 
ter intercepted between the arch and its sine : so AF is the 
Tersed sine of AB, and DF of DB. 

7. The co-sine of an arch is the part of the ^ameter in- 
tercepted between the centre and the sine ; and is equal to 
the sine of the complement of that arch. Thos CF is the 
.coHsine of the arch AB, and is equal to BI^ the sine of its 
complement HB. 

8. The tangent of an arch, is a right line touching the 
circle in one extremity of that arch^ continued from thence 
to meet a line drawn from the centre through the other ex- 
tremity ; which line is called the secant of the same arch : 
thus AG is the tangent^ and CG the secant of the arch AB» 

9* The co-tangent and co-secant of an arch are the tan- 
gent and secant of the complement of that arch ; thus HK 
jind CK are the co-tangent and co-secant of tiie arch AB. 

' 10. A trigonometrical canon is a table exhibiting the 
length of the sine, tangent, ^c. to every degree and 
minute of the quadrant, with respect to the radius, which 
'is supposed unity, knd conceived to be divided iikto 1 0000000 
or more decimal parts. Upon this table tiie numerical so- 
lution of the several cases in trigonometry depend ; it will 
therefore be proper to begin with its construction. 

PROPOSITION I. 

The number of degrees and minutes, ^c. in an arch being 
given; to find both its sine and co^sine. 

This problem is resolved, by having the ratio of flie 
circumference to the diameter, and hj means of the 
known series for the sine and co-sine (hereafter de- 
monstrated.) For, the semi-circumference of the cirdef 
whose radius is unity, being 39141592653589793, ^ 
it will therefore be, as the number of degrees or mi- 
nutes in the whole semicircle is to the degrees or 
minutes in the arch proposed, so is 3,14159265358, &e. 
to the length of the said arch ; which let be denoted hy 
a; then, by the series above quoted, its sine will be ex« 
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pressed ky^— 2TT"*" 2.3.4.5~2,3,4.5.6.r 
4*c. and its co-sine by 1 — "j + g 3 ^4 -^ 



2.3.4.5.6^ 2.3.4.5.6 . r. 8» 

Thus, for example^ let it be required to find the sine 
of one minute: then, as 10800 (the minutes in 180 de- 
grees) : 1 : : 3,14159265358, ^c. : .000290888208665 
s the length of an arch of one minute: therefore, in 

a* a* 

this case, a « .000290888208665, and ^ ^ ^ ( a» -g-) 

cs .000000000004102, ^e. And consequently 

•000290888204563 « the required sine of one minute. 

Again, let it be required to find the sine and co-sine of 

five degrees, each true to seven places of decimals. Here 

9OOO29O8882, the length of an arch of 1 minute (found 

above) being multipli^ by 300, the number of minutes in 

5 degrees, the product .08726646 will be the length of an 

arch of 5 degrees : therefore, in this case, vre have 

a = ,08726646, 

a? 
— -g-«— ,00011076, 

of 

+ —-I + , 00000004, 

CsPc. and consequently ,08715574 s the sine of five de- 
grees. Also 

a* 

— » ,00380771, 

55 « ,00000241 ; 

and consequently ,9961947 » the co-sine, of 5 degrees. 

After the same manner, the sine and co-sine of any other 
arch may be derived ; but the greater the arch is the slower 
the series will converge, and therefore a greator number 
of terms must be taken to bring oat the conclusion to the 
same degree of exactness. 
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But there is another method of constructing the trigono- 
metrical canon ; which, though less direct, is more geome- 
trical ; and that is by determining the sines and tangents 
of different arches, one from another, as in the ensuing 
propositions. 

• 

PROPOSITION il. 

The sine of an arch being given; to find iU co-sine, ton- 
gent, co-tangent, secant, and eO'Secant» 




Let AE be the proposed arch, £F its sine, CF its co- 
sine, AT its tangent, DH its co-tangent, CT its secant, 
and CH its co-secant : then, (by Enc. 47. 1.) we shall hav« 

CF as v' CE* — EF*5 from whence the co-sine will be 

m known ; and then, by reason of 
^ the similar triangles, CFE, CAT, 
and CDH, it will be, 

!• CF : FE : : CA : AT j whence 
the tangent is known. 

2- CF : CE : : C A : CT; whence 
tlie secant is knownC 

3. EF : CF : : CD : DH; whence 
the co-tangent is known. 
C PA 4.EF:CE::CD:CH5whence 

the co-secant is also known. 

Hence it appears, 

1. That the tangent is a fonrtli proportional to the co- 
sine, the sinP| and the radius. 

2. That the secant is a third proportional to the co- 
sine, and the radius. 

d. That the co-tangent is a fourth proportional to the 
sine, the co-sine, and the radius. 

4. That the co-secant is a third proportional to the 
sine, and the radius. 

5. And that the rectangle of the tangent and co-tangent 
is equid to the square of the radius. 
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PROPOSITION ra. 

The Ohsine CF of an arch AE» bdng given ^ to find the 
sine and co-sine of half that arch. 

From the two extremities of the diameter AB draw 
the subtenses AE and BE ; and let CQ bisect the arch 
AE in Q and* its chord (perpendicalarly) in D ; then 
since the angle BE A is a right one (by Euc. 31. 3») the 
triangles ABE and 
ADC are similar; • 
and therefore, AC 
being a i AB, AD 
must be 9 i AE, and 
CD=g4 BE: bnt AE 

is = v^A BxAF,an d 

BE » ^AB X BF; therefore 




AD=:=iv/ AB X AF « y /lAC X AF ::=:the sine 1q|xaE 
CD=i^/AB xBF= v^JAC xBF«the co-sine J 

Hence it is evident, that the sine of the half of any arch^ 
is a mean proportional between the half radius, and the 
yersed sine of the whole arch ; and its co-sine, a mean pro- 
portional between half the radius and the versed sine of 
the supplement of the same arch. 

PROPOSITION IV. 

ft 

The sine AD, and eo»9vne CD, of an arch AQ bdng 
given; to find EF the sine of the double of that arch, (Su the 
preceding figure.) 

Since AE = £AD and BE » SCD, and the triangles 
ABE and AEF are alike (by Euc. 8. 6.) we have, as AB 
(2AC) : AE (2AD) : : BE (2CD) : EF ; whence it ap- 
pears, that the sine of double any arch is a fourth propor- 
tional to the radius, the sine, and the double co-sine of the 
same arch. 

PROPOSITION V. 

The sine CD and tangent BE, of a very small arehf are, 
nearly, in the ratio of equality. 

For, the triangles ADC and ABE being similar. 



f 
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thence will AD : AB : : DC : BE : but as the point C ap- 
proaches to B, the difference of AB and AD will become 
indefinitely small in respect of AB, and therefore the dif- 
ference of BE and DC will 
likewise become indefinite- 
ly small with respect toBE 
iB or DC. 

CarMar^» Because any 
arch BC is greater than 
its sine and less than its 
'JOj'B tangent; and since the sine 
and tangent of a^ei^ small 
arch are proved to be nearly eqoal, it is manifest that a 
yery small arch and its sine are also nearly in the ratio of 
equality. 

PROPOSITION VI. 

To find the Hne and arch of one minute. 

The sine of SO degrees is known^ being half the chord 
of 60 degrees, or the radius ; therefore^ by prop. St and 3, 
the sine of 15 degrees will be known : and, the sine of 15 
degrees being known, the sine of 7° SO' will be found (by 
the $ame propoeitionsi) and from thence the sine of 3^ 45' ; 
and so likewise the sine of half this ; and so on, till 12 bi- 
sections being made, we come, at last, to the sine of an arch 
of 52", 44'", 03"", 45'""; which sine (bv corU. to the pre- 
ceding prop.) will (as the^co-sine is nearly equal to the ra- 
dius) be nearly equal to the arch itself. Therefore we 
have, as 52", 44"', 03"", 45'"", is to 1', so is the length 
of the former of these arches (found as above) to the length 
of an arch of one minute, or that of its sine, very nearly. 

If it be taken for granted, that 3,1415926535, &fc is the 
length of half the periphery of the circle whose radius is 
unity, we shall have, as 10800, the number of minutes in 
180^, or the whole semicircle, is to one minute, so is 
3,14 1 5926535,£<f c. tlie whole semi-circle to 0,000290888208, 
the length of an arch of one minute^ or that of its sine, 
very nearly. 
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ijf there he three equidifferent arcfus, AB9 AC5 and AD» it 
ToiU be, as the radius is to the co-sine of their common differ- 
enee BC or CD, so is the sine CF, of the mean, to half the 
sum (^the sines BE+DO, of the two extremes : and as the 
radius is to the sine of the common difference, so is the co-sine 
FO oftlie mean, to half the difference of the sines ^the two 
extremesm 

For^ let BD be drawn^ cutting the radius OC in m, 
also draw mn parallel to CF9 meeting AO in n, and 
BH and mv parallel to A0» meeting D6 in U and v : 
then, because the arches BC and CD are equal to each 
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other^ OC is not only perpendicular to BD^ but also bi- 
sects it (Euc. 3. S.) ; whence it is evident that Bm, or Dm, 
will be tne sine of BC or CD, and Om its co-sine j and 
that mn, being an arithmetical mean between the sines BE 
and HG, of the two extremes, is equal to half their sum, 
and J)v equal to half their difference. Moreover, by rea- 
son of the similarity of the triangles OCF, Omn, and 
Bmv, it will * 

be as> OC : Om : : CF : mn\ /, » n 
and as, OC : Dm : : FO : DrJ *C-»-^- 

COROL. 1. 
Since, from the foregoing proportions, mn is » 

OmxCF ,_ ^ _ Dm X FO ^ 

■ QQ — p and Dr ( « vH) « qq — , it is evident 
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. . ^^ . ^ > .„ .^ OmxCF+BmxFO 

that DG (« mn+Bv) will be « g^ 

Om X CF— Dm x FO , 
and BE ( ss mn — vS) = q^ : from 

whence it appears, that the sine (DG) of the sum (AD) of 
any two arches (AC and CD) is equal to the sum of the 
rectangles of the sine of the one into the co-sine of the 
other^ alternately, divided by the radius ; and that the sine 
(BE) of their difference (AB) is equal to the difference of 
the same rectangles, diviaed also by the radius. 

COROL. 2. 

zOm X CF 
Moreover, seeing, DG+BE (^mn) is *« — g^g — 

iDm X FO 
and DG — BE (=DH=2Dr) — ^ , from the 

SOmx CF 
former of these, we have DG = qq — — BE, and 

2Dm X FO 
from the latter, DG s g^g + BE ; which, ex- 

pressed in words, give the following theorems. 

Theor. 1. If the «ifie of the mean of three eqmdifferent 
arches (supposing the radius unity) be multiplied by tvnce 
the co-stne of the common difference, and the sine of either 
extreme be subtracted from the product, the remaimler witt 
be the sine of the other extreme, 

Theor. 2. Or, if the co-sine of the mmn be muttiplied by 
twice the sine of the common difference, and the product be 
added to or subtracted from, the sine of one of the extremes, 
the sum or remainder will be the sine of the other extreme. 

These two theorems^ are of excellent use in the con- 
struction of the trigonometrical canon: for, supposing 
the sine and co-sine of an arch of 1 minute to be found, 
by prop. 6 and 1, and to be denoted by p and q, respec- 
tively; then the. sine of 2 minutes being given from 
prop. 4, the sine of 3 minutes will from hence be knowiu 
being as 29 X sine 2' — sine 1' (by theor. 1) or = 2p 
X co-sine of 2' + sine of 1' (by theor. 2.)* After (lie same 
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manner the sine of 4' will be founds being sSg x sine of S' 
--* sine of 2% om 2ji X co-sine of 3' + sine of 2\ And 
thus the sines 5, 6, 7, S[C minutes may be successively de« 
rir^d by either of the theorems ^ but the former is the 
most commodious. * 

If the mean arch be 45^» then its co-.sine being a y/'hf 
it follows (from theorem 2.) that the sine of the excess of 

any arch above 45®, multiplied by 2^T or ^T, gives the 
excess of the 9ine of that arch above that of another arch 

as much below 45'' ; thus ^"i x sine of 10^ a sine of 55"^ 

—sine of 35**; and v^ x sine of 15°= sine of 60**— sine 
of 30"* ; and so of others : which is useful in finding tha 
sines of arches greater than 45®. 

But, if the mean arch be 60 degrees, then its co-sine 
being if it is evident, ^om the same theorem, that the sine 
of the excess of any arch above 60°, added to the sine of 
another arch as much below 60°, will give the sine of the 
first arch, or greater extreme : thus the sine of 10° + sine 
50° = sine 70°, and sine 15° -h sine 45° « sine 75°; from 
whence the sines of all arches above 60 degrees, those of 
the inferior arches being known, are had by addition only. 

PROPOSITION VIII. 

In any right-angled plane triangle ABC, it will (f, as the 
base AB is to the perpendicular JiG^soisthe radius fcf the 
tables J to the tangent of the angle at the boM. 

Let DA be the radius to which the table of sines and 
tangents is adapted, 
and DE the tangent 
of the angle A ; then, 
by reason of the 
similarity of the tri* 
angles ABC and 
ADE, it will be, as 
AB:BC::AD:D£. 
q. E. D. 
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In every plane trianglef it wUl &e» as any one side is to 
the sine of tM opposite angle, so is any otlter side to the sine 
ofiU opposite an^le. 

For, let ABC be the proposed triangle^ take CF« AB, 
and upon AC, let fall tiie perpendicalai-s BD and £F; 
whicli will be the sines of the angles A and C, to tlie equal 

radu AB and CF. 
But the triangles 
CBD and CFE 
are similar, and 
therefore CB : BD 
::CF(AB):FE; 
that is, as CB is to 
the sine of At so 
IS AB to the sine of C. Q. B. D. 

PROPOSITION X. 

In every plane triangle, it wiU be, as the sum of any ttoo 
pdes is to their difference, so is the tangent of the cornpU'- 
ment of half the angle induded hy those sides, to the tan" 
gent of the difference of either iff the other hoo angles and the 
said complement* 

For, let ABC be the triangle, and AB and AC the two 
proposed sides ; and upon A, as a centre, with the radius 
AB, let a semicircle be described, cutting CA produced, in 
P and F ; so that CF may express the sum, and CD the 

difference of the 
sides AC and 
AB; join F, B 
and B, D, and 
draw DE paral- 
lel to FB, meet- 
ing BC in E ; 
then, the angle FBD being a right one rfty Bnc 31. 3.) 
ADB will be the compIei»ent of the angle F, which is 
equal to half the proposed anecle A (pyEuc. fiO. 3.)- Morc- 
oyer> seeing the angles FBD and lEDB are both 




I 



qf riaM 1Mg0funMtr§^ 



fisi 



ones, (for EDB is » FBD (« right *angle) because DE 
is parallel to FB) it is plain, that, if BD be made tlie ra- 
dius, BF will be the tangent of BDF, and DE the tangent 
of DBE : but„ because of the similar triangles CFB and 
CDE, CF : CD : : BF : DE ; that is, as the sum of the 
sides AC and AB, is to their difference : so is the tangent 
of BDF, to the tangent of DBC; which angle is, mani- 
festly, the excess of ABC, above BDF, or ABD i and also 
the excess of ADB above ACB. Q. E. D. 



PROPOSITION XL 

Jli the hose of any plane triangle is to the $um of the two 
eldeSf 80 is (he difference of the sides to the difference of the 
segments of the basepmade by a perpendicular falling frwa 
tfZ vertical angle. 

' For, Let ABC be the proposed triangle, and BD the 
perpendicular; from B "as a centre, with the interval BC» 
let the circumference of a circle be described, cutting the 
base AC in G and 
the side AB, pro- 
duced, in F and E : 
then will AE be the 
sum of the sides, 
AF their difference, 
alid AG the differ- 
ence of the segments 
of the base AD and 
DC: but (by Euc. 
S6. 3.) AE X AF« 
AC X AG; and 
therefore AC : AE : : AF : AG. Q. E. O. 
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The Solution of tkt cases of rigld-angled plane triangles. 
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I 



The hypothe- 
nuse AC and 
the angles. 



Given. 



Sought. 



The hypothe- 
nuse AC and 
one leg AB 



The hypothe- 
nuse AC and 
one leg AB. 



The angles 
and one leg 
AB. 



The angles 
and one leg 
AB. 



The two legs 
AB and BC. 



The two legs 
AB and BC. 



The leg BC. 



Proportion. 



As the radius(or the sineof B) 
is to the hyp. AC ; so is the 
sine of A, to its opposite 
side BC. fby firofi, 9.) 



The angles. 



The other 
leg BC. 



The hypo- 
thenuse AC. 



The other 
leg BC. 



As AC : rad. : : AB : sine of 
C ; whose complement givts 
the angle A. 



Let the angles be found by case 
2 ; then, as i*ad. : AC : : sine 
of A : BC. f*y /iro//, 9.) 



As sine of C : AB : : rad. (sine 
of B) : AC. C^y firop.J 



The angles. 



The hypo- 
thenuse AC. 



As sine of C : AB : : sine of 
A; BC (by firofi. 9.) 

Or, rad. : tang, of A : : AB 
BC. (by firofi. 8.) 



As AB : BC : : rad. : tang, of 
A (by firofi. 8) ; whose com 
plement gives the angle C. 



Find the angles, by case 6, and 
from thence the hyp. AC 
by case 4. 



■ 
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The SotvMan of the cases of oblique plane triatiffes. 
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1 



Given. 



The angles 
and 1 side AB. 



Two sides 
AB, BC and 
the angle C 
opposite to 
one of them. 



Sought* 



Either of the 
other sides, 
suppose BC. 



The other 
angles A and 
ABC. 



Proportion. 



As sine of C : AB ; : sine of A 
: BC. C^y firofi. 9.) 



As, AB : sine of C : : BC : sine 
of A ; which added to C, 
and the sum subtracted from 
180'', gives the angle ABC. 



Two sides 
AB, BC and 
the angle C 
opposite to 
one of them. 



The other 
side AC 



Find the angle ABC, by case 
2 ; then, as sine of A : BC 
: : sine of ABC : AC. 



Two sides 
AB, AC wd 
the included 
angle A. 



The other 
angles C and 
ABC. 



As AB + AC : AB — AC : 

tang, of the comp. of jA : 
tang, of an ang. which added 
to the said com. gives the 
greater ang. C ; and sub- 
tracted leaves the lesser 
ABC. Cfirofi. 10.) 



Two sides 
AB, AC and 
the included 
angle A. 



The other 
side BC. 



Find the angles by case .4 ; 
and then BC, by case 1. 



All the sides. 



An angle, 
suppose A. 



MfeMi 



Let fall a perpendicular BD,opposlte 
the required angle,andBUpposeDG 
=AD; then(^y)»ro^.ll.) AC:BC+ 
BA ::BC->-BA :CG,which subtract- 
ed from AC, and the remainder di- 
vided by 2 gives AI>; whence A will 
be found, bv case 2,of riprht anfrlcs. 
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SECTION XVIII- 

Hit JippUcaUon of Mgebra to the Solution of Oeomttrical 

PrdUems. 

WHEN a geometricaf problem is proposed to be re- 
solved by algebra, you are, in tlie first place, to describe 
a figure that shall represent, or exhibit the several parts 
or conditions thereof, and look upon that figure as the true 
one ; then, having considered attentively the nature of the 
problem, you are next to prepare the figure for a solution 
(if need be) by producing, and drawing, siich lines therein 
as appear most conducive to that end. This done, let the 
unknown line, or lines which you think will be the easiest 
found (whether required or not,) together with the known 
ones (or as many of them as are requisite,) be denoted by 
proper symbols ; then proceed to the operation, by observ- 
ing the relation that the several parts of the figure have to 
each other ; in order to which, a competent knowledge in 
the demente of geometry is absolutely necessary. ' 

As no general rule can be given for the drawing of lines, 
and electing the most proper quantities to substitute for, so 
as to always bring out the most simple conclusions (be- 
cause different problems require different methods of solu- 
tion,) the best way, therefore, to gain experience in this 
matter is to attempt the solution of the same problem seve- 
ral ways, and then apply that which succeeds best to other 
eases of the same kind, when they afterwards occur. I 
shall, however, subjoin a few general directions which will 
be found of use. 

1®. In preparing the figure, by drawing lines, let them 
be either paraUel or perpendicular tb other lines in the 
figure, or so as to form similar triangles ; and if an angle 
be given, let the perpendicular be opposite to that angle* 
and also fall from the end of a gi\tn line, if possible. 

£^. In electing proper quantities to substitute for, let 
those be chosen (whether required or not) which lie 



nearest the koo^rii or giFen p^ite fd jtbe ftgfwe^ and by 
Jtelp whereof tbe nejct adjaci^at parts may be expressedf 
witliottt the intervMntioQ of suHs, by addition and subtrac* 
tion only. Thus, if tbe Droblom were to find the perpen- 
dicular of a plane triangle, from the three sides fpLven, it 
will be much bel;ter to substitute for one of ttie segments 
of the base, than for the perpendicular, though t)ie quan»- 
tity ««quired ; because the- whole base . being given^ the 
other segment will be given, or expressed, by s ubtracti on 
only, and so the final equation come out a simple one; 
from whence the segments being known, the perpendicular 
is . easily found by common ai^bmetic : whereas^ if the 
perpendicular were to be first sought, both the segmentf 
would be surd quantities^ and the filial equation an ugty 
quadratic one. 

3^. When, in any problem, there are two lines or4nan- 
tities alike related to other parts of the figure, or problem^ 
the best way is to make use of neither of them, but to sub* 
stitttte for their sum, their rectangle, or the sum of their 
fdtemate quotients, or £Dr some line or lines in the figure, 
to which they have bpth the same relation. This rule is (ex- 
emplified in prob. ££, as, £4, and 27. 

4^. If the area, or the perimeter of a figure be given, or 
such parts thereof as have but a remote relation to the 
parts required, it wiH sometimes be of use to assume an- 
other figure simUar to the proposed one, whereof one siiito 
is unity, or some other known quantity ; from whence the 
other parts of this figure, by tiie known proportions of the 
homologous side«, or parts, may be found, and an equa- 
tion obtained, as is exemplified in prob. 25 and 32. 

These are the most general observations I have been 
able to cdlect ; which I shall non^ proceed to illustrate by 
proper examples. 

FROBLElif I. 

The ha9e (ft), and the sum of the kjfp&Otmmse anAferpen-- 
iknlar (a) qfa right-amgUd triangle ABC^ bei$ig given; to 
find the perpendkviar. 
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Let tbe perpendicolar BC be denoted by x; tben the 

C hypothenuse AC will be 
expressed by a — x: but 
(by Ew. 47. 1.) AB» + 
BC«= ACS- that is, 6« 
4- ac* aa a* — Sua: + a^iar; 

whence «« — r- — sb the 

perpendicular required. 

PROBLEM II. 

The diagonal, and the perimeter of a reetangU, ABCD 
ing given; to find the rides. ' 

Put the diagonal BD «> a, half the perimeter (DA 

+ AB) » b, anti AB » 
x; then will AD » ft .-* 
x; and therefore, AB* + 
AD« being « BDS we 
have x^^b^-^ibx+a^sm 
which, solyedt gives 
^2a» — 6»+ ft 




aS- 



;r 88 



PROBLEM III. 

The area of a right-^ngUd triangle ABC, and the sides of 
m redangU EBDF inscribed therein, being given; to deter- 
mine tlie sides of the triangle. \ 

Put DF s Oy D£ SB ft, BC « X, and the measure of 

the given area ABC s 
d : tlien, by similar trian- 
gles, we shall have a?— -ft 

(CF):a(DF):;a:(BC) 
ax 




:AB» 



X — ft 



There- 



A E 

£(te — aftd, or a:» — 



B 



fore ^3j X g- ^ 1^ 

and consequently ox* ^ 

£ftd 

•"T- : which> solved^ 



/ 
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civeg £c ss . .1 — , from whence AB and AC 

^ a ^X ofl a 

will likewise be known. 

PROBLEM IV. 

Having the lengths of the three perpendiculars W, VQp 
PH9 drawn from a certain point P within an equilateral 
triangle ABC9 to the three sides thereof; from thence to de- 
termine the sides. 

Let lines be drawn from P to the three angles of the 
triangle ; and let CD be perpendicular to AB : call FF^ 
a; PG, b; PH» c; and AD » 
x: then will AC (« AB) » 

2x, andCD (« v/AC»_AD») 

« y^Sxx «= xvf 3 ; and conse- 
quently the area of the whole 
triangle ^BC (« CD x AD) 

» xx^ 3. But this triangle 
is composed of the three tri- 
angles APB, BPC, and APC ; 
whereof the respective areas A D F B 

are ax, bx, and ex. Therefore we have xx^/'s s oo: + 

a+b + e 




bx + ex; and from thence^ by division^ x 



^1 



PROBLEM V. 

Having the area of a rectangle DEPO9 inscribed in a 
given triangle ABC ; to determine tl\e sides of the rectangle. 

Let CI be perpendi- 
cular to AB» cutting DG 
in H; and let CI » a» 
AB » bf DG a x, and 
the given area ^ cc: 
then it will be> as 6 : 
ax 

b 

whicb> taken from CI, 



X 



a 



-r - CHj 
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ax 



leayes <3( -* -r » IH i and this^ multiplied by Xf giT«t 
ax — - -7- ss cc a f he area of the rectangle ; whence we 

Iiave abx — aac* « hcc, a^ — fta? « — — , a* — — «» t 

' IP 5^ , h |5« 5cc 

L _^ — and 0? as — ± *.|— — • 

S4 a 2 ^4 a 



PROBLEM VL 

Tlirimgh a given point P, within a given circUf so to 
draw a right-Unef that the 4wo parts thereof^ PR, PQy in- 
tercepted by that point and the drcuwference of the civds, 
may have a given difference. 

Let the diameter APB be drawn ; and let AP and BFf 

the two parts thereof T which 
are supposed given) be de- 
noted by a and h; making 
PR « X, and PQ = x+d {d 
being the given difference.) 
Then, by the nature of the 
circle, PQ x PR being -PA 
X PB,we have x+dx x^ oJ, 
or xx+dx ^ab^ wh ence x is 

found s s/ab+idd-^id. 




PROBLEM VIL 

From a given point P, without a given drde, so to draw 
a right4ine PQ, that the part thereof RQ, intercepted hf 
the drcUp shaU be to the external pari FR, in a given rath. 
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Through the centre O, draw PAB ; put PA s a» 

PB » b, PR == X, and let 

the given ratio of PR to 

RQ be that of nt to n; 

then it will be^ a8 mini : 

nx 
X : -rr- « RQ ; therefore 



m 



nx 



PQ ss a; + — : but PR x 
PQ = PA X PB, or a? X 

> abi therefore ma? 



nx 



«+ 



m 



4- not? ss mabf and x 



4 



mob 



m + « 




PROBLEM VIII. 

The sum of the two sides of an isosceles triangle ABC 5f- 
ing eqruU to the sum of the base and perpendicuiar, and the 
area of the triangle being giroen; to determine the sides.^ 

Put the semi-base AD « Xf the perpendicular CD 
ass Iff and the given area 
ABC =^ a* : so shall xy » 

a', and 2 v^ xx + fj^ 2x 

+y (by EL 47. 1. and the 

conditions of the problem^) 

Now» squaring both sides 
of the last equation^ we 
have Aocx + 4yy » 4xx + 
4a?y + yy; whence 3yy « 

42ey» and consequently y :s> 




A 

4x 

-^i which value, substitut- 



4xx 
•d in the former equation, gives -y- 



X 




3tt« ^^ , 40? , 

— «iav^3,-y(-— ) 

* 3ee Appendix. 



a*: from whence 



|a^Sj and AC 
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PROBLEM IX. 

The segments y f Ae ftose AD and BB, and the roito if 
the sides AC ana BC^ of any plane triangle ABC, 6ein; 
^ven j to^nd ^Ae sides* 

Put AD « a, BD » b, 

AC =0?; and let tbe given 

ratio of AC to BC, be as m 

nx 
to n, so shall BC » tt* 

But AC«_AD«(«DCO 

»BC> — BDS that is, in 

nnxx 
species, a^_a*« -;jjjj- 

—6*- Hence we have m^jfi 
— n*a^ sa m^ X oa — 5^9 




anda?»m 



>i 



oa— -M 



nwn— -nn 

PROBLEM X. 

The base AB (a), the perpendiciilar CD=:&, and the dif- 
ference (d) of the sides AC — ^BC, of any plane triangle ABV, 
being gvoen; to determine the tnangle (see the preceding 
figure.) 

Let the sum of the sides AC + BC be denoted by x: 

dx 
then(6yprop. ll.secfc 18.)weshallhavea:a:::d:— - « 

the difference of the segments of the base; therefore 

a dx 
the greater segment AD will he = -^ + "gj" =» 

aa + dx 

— j^ — . But AD» + DC» » AC«} that is, 

o* + 2a»(te + <Pa? sc* + 2<tr + dd, 
_- + 6» = 2 5 whence 



to Cteametrical Frdbkms. S61 

solved, gives a: - a ^ ^^^^ 

PROBLEM XL 

The base AB, the mtm of the sides AC + BC, and ffce 
Imgth of the line CD drawn from the verUx to the middle 
of the base, being given; to deUrmtM the triangle. 

Make AD ( - BD) - c, DC=- &, AC + BC= c, 
and ACax; so shall p 

BC as c — a:. But -^^ 

AC» + BC« is « 
£AD» + 2DC« (iy 
EU 12 , gQ; that is, 

+ 26*; which by re- 
duction, becomes a? — • — =^^ = 

ex « a» + fc« — Jc«; A p B 

whence x is found « Jc ± v^oa+tft — ice 

PROBLEM XIL 

THie two sides AC, BC, and the line CD bisecting the 
vertical angle of a plane triangle ABC, being given; to find 
the base AB. 

Call AC, a; BC, 6; CD, c; and AB, a?; then 

a + b : X I I a : AD » 

ax 
- . ^ ; and a + 6 : « : : 

J:DB-^^.But(6y 

£i. 20. 3-) AC X CB — 
AD X DB a CDS that is. 





a+bY 



whence x will be founds a+b 



-. \ab — cc^ 
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PROBLEM XIII. 

The perimeter AB + BC + C A, and the perpendieular BDf 
falling from the right-^ngU B, to the hypothenuse AC, being 
given to determine the triangle J^ 

Let BD»a, AB»a;» BC^y^ AC«fta$» and AB+BC+ 

CA»k.« then^ by reason of the similar triangles ACB and 

ABDf it will be as « : ]f : : « : a; and therefore xy^ax: 

moreovert a^+«*=«» (6y 
Sue. 47* 1.) and ar4-y+« 
as t(fr]f the question.) Trans- 
pose » in the tastequation^ 
and square both side^y and 
you will have ot^ + Slxy + 
i^sxh^ — 2te + »*; from 
which take a^ + ^ =« jt% 
and there will remain Sxy 

a»t»^2i;5; but^ by the first equation^ 2ary is »8a«; there- 
to 

fore ^as6^l^ — 9hx and »» ^jl^ i whence » is known. 

hb 
But to find X and y from hence^ put g^+gt =»Ci.and let this 

Talue of « be substituted in the two foregoing equationSf 
se+y^b — %, and ccy^acc, and they will become x+^^b 
-— Cy znixy^ac: from the square of the former of which 
subtract the quadruple of the latter^ so shall jc^ — gay+y^as 

b — cl*-— 4ac; and consequently a:— y= ^b — c")* — 4ac. 
^is equation being added to, and subtracted from x+y^ 

b — CfgiveB^x^b — c+ ^b — cl*— .4ac, and 2y^b — c— 

^fT^YZ.Aac. 

PROBLEM XIV* 

Bamng the perimeter of a right-angled triangle ABC, and 
the radius DF^ of its inscribed circle; to ileteniitfte all the 
sides of the irianfft. 

* See Appendix. 



to 
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From the centre D, to the angular points^ A^ B* C^ 
and the points of contact £» F, G^ let lines DA» I>B» 
DC^ D£^ BF, DG^ be drawn; maUng D£^ DF» or DG 



W' 




a, AB^x, BC OB y, AC » », and » + y + « «■ 5. 



oa? 



ay 



a» 



A 



It is evident that -j + -j + -^^ ov lis equal — 

(expressing the sum of the areas ADB^ BDC^ and ADC) 

will be as ^ » the area of the whole triangle ABC; 

and consequently 2xjf » SUA: moreover (Jm jBuc 47. 1.) 
oc" + y* « »* ; to whic h if SUxy » Soft be added, we shall 
have a:* + &i?y + y*, or a; + y T « »« + soft; but, by th^ 
first step, a; + y I* is ■« 6 — %]* » 6» — gfag + «j«j there- 
fore, by making these two values of a; + yY equal to 
each other, we get «^ + «a* « ** — 9b% + *•; whence 
2a =s ft — 2«, and « « Jft — a. But, to find x and y, 
from hence, we hmve now given a; + y(aft — %^ » |ft 
+ a, and xy^ah: the former of these equations, mul- 

bx 
tiplied by a:, gives a:* + ay « _ + oar; from which the 

2 ■ 

latter xy^ab being subtracted, we have a^ » ifta; + oa; 

- « 2a + ft . , 

—'Oft, or a;* -« — ^ — x x « .^oft.- whence^ by corn- 
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pleting the square, ^e. x - ^ + h±>/ Aa^-Xiah -\-V>_ 

BO that th e three sides of the triangle are, hh — Of 

£a+6+ ^/4a*— 12aA+^ . Sta+h— v^4a'*—l2a6+^ 
^ , and J— ^. 

Oihtrwise. 
The right angled triangles ADE, AD6, having the 
sides DEy D6 equal and AD commony have also AE 
equal to AG : and, for the like reason, is C£ » CF ; 
and consequently AC (AE + CE) aAG+CF. Whence 
it appears that the hypothenuse ia less than the sum of 
the two legs, AB-+ BC, by the diameter of the inscribed 
circle, and therefore less than half the perimeter by the 
semidiameter of the same circle. Hence we have AC ss 
hh — a, and AB + BC a jfr + a. Put, therefore, ii— 
a esc, ib + a ad, and half the difference of AB and BC 
mtx; then will ABs d +a;, and BC » d — x; and con- 
sequently 2 d» + ga;» (AB«+BC«) «= c* (AC^), whe nce x is 

found « v^^c*— if ; therefo re AB is = Jd + \/<c*— c(% 

and BC « id— ^hc^—(P. 

PROBLEM XV. 

AU the thru Mtt of a triangle ABC being given; to find 
the perpendicularf the segments of the base, the area, and 
the angles. 

Put AC » a, AB as ft, BC SB c, and the segment 
AD ^ X ; then BD being as 5 — x, we have c* — 

FUST (« CD«) « a* — a:», that is, c» — . 6« + 2to 




F A 

05* « c* — a^: whence 2to 



D B 

oa + M — cci and 



X 
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ua + bh — cc 



2b 



Now CD« =» AC» — AD« 



« aa + bb — cc 

AC + AD X AC — AD « a + 55 ^ 

aa + bb-cc Zab + aa + bb — cc 

^ i6 ^* ^ 

2a6 — aa — W + cc a + ftT — c» ^ c» — a—b'y 

hence CD = -^ X JoTT? — c» x c» — o — 6?? 

CD X AB^ 

and the area ( x ) ■■ 



'^ 



c^ X c^ — a— 6T' 



But, because the difference of tbe squares of any tw^ 
lines* or numbers* is equal to a rec tangle under their 
sum* and difference* the factor a + bY — c* will be *» 
a + b + c X a + b — c; an d the rem aining factor 

c» a 6"!^ « c + a — b X c — a + ft : and so the 

area will be likewise trulyoxprcssedby 

^v^fl j^ b + c X a + b — c X c + a — ftX c — a + b 
+ b + c a + ft — c c + fl — ^" c — a -h ft 



-j^ 



2 >^ 2 ^2 ^2 

fl+6+c 



as ^ « . »— c • « — 6 . « — a ; by malting « - 

In order to determine the angles* which yet remain to 
be considered, we may proceed according to prop. 11. 
in trigonometry, by first finding the segments of the 
base 5 but there is another proportion freciuently used 
in practice; which is thus derived : let BA be produced 
to F, so that AF may be =» AC; and then* FC being 
joined, it is plain that the angle F will be the half of 
the angle A j and DF ( « AC + AD) will be given 

2 M 
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\jT(m above) «= r; « ——5: x 



2b 



25 



J. X s — c: butDF (.?iJLLzzJ ) is to DC 



£ 



v/ 



( -y^ s . 5 — c . s-r-b . ar-ra^y 80 18 the radius to the tan- 



gent of F ; and conseqaentlv 8 x s — c is — bxs — a : : sq» 
rad. : sq. tanja^. of F ; that is^ in wordSf as the rectangle 
under half the sum of the three sides, and the excess of 
that half sum ^bove the side opposite the required angle, 
is to the rectangle under the differences between the other 
two sides and the said half sum, so is the square of the 
|*adius» to the square of the tangent of half the angle 
sought. 

PROBLEM XVI, 

Having given the base AB, the vertical angle ACB, and 
the right4ine CD, which bisects the vertical angUf and is 
terminated by the base ; to find the sides and angles of the 
friangU. 

Conceive a circle to be described about the triangle, 

and let EG be a diameter 
of that circle, cutting the 
base AB perpendicularly 
in F ; also from the cen- 
tre O9 suppose OA and 
OB to be drawn, and let 
CD be produced to E 
(for it will meet the pe- 
riphery in that point, be- 
cause the angles ACD 
and BCD, being equal, 
must stand upon equal 
arches EA and EB). 
Now, because the angle AOB at the centre, standing 
lipon the arch AEB, is double to the angle ACB at 
the peripheryf standing upon the same arch \Euc. £0. 3.) 
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that an.^Ie, as well as ACB, is given ; and, therefore, in 
the isosceles triangle AOB, tliere are given all the angles 
and the base AB ; whence AO and FO will be botli giv« 
en, by plane trigonometry, and consequently EF (AG — 
FO) and EG r« 3A0). Call, therefore, EF=a, EG«b 
hf CD sr c, ana DE s x; and suppose C6 to be drawn ; 
then, the angle EC6 being a right one (Euc. 31. S.) the 
triangles EDF and E6C will be similar ; whence x : a 
z : b : X + c; therefore, by multiplying extremes and 
means, we have a^ + ex ^ abf and consequently x =■ 

x/ab + ice— he; from which DF (v/ED'— EF*), half 
the difference of the segments of the base, will be founds 
and from thence all the rest^ by plane trigonometry. 

Before I proceed further in the solution of problems^ 
it may not be improper, in order to render such solutions 
more general, to say something here, with regard to flie 
geometrical construction of the three forms of adfected 
quadratic equations. 

fx^ + ax ^be, 

vix. s a?* — ax ss be, 

* l^ax — oc^ sa be. 



Construction of the first and second forms. 

With a radius equal to ia, let a circle OAF be de- 
scribed ; in which, from any point A in the periphery, ap- 
ply AB equal to b — c (b 

being supposed greater A.^^ **v^F 

than e) and produce the 
same till BC becomes 
sc; and from C, through 
the centre O, draw CD£ 
cutting the periphery in 
D and E ; then will the 
value of X be expounded 
by CD, in the first case, 
and by CE^in the seconds 
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For* since (by construction) DE is =09 it is plain, if 
CD be called x, that CE will be a; + a; but if C£ be 
called X, then CD will be a; — a: but» by Euc. 37. 3. CE 

xCD^ACxBCy th at is^x +axx (oc^+ax) is =>c, ia 

the first case ; and x x x — a {x^ — ax) sftc, in the second : 
which two» are the very equations above exhibited. 

When b and c are equal, the construction wiU be rafher 
aiore simple; for, AB vanishing, AC will then coincide 
with the tangent CF ; therefore, if a right-angled triangle 
OFC be constituted, whose two legs OF and FC are equal 
^spectively to the given quantities ia and ft, then will 
CD ( » CD — OF ) be the true value of x in the former 
case, and CE (»CD + OF) its true value in the latter. 

Construction of the third form. 

With a radius equal to 2 a, let a circle be described (as 
in the two preceding forms,) in which apply AB, equal 

to the sum of the two given 
quantities b + C9 and take 
therein AC equal to either 
of them; through C draw 
the diameter DCE; then 
either DC, or EC, will be 
the root of the equation. 

For, the whole diameter 
ED being ssa, it is evident 
that, if either part thereof 
(DC, or EC) be denoted by x, the remaining part will 
be a— <i;.- but DC xEC» AC x CB {Euc 35. d.) that is, 
ax — a^sssbc, as was to be slunvn. 

The method of construction, when ( and c are equal, is 
no ways different ; except that it will be unnecessary to 
describe the whole circle ; for, AC being, here, perpen- 
dicular to the diameter ED, if a right-angled triangle 
OCA be formed, whose hypothenuse is ia, and one of its 
legs (AC) = &, it is evident that the sum (EC) and the 
difference (DC) of the hypothenuse and the other leg, 
will be the two values of x required: 
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Mte* If 6 and c be given so unequal^ that h — c, in the 
two first formSy or b+c, in the last, exceeds (a) the whole 
diameter; then» instead of those quantities^ you may make 
use of any others^ as ib and Sc^ or ^b and SCf whose rect- 
angle or product is the same ; or you may find a mean 
proportional between them^ and then proceed according 
to the latter method. 

PROBLEM XYIL 

37^ base AB, the vertical angle ACB» and the right-line 
CD» drawn from the vertical angle, to bisect the base, being 
given ; to find the sides and perpendicular. 

Suppose a circle to be described about the triangle; 
and let CQ be perpendicular to AB, and ED equals and 
parallel to CQ ; moreover^ from the centre ¥, let FA» 
FB, and FC be drawn ; sdso let CE be drawn (parallel 

to AB). Put the sine 

of the given angle AC B, ^^^ ""^^s^ aj 

to the radius 1, ^ m^ ^^ 

its co*sine an, the semi- 
base BD sat the bisect- 
ing line CD » b, and 
the perpendicular CQ 
(DE) as a; .* then, since 
(by Euc. "20. 3.) the an- 
gle BFD is equal to 
ACB, it will (by plane 
trigonometry) be, as m 
(sine of BFD) : a (DB) 
: : n (sine of DBF) : 

na 

— a- DF $ aad, as m (sine of BFD) : a (DB) : : 1 (dine 




of BDF) : 1. 



the radius BF^ or FC ; whence EF 



(ED-DF)«ar_^,or^2^=^- But, (6y ^ 12. 
8.) DF* + FC» + 2DF X FE - DC» j that ig, in species. 



n«tt» 



a' 

+ ;;? + 



2na mx — na 
1ft m 



a' 



**• <>«• ;r. - 



w 



n^a^ 
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Snox 

ssx 0^: buty since the sum of the squares of the sine 

HI 

and co-sine^ of any angle whatever, is equal to the square 
of the radius, or, in the present case, m^ + n^ ^U there- 

fore is 1 — n* « m^, and consequently -^ — — 5-, (or 



a 



8 



—J X 1 — n*) = — g X m^ ^ a^; whence our equatioa 

Qnax 
becomes a* + =» 6* : which, ordered, rives x « 

VI X b^ — a^ m DC* — DB^ m 

^na ^ n ^ AB "" n ^ 

!DC + DB X DC — DB , m ... 

; where — expresses the tan- 

AB ' « * 

gent of the angle ACB : therefore, in any plane triangle, 
it will be, as the base is to the sum of the semi-base and 
the line bisecting the base, so is their difference to a fourth 
proportional ; and, as the radius is to the tangent of the 
vertical angle, so is that fourth proportional to the per- 
pendicular height of the triangle : whence the sides are 
easily found. 

27^ same otherwise. 
Let the tangent of the angle ACB, or BFD, be repre- 
sented by p, and the rest as above ;' then it will be {Jby tru 

gonometry) as p : 1 (the radius) : : a (BD) : — « DF; 

therefore FE (DE— DF) -acu- -, and FC« ( — FB» » 

DB*+DF*) ■> a* + ^ ; and consequently ^ + a* + ^ 

+ !£ X x — - (DP+FC»+2DFxFE) « W («DC») 

that IS, a* + — «B i"; whence x^px ,the same 

p '^ Sta 

as before. 
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PROBLEM XVIII. 

The area* the perimeter f and one oftlie angles &fany plane 
triangle ABC being given^ to determine the triangle. 

Suppose a circle to be inscribed in the triangle^ touching 
the sides thereof in the points D, £, and F 5 ^o from the 
centre 0, suppose OA, 0D» OC, OF^ OB, and 0£ to be 
drawn: and upon BC let fall 1^ 

the perpendic ular AG ; put- ^ ^ 

ting AB + BC + AC=6, the 
given area » a', the sine of 
the angle ACB (the radius 
being l)»mf the co-tangent 
of half that angle (or the tan- 
gent of.DOC) «=«, and AC 
8= OP. Therefore, since the 
area of the triangle is equal 
to JAB X 0E + 4BC X 0F+ 

i AC X OD, that is, equal to m^ t* 

a rectangle under half the A B i> 

perimeter and the radius of the inscribed circle, we have 

b Qaa 

Y X OE«:aa; and therefore OE — ^. But AD being 

= AE, and BF»BE ; it is manifest that the sum of the 
sides, CA+CB, exceeds the base AB, by the sum of the 
two equal segments CD and CF ; and so is greater than 
half the perimeter by one of those equal segments CD ; 
that is, CA+CB=:i6+CD: but (by trigonometry) ^ i 

2aa 
(radius) : n (the tangent of DOC) : : -j- (OD) : DC « 

Qfia* Zna^ 

-J-; whence CA+CB («j6+CD) ib + -^ ; which, 

Qna^ 
taken from (6) the whole perimeter, leaves ib — . -j— « the 

base AB. Make now ib + -p » c; then will BC = c 
— X : also (by trigonometry) it will be, as 1 (radius) : m 
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(the sine of AC6) : : x (AC) : mx » AG ; half whereof 

mcaj — TOOc* 

the 



£ 



a^ 



multiplied bjc^^x (BC), gives 

area of the triangle : from whence x conies out » ic ± 



ST ~ 



9.aa 



PROBLEM XIX. 



Tfte hypothenuset AC, of a righUangkd triangle ABC, 
and the side /of the inscribed square B£DF» being given; to 
determine the other two sides ojthe triangle. 



Let D£^ or DF«a, ACs 

C 




if AB»a:, an(l'BC»y; then 
it will bef as a; : ]f : : a; -^ a 
(AF) : a (FD) ; whence we 
have ax^yx — ya» and con- 
sequently £6y SB OOP + Of • 
Moreover, xx + fy sa M? 
to which equation let the 
double of the former be add- 
ed, and there arises o^^+Sory 
+ y* = g y + &ax 4- 2ay; 

that is, a: + yl* « 5» + 2a 

xa;-hy, or ar +y"l* — 2axar+y=&*; where, by considering 
x+y as one quantity, and completing thesquai'e, we have 

X + y"|*-^ gtf xar-f y+ fl*"=6*+ a^; whence a'+y — a» 
v^J*+a*, and ar+y=s v^a*+^+a; which put ^c: then by 
substituting c — x instead of its equal (y) in the equation 
xy==ax+ayf there will arise cx—a^^ac; wlience x will 

be found «ic+ ^icc — ac, and ya=c — ^ico-^a4:. 

It appears from hence that c, or its equal ^^ aa + bb 
+ a, cannot be less than 4a, and therefore b^ not less 
than 8a' ; because the quantity ice — ac, under the 
radical sign, would be negative, and its square root im- 
possible ; it being known that all squares, whether from 
positive or negative roots, are positive ; so that there 
cannot arise any such things as negative squares. 
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unlesB the conditions of the problem under consideration 
are inconsistent and impossible. And this may be demon- 
stratedy from geometrical principles^ by means of the fol- 
lowing 

LEMMA* 

The sum of the squares of any two quantities is greater 
tban a double redangU under those quantities, by the square 
of the difference of the same quantities. 

For let the greater of the two quantities be represented 
by AB^ and the lesser by BC (both taken in the same right- 
line.) Uwn AB and BC let the sqiiareli AK and C£ be 
constituted } take AP 

»BC and complete H I IC 

the rectangles PH 



and CF. Therefore, 
because AB » AH, 
and AP»BC, it is 

{lain that PH and 
^D are equal to two 
rectangles under the 
proposed quantities 
AB and BC; but 



F 



E 






B 



these two rectangles -^ 
are less than the two squares AE and CE, which make up 
the whole figure by the square FE, that is, by|the square 
of PB the difference of the two quantities given; as was to 
he proved. 

Now, to apply this to the matter proposed, let there 
be gi ven the quadratic equation as^ + 1^ ^ SUtx, or a; a a 

± >^aa — bbi then, I say, this equation (and consequently 
any problem wherein it arises) will be impossible, when aa 
— -frb is negative, or b greater than a. For, since b is sup- 
posed greater than a, ibx will likewise be greater thai| 
fioo: J but 2ax is given ^ xX'\-bb9 therefore 9ibx will be 
greater than ocx-^-bb, that is, the double rectangle of two 
quantities will be greater than the sum of their squar^s]^ 
wMch is proved to be impossible. 

2N 
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PROBLEM XX. 

The base AB (a) and the perpendicular BC(b)afa rights 
angled triangle ABC^ being given; it is prapoHdto find a 
point D in tfte perpendicular, so that, if two right-Unes be 
drawn from thence, one to the angular point A, and the other 
(D£) perpendicular thereto, the triangles DEC, ABD^ cut 
off by those lin^s, shall be to one another in a given ra&o* 

Lei AB be produced to F so tkat the angle BFD may be 
equal to the angle BCA ; putting AC^c, CB^x, and the 




given ratio of the triangle DEC to ABD> as m to n. Then, 
by reason of the similar triangles ABC^ DBF^ it wiUbe^ a 

t* — bxz 
(BD) : BFt. — r— whence AF* 



(AB) : b (BC) : : 

J* — bx a' +6* — bx c* — bx 



a 



a-h 



a 



(because a'+6* = c*). 



Also^ as ADE is a right-anglei the angles FAD, EDC will 
be equal } theiTfore, the angles C and F being equal (6y con.) 
the triangles AFO9 DC£> must be similar ; and consequent- 

ff—bxV^ ^^ . AFxBD 6— a:xc«— te 



sa 



the area of the triangle AFD : ( ) the area 

2 X ^ — bx 

of the triangle DEC : wherefore^ the area of the tri- 



ia Qeom^trical JhroHcm* 9fi 



angle ABD being , or we shall have. 



mm: I ■ s : -*— - — (by the q;iu$twnj; and con- 

^ mbx mc^ 

Bequratljr, nafi ^ m x c» — bx, or oc* 4- "^ «■ ^ ; 

which, reduced, gives ar = ^ — + -^ — — • 
The geometrical construction of this probleoi, fipem the 

equation ofi + — - n — , may be as follows. In CB 

let there be taken, CH : CB : : m : ii» and let HK be 

drawn parallel to BA; then CH beings — , and CK =» 

HUT 

— , our equation will bo changed to ac'+opx CH«AC x 



CK, or to CD X CD + CH* AC x CK. I^pon CB as a 
diameter let the circle CTHQ be described, in which in? 
scribe C6«b AK; and in CO produced, take CS^CA j 
and from 8, through the centre O, draw the right-line 
STOQ» cutting the circumference in T and Q, and mmke 
CD»ST: then will D be the point required. For CG 
being « AK, and CS * CA ; therefore w ill AC x CK« 

C SxGS=:S TxSft(Jgttc. 37. 3.) «STxST+T(i=CD 

x CD+CH, the very same as above. 



PROBLEM XXI. 

Saving the perimeter of a righUanglei triangle ABCj 
and three perpendiculars DG, DF, and DG, falling from 
apoint within the triangle upon the three eides thereof $ to 
determine the sidee* 

Suppose DA, DBf and DC to be drawn ^ .and let D6 
» a, DF » ft, DG s c, AB :* x, BC » y, AC ^ x, 
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i^d the perimeter^ AB+BC+ AC, ^p: then, the area of 

C ADJB being expounded 

by ^;thatofBDCby 
^; that of ADC by ^ 




and that of the whole, 
•A^C, by -^ ; we there- 

^ , ax by e% xtt » \ , 

fore hare — + -| + — = -^, or ax + by + csi^xy: 

moreover* we have a:*+y*a=»S and x+y+xs^p^ by the 
conditions of the problem. Let » be transposed in the 
last equaticm, and both sides squared, so ahall a^+2xy+ 
3f*=sp* — 2p»+«^, from which, if a:*+y*«»* be subtracted, 
there will remain 9jcy^j^ — Slp%=sSUuK+9,by+2c» (by the 

Jlrst equation): whence ax+by+c+px^^ipp: from this 
last equation subtract a times a:+y+»asp, and there will 

remain by — ay+p+c-^x»=Jp* — ap; also, if from the 
same equation, b Hmes x+y+%^p be subtracted, there 

will remain ax — bx +p + c — b x »= ip^-r-ip ; which two 
last equations, by putting d=6 — a, e=p+c — aff^i]f — 
^P9 g=^p+c^f and Aa jpS— i>p, will stand thus, dy+ecs 

■»/, and — d% +g%^ h; whence y cs* ^ . , and x « 



-J— * Let these values of x and y be substituted in st^+ 

t'^ and we shaU have-^-^^^^ + ^-"i''+*' 
^ c^ ^ i^ 

=»»•, or e«+^— d* X x^—2cf + 2^A x % « —/*—**: put 
««+^_(Pa=fc, ef+ght^l, and/»+A««m; so shall *»*— 

fuxm — m; whence »^— T" "^ "~ T* ^^^ ^ ^ k 
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arr 



ST^ — 



m 
T 



Z±^P — km 



from which x ( 



— d~) and y ( 



— 2 — ) will also be known. 



If a, b and c are all equal to each other^ the point D will 
be the centre^ and each of the given perpendiculars a radi- 
us of the inscribed circle; and the value of % in this case> 
will be barely equal to ip—a; for the equation^ if — ay+p 
+c — a X »= 4p* — apf above founds here becomes jw5=« i;^ 

But, if only a and b (or DE and DF) be equals then the 

equation will become p + o-^^ x «= Jp*— op / and therefore 

ip — ap 
» =■ rrz — :, ; in which, if c be taken ^ 0,» will be » 

ip* — ap 

; where a is the side of the inscribed square. 

PROBLEM XXn. 

The perpendicular CD, the difference of the sides, AD — 
BD, and the vertical angle H, of any plane triangle ABD^ 
being given; to determine the sides. 

From B, upon AD (produced if need be) let fall the per- 
pendicular BE : let the sine of the angle BD£»«, its co- 
sines c (the radius being unity;) also let the perpendiealar 
CDap, the lesser side BD 
ss^Xf and the greater DA» 
x+d: then (by prop* 9. in 
trigonometry^ as 1 : s : : a? : 

sx^Bl^ ; andy as 1 : c : : a; : 
cars ED. Now ABS being 
» AD« + DB* — AD X 

SDE {Euc. 13 . gQ, w ill be 
expounded by x+d^^+a^ 




+dx2cx9 0v2afl+Zdx 
+cP — 2ca^ — dcdor; whence, . 
by reason of the similar triangles ABE and ADC, it will 



bet as 2aj*+2<te+d*— 2ca:*— 2«te (AB») : «*a:* (BE«) : : af 
+2a?d+di (AD«) : jp* (DC*), and consequently, by multi- 
plying extremes and means, ^x* + ^^dx^ + s'iPaf a ZfFa^ + 
Slf^dx+j^d^^-^j^ca^-^StjMbc ; firom whence, by transposi- 

ip* 2p^ 
tion and division, we have 00^+ 2ila[:*+i{> — -jT + "3" xa? 



2]^Clt 2p*d J^lP 

*(- -jT" — • "-jr X a?— -jr ■■ 0. Which equation answer- 

ing the conditions of the second case of biquadratics, ex- 
plained at p. 154, we shall therefore have a^+ da: + --jj — 



<■ \^^ + ^^ — ^^ i end consequently a? « — id -f 

S-j + — jr— + \|-p- + — pr— • 

otherwise. 

Supposing I, c, and p to be the same as before, put half 
the given difference of the sides aa, and half their sum ^ 
X} then the greater side AD will he^x+a, and the lesser 

BDea: — a; wherefore {by trigonan utry) l : « : : a: — a : 8 X 

a;r — a«=:BE ; and, 1 : c : : a;— a : cxx — gasDE : but AB* 

is« AP»+D B» — 2DE X AD«iS+al*+a; _al« — ac X 

a?— ax a; +0'= 2^+ 2a' — ^Icx^-h^^eoFi whence by reason of 

the similar triangles ABE, ADC, it will be &v*+2^ 

Sca:» + fUa* (AB*) : «« X x — a^ (BE^ ; ; x+ aY 

(AD») : p« (DC»)4 and consequently »* x x — af x 

a"+^1* a 2ap* + 2a* — 2cx» + 2ca* x p*, or Ar* — 
2s«a»a:« + ^a* « 2jAr» — 2qi»a5* + ^p^€fl + 2cp«fl*j 
whence, by transposition and divi9ion, x^ — do'a^ — 
2p»a:* Scp^ 2p*a* Stcf^a* 

--jr + -jr- ^ -IT- + -;;' — aS Substitutt 
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the eqnatio n will gtand t hus, x*^-« d^ s ^: whence x is 

found = W/± ^jFFi. 

If, instead of the difference^ the sam of the ^des bad 
been given, in order to find the difference, the method of 
operation would have been the very same, only^ instead 
of finding the value of x in terms of a, by means of the 
equation s'o:*— 2«*a*ac*+sV « Sjp^oc* — 2qi*ac* + 2p*a* + 
Stcj^a^ that of a must have been founds in terms of Xf from 
the same equation. 

PROBLEM XXIIL 

Baving one leg AB of a right-angled triangle ABC ; to 
find the other leg BC> eo that the rectangle under their dif- 
ference (BC — AB) and the hypothenuse AC^ may be equal 
to the area of the triangle^ 

Put AB >B a, and BC «a x} so shall AC^ s/aa+xx$ 

ax 

Und -g ■■ a:— a* ^^aa+xx, by the conditions of the 

problem. By squaring both sides 
of this equation we have ia^a^ ea 

gfi — Qax + a' X aa + xx: in 
Which the quantities x and a being 
concerned exactly alike, the solu- 
tion will therefore be brought out 
from the general method for ex- 
tracting tite roots of these kinds of 
equations (delivered atpo^e 156^: 
according to which^ having ai- 

1 X a 

vided the whole by a^x^, we get j a — .^ 52 + — 




X ^ + t5 ^Mch, by making » « ^ + * will be 

X U Qt X^ 

^reduced down to i sa ^ZTg x », or »* — 2« a ^ : 
whence % is given = 1 + s/J. But since — +— = <», 
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a» 



we have a^ — oflwc » — o*{ and therefore ^ — g" + 
Itf^ _ a* * |- X » + v^»» — 4; which by substi- 



a 



tating the value of », becomes a: « ^ x 

PROBLEM X^IV. 

To draw a right-line DF from one angle B of a given 
rhombus ABCD, so thai the part thereof FG intercepUd fty 
one of the sides indnding the opposite angle and the other 
side produced^ may he of a given length. 

Let DE be perpendicular to AB ; and let AB (« AD) 

" =s a, AE = 6, FG 

ssc, and AF = x: 

tbei)DF«(=AF*+ 
AD» — SAExAF) 
maxx + aa — 2bx; 
and, by similar tit- 
angles^ ocx + aa— • 
ABB F 2bx (DF») : XX 

( AF») ; : cc {¥& ) ; x — aT (^^) > and consequently 
a:x+ aa — Qbx x ocx — Sao: + aa tssccxx. Make maysa 
ft, and na'^ c, so s hall our equat ion become 
ocx-^aa-^zmax x xx — 2ax+aa « n^ a^a^i which, di- 

% X a X a 

▼ided by a^x*, gives — 4. — — 2mx ~ + ^—2 = 




a; 



~- + — , becomes % — 2m X 
a X 



n' : this^ by making % » 

STZTi « n>: therefore «» — 2m + 2 x » « «^ — 4m, 

and i» « 1 + m + ^«* +1 — mT « 

c + t + ^c^ + g — fcT , by restoring the values 

a 
m and n» From when(^ the value of x- will be also 
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kmwn ; for — + — '***"? 

Of X 



%f i¥e haye^ ^j reduc- 



tton, «* -^ msx 



— « oa; and therefore a; «■ — x. 



» 4* •««— 4. 

PROBLEM XXV. 

3ft« diaeanals AC» BD^ and «a ^Ae angUSf DAB, ABC, 
BCDf ana CS Ay of a trapezium ABCD^ being grvetif to 
deUrmine iht sides. . 

liOt W^BSr be another trapeziwn similar to ABCH^ 
whose side PQ is unity; and let QP and RS be produced 
till they meet in T: also let PR and QS be drawBjr 
and make IBiv and StP perpendicular to TQ« Let the 





(natural) sine of ihe riven angle STP, to the radius 1^ 
be put » m; that of TSP, or PSR, ^n; that of TRQ 
n p; the co-sine of SPQ » r ; that of RQv » s^' AC » 
a; BD » ft ; and PT « x. Then (by plane trigonometry) 



nimiiX'.VS 



rmx 



5!^.ai»dl:^(P8)::r:P«; 
n » n ^ ^ 



— : whence^ (by Euc 13. 2.) QS» (- QP* + PS«~ 
Aipiin (by trigonometry) p : m : : 1 + a: (TQ) : QR 



ma + iitsae 



and i : « : : 

P 

And therefore PR* ( 

9Q 



PV + QR» — 



i 

\ 
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£PQ X Qt;) « 1 + "^ + ^^' - ^"^ "^ ^"^^ But 

becmse of the similar figures ABCD, PQRS, it will 
be, AC^ ; BD « : : PR» : QSS that is, c* : 6* : : 

^ ^ y • * ^ n» n ^ 

and consequently a* + ■-^- ;j— " '^ + "^ 

^ — ;;;:r" + ^ — ~:;r" ~ — :;; — • whence wnt- 
vp pp p,^ p. ^ 

inir f ■» — — — — 4 jT =* — — -- — f and 

ft^' 2bbms 

which, solved, gives x «= yj ■*" W *" 7 ' *"^"' whence 

SQ will 'also he known : and then, again, by reason of 
the similar figures, it wiU be as QS : QP (unity) : : BD : 
AB ; which therefore is known likewise : from whence 
the rest of the sides BC, CD, and DA will all be foond 
by plane trigonometry. 

The last problem is indeterminate In that particnlar 
case, where the trapezium may be inscribed in a circle, 
or where the sum of the two opposite angles is equal to 
two right ones ; for then there can but one diagonal be 
given, in the question, because the value of the other de- 
pends entirely upon that. 

PROBLEM XXVL 

Suppoging BOD to be a quadrant of a given circle; to 
find the semidiameter C£, or CL, of the circle CEGL, ta- 
scribed therein; and likewise the semidiameter of the littU 
cirde nFmP, touching both the other cirdes DLB, LME, 
and also the right4ine OB. 

Let BQ, Pn, and CE, be perpendicular to BO ; join 
C, n and O, n; and draw OC meeting BQ in Q, 
and nr parallel to BO, meeting CE in r.* put OB 
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( « BQ) » 1, OQ ( « %/ 2 ftif Euc. 47. 1.) « fc,' and 
Pn ( as nm ) » a?. Tben, by reason of * the simttar tri- 
angles OBQ, OEC, it wUl be, OQ : BQ : : OC : 



-^' 




CE ; whence, ftv eompasiUdn, OQ + BQ : BQ : : OL : 

(OC + CE) : CE^ that is, 5 + 1 : 1 s : 1 : CE « 

1 ft— 1 . &— 1 . ^ 



S5" 



1 



%/2 



6 + 1x6 

•— 1 $ which let be denoted by a, then we shall have 
Cn -f Cr = 2a» and Cn — Cr ?s: 2a;; and therefore nr 

( sa >^Cn + Cr X Cn — Cr ) = 2\/ oo:. Moreover On 
+ Pn bei ng «« 1, a nd On — Pn «« i -,- fcrr, thence will 

OP ^ %/ 1 —2a?; which also being ^ P E + OE 
( 2 v^ flo: + a) we therefore have ^Z 1 — 2a:a=2v^aa: 
+ a ; whereof both sides being sqaared, there arises 1 — 

2a: as 4ax + 4a\/ax + a*, or 1 — o* — 2ar — 4ax =s 
4a\/ aa:; which, because 1 •— aa is 2a, will bee — 
I + 2a X x^ ftos /ax: this, squared, giv es a' — l + 2a 
X 2fla: + 1 + 2a 1^ X a:* « 4a*a:; whence 1 + 2a"|* x a:* 
— .1 + £a X 2aa? — 4a*x = — oa ; which, by writing 
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h'-^ 1 instead of its equal a, beconiee aft — i"]' k ^ — 
7b — 9x2x^ib—3} therefore :^— ^^. ~ ^ . x 

5te « ^a J from whence x is found « 

26 — 1 1 

7ft ~ 9 



2ft — 1 



li^-; 



7ft — 9±Wgft^ X iftHlT+Tftl^T 

^ ia : Which, by wntiag 

^— ^^. . 7s/'^~9±s / 136 —96 y/ 2 
V 2 for ft, becomes i „^ — = 

. 2^"2-lT _ 
7^2 — 9db6^/ 2y8 .... , . 13^2—17 

1^ ^ that 18, equal to f 

\/ 2' — 1 

or to _ ; which last is the root required, the 

2^/2—11 
other being manifestly too large : bnt tUs valae wiH he 

reduced to -^--— — • Therefore OP ( « v'l — 2«) 

18 given « ^ ^g - » 7Pii; and 

consequently BH s^s |BQ; from whence we have the fol- 
lowing construction. 

In the tangent BQ, take BB » |B0 $ draw HO, out- 
ting the circumference BI>L in F, and make the angle 
OFP » iOHB, and draw Tn parallel to BQ^ meeting 
PH in n, the centre of the lesser circle re<]piired. 

SCHOLIUM. 

In the preceding solution it was required, sot only to 
extract the square root of the radical quantities 136 — 
96 V2 and 5 1 — 10^/2, but likewise to take away the nt^&cd 



•/ g* , , , f 

qnantitj from the denominator of the fraction . ^ 

and confine H^ whoflyy to the numerator : all whfch being 
somewhat diflcnlt^ (and^ for that reason^ omitted in the 
introduction^ as tdo discouraging to a young beginner) I 
shall therefore ' take the opportunity to explain here the 
manner of proceeding in sudi like casts^ when they hap- 
pen to occur.* • 
Firsts tbeAy with regard to tiie extraction et roots oub 

of radical quantitiesy let there be pressed A ± s/Sl A be* 

ing the rationaU and %/S ttie Irrational part thereof ; and 

let the root required be represented by v^ ± v^; the 

square of which wHl be x+y±2\^xy, or x+fi± v^SSqf} 

therefore we have x+y± V4icy= A ± \/B. Let the irra- 
tional, as well as the rational parts of these two equal 
quantities he now compared together ; so shatt s^+^^A^ 

wA "^AXfi^ v^B*: from the square of the former of whieh 
equations subtract that of the latter^ whence will be ha4 
XX — 2ay+ yy=gA^ — B ; and, by taking the square rool^ 
x-^y ss ^ A? r^ B"j which, added to, and subtracted 

A + ^"A*^— -B[ 
from x+y « A, ^c gives x « , and jf =b 

Al-^/A«-ft 



In the first of the two cases above specified, the qoan- 
tilyjvhose square root is io be extracted being l S6 — 96 

^ St we hav« A»136t and B =^J84S£(«"961* x fi)j 
whence we have x ( = _: ) = 72, and y 

, A--.v^A»— B^ ^ ^_ 

Q a « — J en: 64 J and conscqucntly v a: — v y 

as >/ 72 — v^"64 « 6v/T— 8, the required square root 
of 136 — 96 ^/X After the very same manner, the square 

root of the other radical quantity 5 1 — 10^^ 2, or 5 1 — v^ioo 
will be found to be 5 s/2 — l : for, A being here C3 51, and 

* See Appendix. 



I 
I 

i 
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BssSOO^ we bave xj» 50, and jf » 1 ; and coi»eqi»ii<lj 
^Ic — ^/y«5v^2 — 1. 

What has been said^ thus far^ relates to the extraction 
of the square root only ; but the same method is easily ex- 
tended to the cube^ biquadratic^ or any otiier root. Let 
ns take an instance thereof in the cube root ; where we will 
suppose the given quantity, out of which the root is to be 

extracted, to be represented \/f A± v^, as before. Then^ 
if the rational part of the root be denoted by x, and the ir- 
yational part by ^"yj tte root itself will be expressed by 
a? ± v^ jf ; and its cube by a* ± to* v^+ Qacy ± jf v^ y.* 
from whence, by proceeding as in the extraction of the 

square root, we have oc^+Sxy^At and Sa;*^'j+y^^» 
v^ B. Let the sum and the difference of these two equa- 
tions be taken, and there will come out a^+ to'^^+Sxy 
+ y v^'y asA+ v^^ and x* — Sac* ^^+ 3xjf — y V^=sA 
— ^ B| whereof the cube root being extracted on both 
sides* we thence havear+v^yaeAH-v/Bli, and x — v^jf« 
A — \/B1J: let the two last equations he added together, and 

the sum be divided by2j so shallaras — IS *^ L; 

and by multiplyin g the same equations together, we get 
a:* — jfsssA* — B |i, and consequentiy y=sac* — A* — b14J 
whence y is likevrise known. 

UfdvtrAiUiif let the index of the root to be extracted be 
denoted by n, and let the root itself be represented by a; ± 

v^'y' (as above.) Then this expression raised to the nth 

power, will be a* ± naf^—^^ y+nx £ s(f^^y±n x 
^"^^ ^ n— 2 Qff^sys/^fxx:, from whence, still following 

n— 1 
the same method, we shall here get X^+nx — ^ «*~*jf» 

&c. =s A, and 



V* 
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«:•-* V y+nx —5- X — ^ a?^»yv^ &c. » ^ B : 

lety therefore, the root of the sum, and also of the difference 
of these two last equations, be taken, and you will have^ 

X + ^TT*" A + v^bI", and oroQ ^^= A— -v/b1»; 
which two equations being added together, x will be found 

A+v^BT^fcA— v^Bl- A+TTSl" Pljll- 

■* i * i * — I - 

fixA+v'Bl'* 

and, if the same equations be multiplied together, you will 

,1. ,x 

have a^ CD y ■« A* — B |» ; whence y ■■ a?' ± A* — B |» : 

the use of which conclusions will appear by the following 

examples. 

First, let it be proposed to extract the cube r oot of 
the radical quantity £6 + 15 ^/^ or 26 + ^ 675. 
Sere, A being as 26, B «i 675, and n » S, w^ havo 

, 26 + ^ 675!*^ 1 3,732 ± ,268. 

* 2x26+^67513 * 



-« 2 ; and y ( =■ 4 — 676 — 675 \h ) «» 3 ; and conse* 
quently x + v^ «» 2 + v' S «■ the value required for 
2+v^S X 2+ v^3 X 2+ ^/3«26+ ^^675. 

Again, let it be required to extract the biquadratic 
root of 161 + V25920. In this case, A being » 16I, 

n ««r.«/^ -. -I A X. ^ / 321,9968961* 

B » 25920, and n » 4, we have a; ( » — 1^ 

2 
1 4 , 236 ± , 236 



2 X 321,99,^«1* 



) « 2, andy(a4+ 



35921— 2592oli)»5j therefore the Met souj^bt is^ hm^ 

iMsHy-y tf K were required to find the ftrst Bvrsolid 
net of 7^ 4- ^ 5808 j tbeii^ by prooeedtti^ m the sasne 

2»7d2 ^9 7S8 

manlier^ op idll he found ( = ' ^ ) » l, and y (a* 

1 — 577^ — 5808li)— 8 : and 80 of tythers. But it ia to 
be ohierved, that the second part of the value of x^ to 
whkh both the signs + and — are prefixed, is to be taken 
affirmative or negative, according as thai or this shall he 
fcond requisite to make the value e( x come tmt a wfaoley 
or ri^tonal number ; and that, if neither of the signs give 
such a value of Xf then this method is of no use, and we 
may safely conclude tliat the quantity proposed does mrt 
admit of such a root as we would find. It may abo be 
proper to remark here, that, if the upper sign in the value 
of a; be taken, the upper sign in that of y must be taken 
accordingly 5 and that the qyplication of logarithms wHl be 

of use to facilitate the extraction of the root A + v^ t» ^ as 
being sufficiently exact to determine wbether x be a whole 
number, and, if so, what it is. 

Thus much in relation to the extraction of the roots of 
radical quantities ; it remains now to explain the manner 
of taking away radical quantities out of the denominator 
of a fraction, and transplanting them iikto the numerator. 

In order to which, supposing r to denote a whole num- 
ber, it is evident, in the firrt place, that 

x^^f^x — yx af""' + oT^y + oT^f . . . +f^^j 
since, by an actual multiplication, the product afjieari 

^^\ ^^^-an'y^.<^f^^^^...^y'^^^^ 

the terms, except the first and last, destroy one anothn*. 
Hence, by equal division, we have 
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▼ery same mannery it will appear that 



the sign —-or +» in the denominator^ takes place^ accord- 
ing as the number r is even or odd. 

Let now xsA^ and y»B"; then our equations will 
become 



A~ B» *" A"" B"» * 

1 A'^-m_Arm-^B» + A^'^-^^B^ . , . . ± B^ -^ 

A«+ B« '^ A'^ qp B''» 

From which theorems^ or general /brmttte, the matter 
proposed to be done may be effected with great facility: 

I 1 

for, supposing ^m gn ^ or ^m i gfi to be a fraction hav- 
ing radical quantities A% B" in the denominator, it is 
plain, that its equal value, given by the said equations, 
will have its denominator entirely free from radical 
quantities, if r be so assumed that both rm and m may be 
integers. 

To exemplify which, let the fraction . , or 

v^ 2— 1 
1 

=rT be propounded i then, A being » 2, B « i 

sp — 1 

m^h and n » 1, we shall, by taking raS, have {from 
theorem 1) =t « iL±i « •l' +* i. 

2P 



^ 
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» ]f. Then, since FD is parallel to AC, tbe triangle 
ACF will be equal to ACD, or ABC ; and therefore CF 
c» BC s oc; whence we have EF ( « £B — BF) « t 

— 2x, and EC (» £B — 
BC) BB b — x: moreover, 
by reason of the similar 
triangles ABC and CDF, 
we have, y (AC) : at (BC) 

::a:(CF):FD=. — • 

Whence, because of the 
parallel lines AC and FD, 

it wUl be, — (FD) : 6— 2» 

:s: * 

(EF) : : y (AC) : b — x (CE) ; and consequently 
ba^ — x^ 




"6 — ^xXiffOrba^ — ar* « 6 — 2a: X j*; 

which equation, by writing a^ + x*, instead of its equal, 
y*, becomes 6a;* — oc* t« Ja* + ftx* — 2a*x — 2afi; 
whence we have xi^ + Sta^x s fra% and therefore x ^ 
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PROBLEM XXIX. 



Thrtt lints^ AO, BO, CO, drawn from the angular 
paints of a triangle to the centre of the inscribed circUf fre- 
ing given; to Jivd the radius of the drde and the sides of 
the triangle* 

If, upon CQ produced, the perpendicular BQ be let 
fall, and the radii OE, OF be drawn to the points of 
contact, the triangles BOQ and AOF will appear to be 
equiangular; because all the angles of the triangle 
ABC being equal to two right ones, the sum of all their 
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kibreBf OCB+OBC+OAF will be equal to one right an- 
gle ; but the two former of these^ OCB+ OBC, is equal to 
the external angle QOB ; therefore QOB+OAF»s a right 
angle » QOB+OBQ9 and consequently OAF « OBQ. 
Put now AO«a, BO 
aft, CO^c, and OP 
«x: then, because 
of the similar trian- 
gles^ we have a : x 

hx 
: : 6 ; OQ - — ; 

whence BQ* » 6* — 

hbxx 

-^, and BC» (- 

C6« + B0» + SCO 

X OQ) = 62 + c« 

9bcx 
+ —^. But BC« 

aft» + ac* + ibex 
a 




BQ« : : OC* 



aa 



OE*; that is» 



a:*. From 



whence we get this equation, vi%. ax^xdbl^'^-ac^+^bcx 
« yc » X g' — a:^; which^ by reduction, will become 

oft oc frc abc 

^'*"2c"*"26 + ia^^'* T' ^hcncc^niay be founds 

and from thence the sides of the triangle. 

If two of the given lines^ as 00 and OB, be sup- 
posed equal, the result ' will be more simple : for, by 
writing b for e in the equation aa^ x ab^ + ac^ -^ 2bcx 
= ft*c« X a^ — x *9 Sfc. we shall have oi'ar* x 2a + ^x 
» 6* X a* — o^; which, divided by 4^ x a + a;, gives 

« ^ !• , 6«a? . . 

Soa:' as o« X o — a?; whence a;* + -;^ « j5% and a: =s 



2a 



>(a 



a"*" I6aa 



4a 



ft\/8aa+66 — bb 
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From the same equatioiis the problem may be reaoW^i 
when the distances from the three asgular points to the 
circumference of the inscribed circle are given : fory de- 
]M>ting the said distances byf, g^ and A, jou will have AO 
^x +/» BO or + j*, and CO«=a; + h; which values beuig 
wrote m the room of a, b^ and Cf there will arise an equ- 
tion of six dimensions : by means whereof a; may be foiuid« 

PROBLEM XXX. . 

To draw a lint NM to touch a circle B» given in magn* 
tude and position, so that the part thereof AXj, intercepted hy 
two other lines BK, BL^ given in positionf shatl be oj a 
given length. 

Suppose CP and DE to be perpendicular to AB^ and 
DF and DG to AC and PC, respectively ; and let DA, 
DC, and DP be drawn ; putting DE » a, DF » t, 
AC n c^ BE -B d, PC - X, PA « y^ and the tan- 




gent of the given angle BCP, to the radius !,«»{. 
Then, by trigonametriff 1 i t : i x : tx ^ BP ; there- 
fore DO ( s PE ) «^ d^tx; which, multiplied by 

X dx — to* 
iPC, or "T-, gives 5 , for the area of the tri- 
angle CDP : in like manner the area of the triangle 

ay be 

PDA will be found =« -^; and tAirt of ADC « -5-; 
« 
which three, added together, are equal to the whole area 

dx -~ tx^ ay be xy 
ACPj that is, g + -^ + -^ - -^; and coBse- 



qaentiy 6c + dx^^iafi ^ xjf — ay. Let botb sides of 

this equation be squ ared, an d y on will h ave hc+dx — fc?"P 

r= x — oY X jf* = x — aY X c^ — a^; that is, 6>c* + 
^bedx — ibcta^ + d»jc* — 2itx^ + <*x* ^ — a: ^ + ^^ax^ 

— a^ac* + c^o:* — 2ac>a? + aV ? when ce 1 + r^ x x^ — 

2a + iUU X x^ + a* — c^ + <P — ibct X x^ + 2ac*+2bcd 
XX — a*c^ + h^c^ a» : from which the value of x may 

be found ; and then, the value of y ( »» ^/c* — a^) being 
known, the position of the points A and C, through which 
the line must pass, will also become known. 

If the given angle B be a right one, the point B will 
coincide with P ; and therefore t in thi s case being = o» 

the equation will become a?* — Zaa^ + o* — c* +"^ x a:* 

+ 2ac* + Qbcd XX — aV + *'<3* — 0. 

When the circle touches the right-line AB, a will then 
be equal to 6.* and, in that case, the equation will be 

r+1* X x> — 2a + 2(tt X x^ + a*—c^ + d^— %act x 
X + 200^ + Siacd ^ 0, because the two last terms — a^(? 
+ V^c^ destroying each other> the whole may^ here^ be di- 
vided by X. 

, Lastly, if b be ss o, or the line AC, instead of touch- 
ing a cii'cle, be required to pass throug h a given point, 

the equation will then become 1 + <* x x^ — 2a + Zdt 

X xi^ + a*'—c^ + d* X a)» + 2ac»a;~aV = 0. 

PROBLEM XXXL 

Supposing AQ perpendicular to AF, and the given right- 
line AF (50) to be divided into five equal parts, in the 
pointSf B, C, D, and E ; to Jind a point F in Vie perpendi- 
cular AQ, /rom which, tffive rigIU4iius be drawn to the 
^nts B, C, D, E, and ¥, the sum of the outermost PF + 
FE' shall be equal to the sum of the three innermost PD + 
PC + PB. 



Put A P = x; t hen (by Euc 47. 1.) BP = j/100_+ a^ 
CP =■ v^400 + ac*, ^c, and c onsequent ly, v^lOO + a:* + 

^/4ooT^+ %/900+x*— v^ieooTS*— v^i500+^«a. 



I ' 
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N0W9 by reflecting a little on the nature of the pfroblem^ 
it is easy to perceive that PF+PE must be greater than 

iQ 90, seeing AF + AE 
p is ss 90; whence it 
'^ appears that PD + 
PC + PB must also 
exceed 90, and that 
PC (considered as a 
mean between PD and 
PB) must be greater 
than 30 : hence I con- 
T3* T-fc r- M /^ elude, that the value 
K U l^ o -^ of AP, as it is some- 
thing less than PC, will be somewhere about 30; and 
therefore I write 30 + e for op; and then, rejecting all 
the powers of e, above the first, as inco nsiderable, o ur 

eq uation stand s thu s; •iOQO + 60g + v^l300 + 60e + 
v/1800 + eoe — \/2500 + 60c — v^3400 + 60e = 0; 
which, by the method explained in page 174, will be 

-"■"■"-* ^^1000 X 36 

transformed to %/1000 + + \/isoo + 

^1300 X 3c - V'lSOO X Sc ^^ ^ . 

-4- \/iSOO 4- — — — 50 — OC 

130 -^ ^^"" ^ 180 

_ -v/3400 — ^^^+^^ « 0; this, contracted, gives 

340 
1,8 + 1,37c =» 0; whence c as — 1,3, and consequently 
X = 28,7, nearly. Let, now, 28,7 be put ^ x; and then, 
by proceeding as above, we shall have ,0083 + 1,43c i» 
; hence c » — ,0058, and x »> 28,6942 ; which is true 
to the last figure. 

PROBLEM XXXIL 

The perimeter, AB + BC + AC, and the perpendicular 
CP ofa triangle ABC whose sides are in harmonic propor- 
tion (AB : BC : : AB — AC : AC — BC) being given; to 
determine the iriwngle. 



J 
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Let ahe be another triangle^ similar to the proposed one; 
and let ab^h bc^oe, ac^y^ CP»a, and AB+BD+Ad 
a6 : then^ half the sum of the three ^ides of the triangle 

abc being — 3 — 9 ^ ivoxxi the same^ each particular side 

be subtracted^ and all the remainders be multiplied con* 





tinually together^ and that product, again^ by the said half 

1+x — If 1+y— ^ y+^ — 1 

sum^ we shall have ^ — x — ^ x ^ — X 

— T — ^, equal to the second power of the area abc (by 

prob^ 15) : which, as the base is unity, also expresses i of 
the square of the perpendicular. But the squares of the 
sides, as well as the sides of simHa r triangles, are propor- 
tional, ^e. and therefo re I + x+yY ; ; 6* ; : 

we have 4a* X l +a;+y=»l+a;— yxi — x+yxy+o: — l 
xbb : but the sides AB, AC, and BC, being given in har- 
monic proportiony therefore, 1, y, and Xf must likewise be 
in the same proportion; that is, 1 : x : : 1 — y : y — x} 

2x 
whence y -^ x » x — xyt and therefore y^ rz^ 9 which. 



sabstituted above, gives 



4a* X l + 4x + ac^ 1 + x« 



1+x 



1+x 



l+SwC—- a:* Qx+a^ 1 «-«__ 

— 1+^ — ^ — T+^r^^^9or4a*xl+4x+x^X\+x'Y 

«l+«*x i+2a^-n^x&r+ar*— IX 6*; from which a: will 

* Q 
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2x 
he found, and also y (» JT^) j <^nd from thence the ve^ 

quired sides of the similar figure ABC, will, by propor- 
tion^ be likewise known. 

PROBLEM XXXni. 

Let there be three equi-different arches^ AB, AC, and 
AD ; andf supposing the sine and co-sine of the mean AC^ 
of the lesser extreme AB, and of the common difference BC 
(or CD) to be given, it is proposed to find the sine and co- 
sine of the greater extreme AD. 

Upon the radius AO let fall the perpendiculars B&, 
Cc, and Dd; join B, D, and from the centre O, let 
the radius OC be drawn, cutting BD in n : also draw 
nR parallel to Co, 
meeting AO in R: 
then, because of the 
similar triangles O Cc 
and OnR, it will be, 
OC : On:: Cc:nR; 
and, OC : On : : Oc : 
OR: whence we have 

CcxOn 
nR = — QQ — f and OR 

to CD (and therefore Bn equal to Dn), nR will, it is plains 

be an arithmetical mean between Bft and Dd, and so is 

B&+Dd 
equal to half their' sum, or 5 — : and, for the veiy 




OcxOn 



QQ ; but, since BC is equal 



same reason, OR will be equal to 



06+Od 



consequenflj 



B&+Dd CcxOn Ob+Od OcxOn 

-=• Ofc 9^^^ — 2 « Q(. j whence Pil 



£ 

Cc X gOn 
OC 



-«Bfr and Od: 



Oc X 20n 

— jjO — — OJ; which, if tht 



radius OC be supposed unity, will become Dd=Ccx£0« 
— B6: and Od= Oc x 20n — 06: from whence we have the 
two following theorems. 
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bi Theor. l.Ifthc sine of the mean of any three equi^differ- 

ent arches (the radius being supposed unity) be miUtiplied by 

p twice the co^sine of the common difference, and from the pro- 

duct, the sine of either extreme be subtractedf the renwmder 
will be the sine of the other extreme. 

Theor. 2. Jtnd tftheco-sine of the mean of thru equi^dif' 

ferent arches be multiplied by twice the co-sine of the common 

difference, and the co-sint of either extreme oe subtracted 

from the product, the remainder will be the co-sine of the 

other extreme. 

PROBLEM XXXIV. 

The sine and co-sifu of an arch being giveuf to find the 
sine and co-sine of any multi]^ of that arch. 

Let the given arch be represented by A^ its sine by x, 
and co-sine by iy, the radios being unity. Then, since 
the arch A may be considered as an arithmetical mean be- 
tween and 2 Ay we shall, by the first of the two preced- 
ing theorems, have 

sine of 2A ^ ss sine of A x y — sine of 0) » xy; 
sine of SA r= sine of 2A x y — sine of A) « xy^^^x; 
sine of 4 A (» sine of SA x jf — sine of dA » xy^ — xy 

— ocy) =^ xy^ ^-* 2xy ; 

li sine of 5A (» sineof 4A x y — sineof SAsi xjf«— &vy* 

— a?y* + a:) « a*y^ — Sa:jf* + a?; 

f sine of 6A («= sine of 5A x y — sine of 4A =» xy' — So^ 

J +xy — xf + S^) = a:y» — 4a?y* + 3xy; 

sine of 7A (=» sine of 6A x y — sine of 5 A =« ary**— 4a?y* 
^ Sx^ — xy* + SxjI^ — a?) « x^ — 5a?y* + Qxf — x: 

whence, umvcrsally, the sine of the multiple arch nA, 
^ where n denotes any whole positive number, whatever, will 

be truly expressed by a; x into this series ; 

n — 3 n — 4 «— ^ n — 5 

xr-^-h-j— x-g-xy--*— -j-x-g- x 



X y^9 ^c. Moreover, from the second theoren^ 

we have co-sine of 2A (b co-sine of A x y — co-sine of 0^ 

i)» y* — SL 

2 — *J ** 2 ^ 
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co-sine of SA ( «b co-sine of SA x jf — co-siiie of A » 

co-sine of 4a ( » co-sine of 3 A x y — - co-sine of sA « 

t-^ ' f—^ y^ — 4y> + g . 

2 2 ^ '^ 2 ' 

whencf^ wiit^frsoflyf the co-sine of the multiple arch «A 

y* ny*— * n ti — 3 
will be truly represented by g- — — ^ "^ i" ^ "2~ ^ 



11 w 4 It— 5 ^ w fi — 5 

n — 6 n — 7 

— 3^ X — — X y^** ^c. which series, as well as that 



for the sine, is to be continued till the indices of y become 
nothing, or negative. 

But, if you would have the sine expressed in terms of 
X only, then, because the square of the sine + the square 
of the co-sine is always equal to the square of the radiusy 
and therefoi*e, in this case, a:*+iy'»:l, it is manifest that 
the sines of all the odd multiples of the given arch A, 
wherein only the even powers of y enter, may be exhibited 
in terms of x only, without surd quantities : so that 4 — 4j^ 
being substituted for its equal y^ in the sines of the afore* 
mentioned arches, we shall have 
1st. Sine of sA » Sx — 4a^ ; 
2d. Sine of 5 A « 5a; — 20x3+ lex'; 
Sd. Sine of 7A^7x^ 56x^ +UQx' — 64a?^ ; 
4th. Sine of 9A « 9a:— 120a:» -h 432x« — 576a:^ + 256ac* j 
fcPc. i^c. 

And, generaUfff if the multiple arch be denoted by 
nA, then the sine thereof will be truly represented by 
n n* — 1 n n^ — 1 n' — 9 n 

2.3^3.4^ 5.6 ^^^+1^2.3^4.5 ^ 
7i«— 25 n*— 49 
T:T ^ T79 ^ ^> ^^ 
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Flrom tbifl serieg the sine of the sub-multi^e of 
arch, where the number of parts is odd^ may also b^ 
founil, supposing (s) the sine of the whole arch to be giV'^ 
en : for let x be the required sine of the sub-multiple^ and 
n the number of equal parts into which the whole arch is 
divided ; then^ by what has been already shown^ we shail 

n fi* — 1 , . n n* — 1 «* — 9 
nave use — — y x ^ + — y . v y 

1^£.3^1^ 2.3^ 4.5 ^ 

x^ ^c, ^$: from the solution of which equation the valu« 
of X will be known. Hence also, we have an equation 
for finding the side of a regular polygoto inscribed in a 
circle: for, seeing the sine of any arch is equal to half the 
chord of double that arch, let hv and ito be wrote abortf 
for X and 8 respectively, and then our equation will be- 

nv n n> — i t* n n*— 1 *» — 9 
come-^-j-X-j7jX-5 + -XY:3-x-^x 

"^^ ^^ i -.^ * w' — 1 'f^ * n*— 1 

r-r art. = ^W, orittJ— — V — < y _ J. — \/ 

n*— 9 t)» 
X ^ g X Yg 4"^. = w ; expressing the relation of 

chords, whose corresponding arches are in the ratio of 1 
to n. fiut, when the greater of the two arches becomes 
equal to the whole periphery, its chord (tr) will be no- 
thing, and then the equation, by dividing the whole by 

n' — 1 v* n* — 1 
wo. Will be reduced to 1 — q g ^ "4 "^ o 3 ^ 

=s: ; where n is the number of sides, and v the side of 
the polygon, n 

From the foregoing series, that given by Sir Aooc 
JV%tc;ton, in FhiL Trans, mentioned in p. £42 of this Trek- 
tise, may also be easily derived. For, if the arch A and 
its sine x be taken indefinitely small, they will be to one 
another in the ratio of equality^ indefinitely near, by 
whut has been proved at p. 246 ; in which case, the ge- 
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neral expression, by writuig A instead of x, will becme 
n w^ — 1 .. n n*— 1 n*— 9 

n n«~l n>— 9 n«— 25 

Therefore, if n be now supposed indefinitely great, so 
that the multiple arch nA may be equal to any given 
arch %f the squares of the odd numbers, 1, 3, 5, ^. in 
the factors n> — 1, n' — 9, n'— 25, ^c. may be rejected 
as nothing, or inconsiderable, in respect of n* ; and then 

n^A' n^A' 

the foregoing series will become nA — t— - + 

«^A^ 
■~ o ' a ^ g fi y ^c* wherein, if for nA, its equal «, 

be substituted, we shall then have « — j— ^ + ' ^^s.A.'s 
— o Q ^ ^ fi -> 4*c. which is the sine of the arch «, 

2»»i>«4* 0*O»7 

and tiie same with thai before given. 

Moreover, the aforegoing general expressions may be 
applied, with advantage, in the solution of cubic, and 
certain other higher equations, included in this form. 



^ 2n 2n S« 

For, if » be put « jf P-, the equation will be trans- 



formed to — 
n 



n 

T X into this series 



n. 11—3 n 7 i 4 tt— 5 



^c. -/, and consequently | ■— j x j^*+ j x g 
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if 

j«»-^ — 2 X -g— X —3- X j»-f, £s?c « =Tr: firom 



a 






n 

whence^ as it is proved above, that the former part of tb^ 
equation (and therefore its equal) represents the co-sine 
of n times the arch whose co-sine is ij^, we have the fol- 
lowing rule : 

Find, from the tables, the arch whose natural co^Hne is 

J f n a 

— iw (or its log. cO'Sine =■ log. if — 5- log. —) the radius 
fl "J ****** 

n 

being unity; take the nth part of that arch, and find its 

cO'Sine, which multiply by 2 jJ—f o,nd the product wUl be 

^ n 

the true value of x, in the proposed equation s^.— «»«>^-s 
n— S n — 4 n — 5 

Thusy let it be required to find the value of x, in 
the cubic equation »^ — • 432xi » 1728 ; then, we shall 
have n » 3, an 432^ and /» 17£8| consequently 

if 864 

— -i^ (■» .3 ) BfS^ and the arch corresponding there- 

n I 
to»60°; whence the cp-sine of (2(f) ^ thereof will be found 

,9396926^ and this, multiplied by 24 ( « ^ J— - ) gives 

2£,5526£ for one value of %. But besides this, the equa- 
tion has two other roots, both of which may be found after 
the very same manner: for, since 0,5 is^not only the co- 
sine of 60^, but also of GO'^+seo**, and 60**+ 2 x 360% let 
the co-sine of Ql40°) ^ of tlie former of these arches be 
now taken ; which is — - ,7660444, and must be expressed 
with a negative sign, because the arch corresponding is 
greater t^ian one rigU angle, and less than three. Then, 
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the value thus found being, in like manner, multiplied by 
24 ( » 2 J—)* ^® ®**^ thence get — 18,38506 for an- 
other of the roots : whence the third, or remaining root 
will also be known ; for, seeing the equation wants the 
second term, the positive and negative roots do here mu- 
tually destroy each other ; and therefore the remaining 
root must be — 4,16756, the difference of the two former, 
with a negative sign. 

PROBLEM XXXV. 

From a given cirde ABCH it is proposed to ctit off a seg' 
ment ABC, suchf that a right-line D£ drawn from the ifiid- 
file of the chord AC, to make a given angle therewith, shall 
divide the arch TiC of the semi'Segment into two equal parts 
BE and EC. 

Let the chord BC be drawn, and upon the diameter 
HDB let fall the perpendicular £F : put the radius OB 

of the circle sr, and the 
tangent of the given an- 
gle CDE (answering to 
that radius) s= I, and let 
OF=«£theB will EF« 

\^rr — x%9 and BC (» 

2EF)=2V^rr — »«, and 
consequently BD («> 
BC* 4r» — 4g* 

SH ) "^ 2r~ •=* 




2 . ri+» . r — » 



: from 



which taking BF « r~fl5, we have DF « ^"*" — 2. 

r 

But, by trigonometry, EF : DF : : rad. : tang. DEF, 

: r : (• Whence 



that isy ^ rr — »» : 



r + 2» . r — % 



we have r + 2»1' x r — i»T « i» X f« — »» : where 
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the whole being divided by r— ^«» their results r+2^1^ X 
r — »«=^*xr + ».' which^ ordered, gives »**— . — -— 



X »«s T X rr — U. 

4 

3t t tt T -■ 

Put — T — =■ a, and ^ X rr — ti «/; then it will 

be »'— 4i»ai/. Therefore find, from the tables, the arch 

whose co-sine is j. yy- (the radius being unity); take § 

thereof, and find its co-sine ; which, multiplied by SV^^f 
gives the true value of % {su the last problem*) 

Thus, for elcample, let the radius OB (=r) »1, and 
the given angle CDE a 25^, whose tangent (f) is there- 
fore «,466S J whence ^=,23188, and §/=,09782. 

Now, by logarithms, it will be log. if^ log. ^ti— * } log* 

i/ 
%a^ •— 1.9425328 »■ log. ; — j=r « log. co-sine of S8* 

90'j whereof the third part is 9^ 364', whose log. co-sine 
(to the radius 1) is — 1.9938609 ; which added to the i 
log. of Ja (» — 1.6826316) gives —1.6764925 « log. of 
0,47478, whose double ,94956, is the true value of o^, or 
FO : whence the corresponding arch BE =a:18® 16 J', and 
consequently BC (»2B£) « 36'' 33'. By means of this 
problem that portion of a spherical surface representing 
the apparent figure of the sky is determined. 

PROBLEM XXXVl. 

The base AB, and the difference of the angles at the base 
being given, while the angus themselves vatyg to find the 
locus ojfthe vertex E of the triangle. 

Let the base AB be bisected in O, and the angle BOD 
80 constituted as to exceed its supplement AOD by the 
ipiven difference of EAB and EBA ; and let ED, APQ» 
BSF be perpendicular, and EPF parallel to OD : then» 
since the angle BCE (BOD) as much exceeds ACE, as 

2R 
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CAE exceeds CBE, it is evident that the sum of tiie two 

angles BCE^ CBE, of the triangle BCE, is equal to the 

sum of the two an- 
gles ACE^ CAE of 
the triangle ACE; 
and conseqnentlyy 
that the remaining 
angles AEC and 
BEC^ are equal the 
one to the other: 
therefore, by reason 
of the similar trian- 
gles EFB, EAP, 
we have EF : EF : : 
BF : AP, that is^ 
OD + OQ:OD — 
OQ : : QA + DE : 
QA — DE ; whence^ 
by composition and 
division 20D : £0<^ 
: : 2QA : SDE; 
wherefore OD x DE 
is» OQ X QA; which 

is the known property of an equilateral hype^ola wifli 

respect to its asymptote. 




PROBLEM XXXVn. 

To find the solidity oja conical ungnla BFCB, cut offhy 
a plane BRFSB passing through one esctremity ofthtoase 
diameter. 

Let EPF be parallel to the base-diameter BC^ cut- 
ting AD9 the axis of the cone^ in P ; also, let An be per- 
pendicular to BF ; join P, n, and let RS be the conju- 
gate axis of the elliptical section BRFSB: then the 
part ABF, above the said section, being an oblique el- 
liptical cone, its solidity will be expressed by ^7854 x 

An 
SRxBF X -J 9 that is, by the area of its base BRFSB 



% 



2^ 
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sor 



drawn into ^ of the perpendicular height. But the trian- 
gles BCF and APn will appear to be equiangular; for^ 
APF and AnF being both rigbt-angleSf the circumference 
of acircle, described on the diameter AF, will pass through 
P and n; and so the angles AFn (BFC) and APn, as well 
as AFP (FCB) and AnP^ insisting on the same arch, are^ 



t 



I 



*> m 




respectively, equal. Hence we have BC : BF it An: AP; 
and therefore BF x An=BC x AP : this value being sub- 
stituted above, the content of the part ABF becomes SR x 
BC X AP X 9^618 ; which, because SR is known to be s:^ 

v^BC X EF, is further reduced to BC x AP x v^BCxEF 
X,2618. This subtracted from BC'xAD X ,$^618, the 
content of the whole cone ABC, leaves 



BC'xAD — BCxAPx v^BCxFF x ,2618 for the re- 
quired solidity of the ungyla BCF ; which, because ADee 

DP X BC DP X EF ' 

be— EF^ ^^^ ^^ '^ bC— EF^ "^'^ ^^ reduced to 



BC»— FFxy/BCxEF 
BG— FP 



X j2618 DP X BC. 



# 
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PROBLEM XXXVIII. 

Ltt A and B be two equal weights, made fast to ihe ends 
qf a threadf or perfectly fieocMe Une pPuQ^q, supported hjf 
two pins, or tadcs, F, Qy in the same horizontal j^ne$ croer 
'which pins the line canfreely slide either way ; and lUChe 
another weight, fastened to the thread, in the middle, be- 
iween P and Q : now the question is, to fnd the position of 
ihe 7veight C, or its distance below the horiccontal line PQt 
to retain the other two weights A and B in equiiibrio. 

Let PR (» iPQ) be denoted by a, and Rn (the distance 
sought) by x; and then Pn^ or Qn, will be represented by 




\/a*+a:*. Therefore, by the resolution of forces, it will be, 

as v^a»+«» (Pn) : x (Rn) : : the whole force of the weight 

Ax 

A in the direction Pn, to . ^ its force in the direc- 

\^a*+x^ 

tion nR, whereby it endeavours to raise the weight C ; 
which quantity also expresses the force of the weight B 
in the same direction : but the sum of these two forces, 
since the weights are supposed to rest in eqnilibrio, must 

2Ax 

whence we have 4 A*a^« C^a^+ Ox^, and consequently x^ 
aC 

^4A«— C^* 



be equal to that of the weight C ; that is, — 
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PROBLEM XXXIX. 

To determine the perition of an indined plane A'E, along 
whidi a heavy body descending by the force of its own gra* 
vityfrom a given point A, shall reach a rigM4ine BF, gto* 
en oy positionf in the least time possiUe. 

TliroQgh the given point A^ perpendicular to the hori- 
zon, let there be drawn the right-line RBy meeting BP 
in B ; also conceive the semv 
circle AER to be described, 
touching BP in E; then let 
AE be drawn, which will be 
the position required ; because 
the time of descent along the 
chord AE being equal to thai 
idong any other chord An, it will 
consequently be less than the 
time of the descent along Ae, 
whereof An is only a part: 
therefore, if AQ and OE be 
now made perpendicular toBP, 
we shall have Tby reason of the 
similar triangles) AB : AQ : : 
AB+AO:(OE)AO; whence 
by multiplying extremes and means, AB x AO a AQ x 
AB+AQxAO; therefore ABxAO— AQxAOsAQx 

AO X AB 
AB, and AO (OE) » ab_aq ^ ^^^ "^^^^^ ^^ ^^^ 

AE are also given. 

The geometrical construction of this problem is ex- 
tremely easy ; for, if AQ (as above) be drawn perpen- 
dicular to BP, and the an^e OAQ be bisected by AEf 
the thing is done : because, OE being drawn parallel to 
AQ, the angle OEA is » QAE » EAO ; and so, AO, 
being as OE, the semicircle that touches BP^ will pass 
through A. 
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PROBLEM XL« 



Jl ray of light, from a ludd point P in ihe axi$ AP ^ 
a concave spherical surface, is reflected aJt a given peM E 
in that surface $ to frm the point D where the refluM raij 
meets the axis. 

Draw £Q perpendicular to AP9 and from the centre 
C let C£ be drawn ; also make C£ » a, CQ » ft, CP 

^ Cf CD s x; 

and(iy.EttC.12.5.) 
P E wiU be « 

^/ a^ + <^ + She: 
wherefore, the an* 
gles of incidence 
and reflection, CEP 
and CED being 
equals we have, 




as P C (c) : CD ( g?) : : PE (^a* + d» + 26c) : ED = 

X %/a^ + c^ -^ Qbc , -, ., , _. 

■ ; also^ for the same reason, we hare 



PE X ED — PC X CD » EC% that is. 



«— co; » a' ; which, reduced, gives x 



xxa*+c^+9bc 



ca^ 



how far from the centre the ray cuts the axis. But if the 
lucid point P be supposed infinitely remote, so that the 
ray PE may be considered as parallel to the axis AP, tiie 
expression will be more simple ; for then aS in the diviflor, 
may be rejected as nothing in comparison of 2bc; that be- 

ing done, CD or x becomes «» ^r; which, therefore, if E 

be taken near the vertex A, will be siOy very nearly* 

PROBLEM XU. 

To find the magnitude and posUion of an image formed 
iy refraction at a given lens* 

Let MN be the given lens> DOBCF the axis tbereefi 
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and Dn tbe object Vfhoae image FH we would jSnd ; also 
let CB be the radius of that surface of the lens MBNf 
which is nearest the object^ and OB that of the other 
surface; make RC; perpendicular to DF^ and from 




itf to any point E in the surface of the lens^ draw the inci- 
dent ray nEf and let the continuation thereof be El, and 
let the direction of the same ray, after the first refraction 
at Ey be E2 ; and^ after it is refracted a second time^ at e, 
let its direction be eSB. ; draw C£ and OeR^ and make ndv 
parallel to DF, calling 06, b ; CB, c ; BD, d ; Dn, p ; and 
the distance of the point E from tilie axis DF, a;; and let 
the sine of incidence be to the sine of refraction, out of air 
into glass, as m to n. Then, the thickness of the lens 
being looked upon as inconsiderable in reemect of the focal 
distance F&, we shall have, as d : x-^p (Ea) :x d+e (mi) : 

^4. ca;«— dn— - cp 

3 ■» Tlj which added to Cv (p) gives 



dx -f- ex—— cp 

2 «t Cl : therefore mm:: 



dx + ex — cp 



nxdx+cx — cp 



dm 
ft + c (OC) : 



C2. Moreover, ft (Ob) : x (BE) : : 



b + c X X 



CR; whence R£ ( » CR 



ria\ b + cxx ^ dx +«!:—(» , . 

— CB) » — —; — * X ; ^:but«:m:: 

ft dm 

lU : Il» - 22411* + 2z:i^£5, ,Bd therefor. 

•A 



I 
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CS (-R3-.RC) - ^~nxa?x6+c ^ cp ^ ex ^ is: 

bn d 

cp 
Let X be now taken «i 0, and then Cs^ will become -t-^ 

which let be represented by CS, and draw B^^f producing 
the same till it meets e s, produced, in H : then gS being 

r /^ r.o\ d + cxx m — nxb + c X a; , . , 
(aC^— C3) = , and the 

a on 

VLSg and H£B equiangular^ it wUl be, as (EB 



-^f» — n X b + ex X ex ,„^ ^wm\ ■»«* 

— |r3) -r-^- — : (Bg) c : : (EB) or: BH 

On a 

nbcd 

I the required distance of the 



HI — nx(+cxd-— nfrc 

cp 
image from the lens ; and as e (BC) *. -j^ (C;) : : BH (or 

BF) : FH » 2^ « "^ ^ r r (=HF) 

'^ BD «i — 9ix6-hcxd — nbe^ ' 

the magnitude or the image, or its linear amplification* 

COROL. 1. 

Because the values of BH and HF are alike affected by 

b and c, it follows that both the distauce and magnitude of 

the image will remain unaltered, if the place of the lens be 

the same, let which side you wUl be turned towards the 

object 

COROL. 2. 

If d be made infinite, or the distance of the object 

from the lens be supposed indefinitely great, BF will be- 

libe 
come === — ===- J which is the principal focal dis- 
m — nxb-Ye 

tance^ at which the parallel rays unite, and this dis- 
tance, when both sides of the lens have the same con- 

nft 
Tezity, or & is as c, will become « g^ ^^ : but in 

a jilano-ecmvftVi where 6 is infinite^ it will be ^ "^^j^ZH^* 
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and^ in a mtnisaUf where h is negativet or one surftee 

vbc 
concave and the other conveXf it will be - 'lasss-* 

The mme answered etiienoUe, aUawing also far the thick* 

ness of the Una. 
Sappoflingy as before, that F is the place of the image 
of an object at D, let FR and DS be supposed perpendicu- 
lar to the axis FBQ, intersecting the continuation of £^ 




N 



(the intercepted part of the ray DEf F) in r and e, and 
meeting the radii Oe, CB (produced) in R and S ; likewise 
let Ea and ec be perpendicular to QF, and Kv and Eto 
parallel thereto : then, because the ray is supposed to be 
indefinitely near the axis, ac may be taken for the thick-: 
ness of the lens, which let be denoted by t; putting 6F»«^ 
ee^Vf aE=»x, 06»ft, CB»c, and BDaid(aa before.) By 
sim ilar tr iangles, Ca (c) : aE (x) : : CD (c+a) : DS « 

seycc -^" d 

% -I—; aBd# by the law of refraction, mini: DS : Ssa 



Jl X^22i£±i: whence D« (-DS — 85) «1_J!L x 
m c m 



^^ , ., and ve («ttE~D«)«:aj x r— ?-, by making p^ 
c c 

n 

— , and qsa i-.^, 

d 8 
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Now, vs : £t^ (BD) : : aE : aQ (BQ^*) that is, 

qd cd 
X X r — — : d : : a? : ^^ ^ «= BQ; which is giren 

from hence* 

in, in the Tery same manner, Oc (ft) : ce (f ) : : 



OF (H- ») : FR « ^^^"^^ 5 and m : n : : FE : 

ft 



i» yxb'\'% n jixb+% 
^*' "■ m ^ b — '' ^^^^^^ ^^^^ — m^ ft — 



— -^ — J , and wr (Fr — ce) « y x y— ^/ **** 

rve X ct b% ^ , . , .^ 

therefore cQ ( « ^^ ) = q^^br ' *^™ ^***^^ ^*' 

tracting the value of BQ» found ^above, we get thi» 

b% cd 

equation, Ti«. ^^_j^ — ^^_^^ =» i: whence the va- 

C(f 

lae of », by making the given quantity t + ^ j » ^> 

comes out = — r. But, if you had rather have the 

qg — b ^ 

same in original terms, it is but substituting for £*; whence, 

rbcd + rbt X re — qd 
after reduction, % « 



qd X b + c — Tbc + qt X TC — qi 
which, by restoring m and n, becomes 



fimbcd-^-nbt x nc — m — n x d 

% «■ — — — j^ 



m — n X md x ft +c — mvbc+m — n xtx nc — m — nxi 

where, if t be taken = 0, we shall have 

fibcd 

% e=s == — — --, the very same as was found by 

m — nxdx ft+c — nbc 

the preceding method. 
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OF 

GEOMETRICAL PROBLEMS, 

/ WITH 
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NUMERICALLY. 



PROBLEM L 



The base, the sum of the two sides, and the angk at the 
vertex of any plane triangle being given, to describe the tri- 
angle. 

CONSTRUCTION. 

DRAW the indefinite right-lino AE, in which take AB 
eqnal to the sum of the sides^ 
and make the angle ABC equal 
to half the given angle at the 
vertex^ and upon the point A, 
as a centre^ with a radius equal 
to the given base^ let a circle 
nCm be described, cutting BC 
in C ; join A, C, and make th€ 
angle BCD»CBD, and let CD 
cut AB in D ; then will ACD 
be the triangle that was to be 
constraeted* 




Sl6 * The CanstrucHon of 

DEMONSTRATION. 

Because the angles BCD and CBD are eqaal, fbere*- 
fore is CD ma DB (Euc. 6. 1.) and consequently AD + 
DC tt AB : likewise, for the same reason, the angle 
ADC » BCD 4- CBD, (JSiic 32. 1.) is equal to £CBD. 
q. E. D. 

Method of CaJculatunu 

In the triangle ABC are given the two sides AB, AC, 
and die angle ABC, whence the angle A is known } then 
in the triangle ADC will be given Si the angles, and the 
base AC ; whence the sides AD and DC will also be 
known. 

PROBLEM 11. 

The angk at the vertex^ the base^ and the differfnce of 
the sides Mng givenw to determine the triangle. 

CONSTRUCTION. 

Draw AC at pleasure^ in which take AD equal to the 

difference of the sides, 
and make the an^e 
CDB equal to the com- 
plement of half the giv- 
en angle to a right an- 
gle ; then firom tiie point 
A draw AB equal to iht 
given base, so as to meet 
DB in B, and make the 
an^e DBC»CDB^then 
wiU ABC be the triangle required. 

DEMONSTRATION. 
Since (by construction) the an^es COB and DBC are 
equal, CB is equal to CD, and therefore CA — CB » 
AD : moreover, each of tiiose equal angles being equal 
to the complement of half the given angle, their sum, 
which is the supplement of the angle C, must therefore 
be equal to two right-angles *^ the (whole) given a^glff 
and consequently C es? the given angle. 4« £• 1>. 

Metkod of Calculation* 
In the triangle ABD are given the sides AB^ AO# saA 
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the aiqjle ADB^ whence the angle A will be given^ and 
consequently BC and AC. 

PROBLEM IIL 

Tke angle at the vitUoCf the ratio of the indudtng ddesp 
and either the base, the perpendieidarf or difference of the 
eegmmU of the hast hting gy^tn, to describe Vie tridngU^ 

CONSTRUCTION. 

• 

Draw CA at pleosurey and make the angle ACB equal 
to the angle giTen ; take CB to CA in the given ratio of 
the sidea^ and join A, B : then^ if the base be given, let 
AM be taken equal thereto, and draw ME parallel to 
CA meeting CB in £, and make ED parallel to AB ; 
but if the perpendicular be given, let fail CF perpendicu- 
lar to ABf in which take Cn equal to the given perpen* 
dicular, and draw DHE parallel to AB j lastly^ if the 
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dlterenoe of the segments of the base be given, take PCv 
M AF, and join C, G, and take 6N equal to the differ^ 
enoe of the segments given, drawing NE parallel to CG, 
and ED to B A (as before ;) then will* CDE be the tri- 
angle which was to be constructed. 

DEMONSTRATION. 

Because of the parallel lines AB, DE ; ME, AC ; and 
NE, GC ; thence is DE » AM, and EI-NG; and also 
CB : CE : : CA : CB (Aic.4. «.) q. E. n. 
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Method of Calculation. 

Let AC be as8amed at pleasure ; then the ratio of AC 
to BC being given, BC will become known; and there* 
fore in the triangle ACB will be given two sides and the 
included angle, whence the angles B and A, or £ and D 
will be found ; then in the triangle EDC, EUC, 6r £10, 
according as the base, perpendicular, or the difference of 
the segments of the base is given, you will have one side 
and all the angles, whence the other sides will be known. 

PROBLEM IV. 

T%e angle at the verteXf and the segments of the base^ 
made by a perpendicular falling from the said angle, being 
given, to describe the triangle. 

CONSTRUCTION. 

Let the given segments of the base be AD and DB ; 

bisect AB by the perpendicular EF, and make the angle 

£B0 equal to the difference 
between the given angle and 
a right one, and let BO meet 
£F in O ; from O, as a cen- 
tre, with the radius OB, de- 
scribe the circle BGAQ, and 
draw DC perpendicular Jo 
AB, meeting the periphery 
of the circle in C ; join A, 
C and C, B, then will ACB 

be the triangle that was to be constructed. 

DEMONSTRATION. 

The angle ACB, at the periphery, standing upon the 
arch AQB, is equal to £0B, half the angle at the cen* 
tre, standing upon the same arch^ but EBO is equal to 
the difference of the given angle and a right one (by con- 
strtiction) therefore ACB (EOB) is equal to the angle 
given. <}• E. D. 

Method of Calckdation. 
Draw CFG parallel to AB ; then it will be, as the 
base AB : to the difference of segments CG ( : : EB : 
CF) : : the sine of the given angle at the vertex (£QB) : 
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to the sine of (COF^^CBG) the difference of the angles 
at the base ; whence the angles themselves are given. 

After the same manner a segment of a circle may be 
described to contain a given angle, when that angle is 
greater than a right one, if, instead of BO being drawn 
above AB^ it be taken on the contrary side. 

PROBLEM V. 

Having given tlie bastf the perpendicularf and the angle at 
the vertex of any plane triangle, to construct the triuTigle* 

CONSTRUCrtON. 

Upon AB the given base (see the preceding figure') let 
the segment ACGB of a circle be described to contain the 
given angle, as in the last problem ; take EF equal to the 
given perpendicular, and draw FC parallel to AB, cutting 
the periphery of the circle in C ; join A, C and B, C, and 
the thing is done : the demonstration whereof is evident 
from the last problem. 

Method of CalculaHon. 

In the triangle EBO are given all the angles and the side 
£B, whence £0 will be known, and consequently OF (» 
DC— EO) ; then it will be as £B : OF : : the sine of EOB 
(fhe given angle at the vertex^ to the sine of OCF, the 
complement of (COF or CBO) the difference of the angles 
at the base ; whence these angles themselves are likewise 
given.-rrThis calculation is adapted to the logarithmic 
canon ; but by means of a table of natural sines, the same 
" result may be brought out by one proportion only^ for BE 
being the sine of BOE, and OE and OF co-sines of BOE 
and COF (answering to the equal radii OB and OC) it 
will therefore be, BE : EF : : sine BOE (ACB) : co-sine 
BOE + cO'Sine COF; from which, by subtracting the co- 
sine of BOE, the co-sine of C0Fr(»CB6) is found. 

PROBLEM VL 

The angle at the vertex, the sum of the two including 
sideSf and the difference of the segments of tiie base being 
given, to describe the triangle. 
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CONSTRUCTION. 
Draw the right line AC at pleasure^ in whicb take AB 
equal to the diflference of the sef^ents of the base* and 
make the an|^e CBE equal to half the sopplement of the 

giren angle; and from 
A to B£ apply AB 
equal to the given sum 
of the sides; make the 
angle EBD » BED 
and let BD meet AE 
in Df and from the 
centre D^ with the ra- 
dius DB» describe the 
circle DBC» cutting 
AC in Cf and join D| 
C; then will ACD be 
the triangle required. 

DEMONSTRATION. 
The angle EBD being « BED, therefore is DE«DB 
aoDC, and consequently AD+DCsAE. Moreover, the 
angle CDE, at the centre, is double to the angle CBE, at 
the periphery, both standing upon the same arch CE; 
which last (by cofutmcUfm) is equal to half the supplement 
of the given angle, therefore CDE is eaual to the whole 
supplement, and consequently ADC equal to the given aa« 
fie itself. q.E.D. 

Method of CalculaHan. 

In the triangle ABE, are given the two sides AB, AE^ 
and the angle ABE, whence the angle A will be given ; 
then in the triangle ABD will be given all the angles and 
the side AB, whence AD and DC (DB) will be also 
given. 

PROBLEM VII. 

The angle at the verteXf the sum of the indudtHg side$f 
and the ratio of the segments of the base being given; to 
determine the trumgle* 

CONSTRUCT^ION. 
Let AG be to 6B, in the given ratio of the segments 
of the base, and, upon the rigbt-line AB, let a segment 
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6f a circle be described, capable of^containiiig the'givett 
angle 5 draw GC per- 
pendicular to AB, 
meeting the periphery 
in C ; join A, C and C» 
Bf and in AC, pro- 
duced, take CH»CB; 
join B, Hf and in HA, 
take HD equal to the 

Siven sum^f the sides, 
raw OE parallel to 
AB, and £F to BC $ 
then will DEF be the triangle required. 

DEMONSTRATION. 

Let Fn be perpendicular to DE. Whereas (by cofi' 
struction) CH is equal to CB, and F£ parallel to CB, 
therefore is FE^FH (Euc. 4. 6.) and consequently F£ + 
FD=»HD : also, because FE is parallel to CB, therefore 
is the angle DFEssACB : moreover, the triangles ABC, 
DEF, being equiangular, it will be, as AG : GB : : Dn : 
«£. q.E.D. 

^ Method of Calculatioru 

From the centre 0, conceive AO and OC to be drawn i 
supposing KOI perpendicular, and CI parallel to AB : 
then it will be, as AK is to CI (KG) so is the sine of AOK 
(=s ACB, see proh. 4.) to the sine of COI, the difference 
of the angles ABC and B AC ; which are both given front 
hence, because their sum is given by the question : there- 
fore in the triangle DHE are given all the angles and 
the side HD, whence the base D£ will be known. 

PROBLEM VIIL 

Hdving the angle at the verieXf the difference of the {«• 
eluding iideSf and the difference of the segnunti of the base, 
to describe the triangle, 

CONSTRUCTION. 

Take AB equal to the difference of the segments of the 
base, and make the angle ABn equtU to half the given 

2T 
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angle; from A to Bn a^ly AE » the difference of fl» 

sides; produce AE^ 
and ms^ke the angle 
£BO«:B£0, and let 
BO meet AE, pro- 
duced in Of and from 
the centre 0, at the 
distance of OB, de- 
scribe the circttmfer- 
ence of a cirde, cuttinf 
AB produced in C» 
join Of C; then is 

AOC the triangle sought 

DEMONSTRATION. 
Because the angle EBO is = BEO fiy canstrueHimJi 
therefore is EO«BO»CO, and consequently AO— OCs 
AE. Furthermore, because the angle AOC is double to 
ADC, and ADC»ABE (^Ew. cord. 22. 3.) therefore is 
AOC also double to ABE. q. E. B. 

Method of Calculaiion. 

The two sides AB, AE, and the angle ABE being giv- 
en, the angle A will from thence be found ; then in the tri- 
angle ABO will be given all the angles and the side ABf 
Whence OB (OC) and OA will be known. 

PROBLEM IX. 

The angle at the verteXf the difference of the indmding 
eides^ and the ratio of the segments of the teJCy being giveth 
to determine the trian^. 

CONSTRUCTION. 

Let AG be to GB, in 
the given ratio of the seg« 
ments of the base, and up- 
^ on the right-line AB let a 
* segment of a circle ACB 
be described (by proi. 4.) 
capable of the given an- 
^e ; draw GC perpen- 
dicular to AB> meeting the periphery in C| and ioin A# C 
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and By C ; in AC take AP— BC, a^d draw BP; also, ia 
ACy take CQ equal to the jriven difibrence of the sides^ 
drawing QE parallel to PB, and ED to B A ; then wiU 
CDE be the triangle which was to be described. 

DEMONSTIIATION. 

• The angle DCE is equal to the given angle by Con* 
stniction ; also £Q being parallel to BP, D£ to AB, and 
AP»BC, therefore must DQ»£C (fuc. 4. 6.) and coa«» 
•equently DC— £Ca-CQ. Moreover, if C6 be supposed 
4o cat D£ in fi» then Dn : En : : AG : GB« q. E. D. 

Method^ Calculation* 
Let Cm be equal to C£, and let Em b<^ drawn. It will 
he, as AB is to AO — i- BO, so is the sine of ACB to the 
sine of the difference of CB A and CAB (by prob. 4.) ; 
then in the triangle DEm will be given all the angles and 
ihe side Dim whence D£ will be given. 

PROBLEM X. 

Tfie angle at the verUx, the perpendicular, and the Hf" 
ference (^the eegnunt$ of the base, being given, to canstrud 
Vke triangle. 

CONSTRUCTION. 

Draw RS at pleasure, in which take DE equal to half 
the difference of the segments of the base, and make EC 
perpendicular to RS and equal to the given perpendica* 




lar, and the angle DEn equal to the difference beiwoea 
the given angl^ *and a rjght one ; join D, C, and draw 
DnO parallel to CE^ and in DC take the point p, so that 
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up (when drawn) may be equal to fiE; draw CO paraM 
to npf meeting DnO in O ; and upon O as a centret with 
the iradius OCy describe the circle BCAf cutting RS in 
B and A j join A^ C and B, C, and the thing is done. 

DEMONSTRATION. 

Join Of B and O^ A : since OC is parallel to pit, there- 
fore is OC : Dp : : pn : nD, or OB : DQ : : nE : itD $ and 
consequently the* triangle OBD similar to the triangle 
«£D (by Etic 7. 6.) Therefore, seeing the angle DEa 
is (by construction) equal to the excess of the given angle 
above a right one, ACB must be equal to the angle given 
(by probn 4.) Moreover, since AD is s DBt AE — BE 
Will Be equal to SDE, which is the given difference of the 
segments (by comtruetion.) Q. E, D. 

Method of Ckilcuiaiion. 
In the triangle CDE, right-angled at E, are given 
both the legs DE and EC, whence the angle EDC will 
be known, and consequently ODC ; then, as the radius is 
to the sine of DBO ( ; : OB : DO : : OC : DO) so is the 
sine of ODC to the sine of OCD ; whence DOC, the dif- 
ference of the angles ABC, BAC, (see prob* 4.) is also 
given, and from thence the angles themselves. 

PROBLEM XI. 

The angle at the vertex, the perpendicidar, and the rtUio 
of the segments of the ba^e, being given, to construct the tri- 
angle* 

. CONSTRUCTION. 

Take AF to FB in the 
given ratio of the seg- 
ments of _the base, and 
upon the right-line AB 
describe a segment of a 
circle ACB capable of 
the given angle ; make 
FC perpendicular to AB, 
meeting the circumference 
of the circle in C, in which 
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take CO equal to the given perpendicular; draw DGB 
parallel to AB» meeting AC and CB in D and £; and 
then DC£ will be the triangle required. 

DEMOJ^STRATION. 

]6ecause of the parallel lines DE and AB, it will be as 
AF : DO ( : : CP : CG) : : FB : GE, or AF : FB : . DQ 
: GE ; whence it appears, that DG and GE are in the 
ratio given. Also the angle DCE and the perpendicular 
CG are respectively equid to the given angle and perpen* 
dicular, by construction. Q. E. B. 

Method of Cakfulaiion* 
As AB is to AF — BF (see proh. 4.) so is the sine of 
ACB to the sine of the difference of A and B ; whence 
both A and B will be given, because their sum, or the 
angle at the vertex, is given : then in the triangles DGC^ 
EGC, will be given all the angles and the perpendicular 
CO, whence the sides will also be known. 

^ PROBLEM XII. ^ 

Tht hasCf tlie sum of the sideSf and the difference of the 
angks at the base, being given, to describe the triangle^ 

CONSTRUCTION. 

At the extremity of the base AB^ erect the perpendicu* 
lar BE, and make 
the angle EBC equal 
to half the given dif- 
ference of the angles 
at the base; from 
the point A, to BC, 
apply AC equal to 
the sum of the sides; 
and make the angle 
CBD«BCA; then 
will ABD be the tri- 
angle required. 

DEMONSTRATION. 
From the centre D^ with the radius CD^ describe the 
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•enicirde CHFf and join F* B. Then, whereas by em^ 
ttrQction the angle CBD is an BCD, therefore is DB as 
DC; whence it ap|)ears that AD + DB is viAC^ and that 
the semicircle must pass through the point B : therefore 
the angle CBF, standing in a semicircle, being a right* 
ftii|^e, and therefore »^E» let FBE, which is common^ 
Jbe talcen away, and there will remain ABF^^EBC ; bat 
DF belnr eqaal to DB, it is manifest that ABF (EEC) is 
aqual to naif tbe difference of the angles ABD and DAB. 

Method (jf Calcnlatiotu 

. As the sum of the sides (AC) is to the base (AB) so is 
the sine of ABC^ or of the complement of half the given 
difference, to the sine of (C) half the angle at tbe vertex; 
whence the other angles BAD and ABD are also given* 

PROBLEM Xni. 

The base, the difference of the eides, and the difference ef 
the angles ai the hasSf being givenf to determent the triang^ 

CONSTRUCTION. 

ft 

At the extremity B of the given base AB, make tbe an- 
gle ABD equal to 
half the given differ- 
ence of the angles at 
the base; and from 
A to BD apply AD 
«s the difference of 
the sides ; draw 
ADCy and make the 
^ angle DBC»BDC, 
and ABC will be the triangle required* 

DEMONSTRATION. 

Because the angle DBC is »BDC.CD wQI be — CB» 
and AC will exceed BC by AD* Moreover, since A + 
ABD » (CDB) CBD (JRuc. ^3, 1.) therefore is A^+ 
SABD (aCBD+ABD) «ABC, and consequently 
SABD, equal to tiie diflference given* ^. B. D. 
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MMod of Cakulathn. 

In the triangle ABD are given the two rides^ AB and 
ADy and the angle ABD« whence the angles A and ADB 
will be given^ and from thence the angles CBA and ACB* 

PROBLEM XIV. 

Tlie difference of the angUe at the iasef the ratio of the 
$ideSf am either the baset toe perpendicular, or the d^erenee 
of the segments of the base, being given, to describe the trir 
angle. 

CONSTRUCTION. 

Draw AC at pleasure, and make the angle ACD equal 
to the given difference of the angles at the base> and tako 
CD to CA in the given ratio of the sides ; draw ADE^ 
upon which let fall the perpen- 
dicular CQ» take Q£ equal to 
QD» and join E* C ; then^ if 
the base be given* let AB be 
taken equal theretOf and draw 
BF parallel to CA (meeting CB 
in F) and FO parallel to E A ; 
but if the perpendicular be giv- 
en, let CP be taken equal there- 
to, and through P draw FPO 
parallel to A£ ; lastly, if the 

difference of the segments of the base be given* tben let 
AR be taken equal to that difference, draw RH parallel to 
CA, and FHO to £A ; then will CFG be the triangle re- 
quired. 

DEMONSTRATION. 

Since QE^QD, and the angle EQC^DQC, therefore 
is CEsCD, and the angle E=QDC»A+ACD fEuc. 
3£. 1.) and therefore E — ^An ACD } wjience, by reason of 
the parallel lines AE, OF, ^c. we have 6FC— FOC>» 
ACD, also FG » AB^ GH « AR^ and CF : CG : : CE 
(CD) 2 CA. q.B. D. 
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Method of CakuUiHon. 

Lei CA and CD be expressed by the numbers exhibit- 
ing tiie given ratio of the sides : then in the triangle ACD 
VfiU be given two sides and the included angle ACD; 
ivhence the angle CAE rCGF) and C£A (CFG) will be 
given^ and from thence the sides C6 and CF. 

PROBLEM XV. 

The hase^ the perpendicutart and the difference of the an^ 
gles at the base, being given, to construdihe triangle. 

CONSTRUCTION. 

Bisect the giveni base AB by the perpendicular DF, in 

which take DE equal to the given height of the triangle ; 

draw CE6H parallel to AB^ and make the angle EDH 

equal to the given dif- 
pi ference of the angles 

Gv^^*-* — r'"*'*^*s^ C ** the base ; draw 

EAQ, and take Q 
therein^ so that QD^ 
DH; and parallel to 
QD, draw AO, meet- 
ing DE in O ; upon Of 
as a centre^ with the 
radius OA, describe 
the circle AGFCB, 
and from the point Gy 

where it cuts the right-line CH9 draw GA and GB ; then 

will AGB be the triangle required. 

DEMONSTRATION. 

Let OG and BC be drawn. By reason of the paral- 
lel lines QD and AO, it will be QD (DH) : AO VOG) 
: : ED : EO ; therefore the two triangles EHD, EGO, 
having one angle E, common, and the sides about the 
other angles D and proportional are equiangular 
(Euc 7. 6.) and consequently EOG » EDH. More- 
over, because DOEF is perpendicular both to AB and 
GC, and AD equal to BD, it is evident that the circle 
passes through the point Bp and that the archjBS FC, FG^ 

( 
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as weO as the angles ABC, BAG, are equal ; and conse- 

Juendy that the angle 6BC is the difference of the angled 
;A0, ABG : but this dtfferetee 6BC is equal to EOG^ 
or EDH [Euc. 20. 3.) that is equal to the difference giyen; 

q. E. D. 

Method of Calculation. 

Firsts in the right-angled trian^e AED are given bot^ 
the legs AD and DE, M^hence tlie angle DEA will be giv- 
en ;. then it will be, as the radius is to the sine of the angle 
H» the complement of the given difference (: : DH : DE : : 
DQ : OE) so is the sine of DEA to the sine of Q ; whence 
AOE (QDE) will also be given; from which take GOE^ 
and there will remain AOG, equal to twice ABO, the ita^' 
er angle at the base. 

PROBLEM XVI. 

The sum of the sides, the difference of the segments ffthe 
basef and the difference ((f the angles at the basOf being gweup 
to describe the mangle. 

CONSTRUCTION. 

Make AD equal to the sum of the sides, and the angle 
ADE equal to half the difference of the angles at the base ; 
from A to DE apply 
AB equal to the given 
difference of the seg* 
fiientB of the base ; 
make the angle CED 
tfesEDC, and ft*om the 
point C, where EC cuts 
AD, with the radius 
EC, describe the semi- 
circle FEB, cutting AE, produced in B ; join B, C, and 
the thing is done. 

DEMONSTRATION. 

Upon'AB let fall the periiendicular CQ. 

Because £Q is « BQ ( JSiic. 3. 3.) therefore will AQ_ 
BQ» AE : also, because the angles CED, EDC, are 
equal (by eonstruetion) CD will be sbCEs^CB, and Conse- 
quently AC +CB» AD. Moreover, ABC— BAC»B£C 
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— BAC» ACE (JBttc. 32. 1.) = 2ADE (Sue. 20. 3.) 

q. E. D. 

Method of Ckdoilation. 

^ In the triangle ADE are given the sides AD, AE, and 
the angle D, whence the angle A will be given; then in 
the triangle ACE are given all the angles and the side AE, 
whence AC and CB (CE) will be given likewise. 

PROBLEM XVII. 

The difference of the angles at the base, the ratio of the 
segments of the basef atid either tlie sum of the sideSf the dif- 
ference of the sides, or the perpendiciUar, being given, to con- 
struct the triangk. 

CONSTRUCTION. 

Let AC be to BC in the given ratio of the segments of 
the base; and upon AB let a segment of a circle BPA» be 
described (by problem 4.) to contain* an angle equal to the 

difference of the angles 
at the base ; raise CP 
perpendicular to AC» 
cutting the periphery 
of the circle in P, and 
in AC produced, take 
CD » CB, and draw 
F4, PB and PD : theut 
if the perpendicular be 
given, take PF equal 
thereto, and, through 
F, draw EFG parallel 
to AD ; but if the sum or difference of the sides be given, 
let a fourth proportional P£, to AP± PD, AP, and the said 
sum or difference be taken, and draw EFG as above ; then 
will PEG be the triangle required. 

DEMONSTRATION. 

Since CP is perpendicular to AD, and CD»CB, the 
angle D will be equal to DBP » A + BPA : whence, 
because EG, is parallel to AD, PGE will be » PEG 
+ BPA (JBtic. 29. 1.) and consequently PGE — PEG 
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aAPB, wbicb, by constnictioiif is equal to tbe given dif- 
ference of the angles at the base* 

Again^ by reason of tbe parallel lines AD and EO^ it 
will be, EF : FG : : AC : (BC) CD. Likewise, for tbe 
same reason, AP ± PD : PA : : PE ± PG : PE : : given 
sum or difference of sides : P£ (by construction) and con- 
sequently PE ± PG » the said given sum or difference. 

q. E. D. 

J^ethod of Calculaiion* 

First, it will be as AB is to AD, so is tbe sine of APB 
to the sine of APD (by prob. 4.) ; then in the triangle 
FGE will be given all the angles, and either the perpen- 
dicular, or the sum or difference of the sides, whence the 
sides themselves are readily determined. 

^ote. The perpendicular cutting the circle in two 
points, indicates that tMs problem is capable of two diC^ 
ferent solutions. 

PROBLEM XVIIL 

Jlie difference of the sides, the difference of the segments 
of the ba^Cf and the difference of the angles at the base, be^ 
ing given, to describe the triangle. 

CONSTRUCTION. 
Draw the indefinite line AQ, in which take AD equal 
to the given difference of the sides> and make the angle 
QDH equal to 

the complement Vn 

of half the dlf- bt >-" V 

ference of tbe 
angles at tbe 
base; from A to 
DH apply AC 
s the given dif- 
ference of the 
segments ; and 
havingproduced 
the same to L, 
make the angle DCE equal to CDE, and let CE meet 
AQ in E, and upon the centre E, with the radius EC, 
describe an arch, cutting AL in B j join E, B, so shall 
AEB be the triangle required. 
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DEMONSTRATION. 



Upon AB let fall the perpendiciilar EP« 

Becavae flio angle DCE » CDE, tiMvefare ia ED » 
£C, and congequenOy A£ — £B (» AE — EC » AB 
^ ED) ^ AD^ Also, aiaoe £B :« EC, tbar^fore wiH 
PB=PC, and consequenUy AP— BP (AP— PC) --AC* 
Moreover, the angle EBC being ^^ECB (JStie. 5. 1.) aad 
£CB — A» CEA (jSuc. 32. 1.) it is plain that EBC— A 
bCEA equal to the given diffrrence, because the trian- 
gle EDC ia isosceles, and the angle at the base equal to 
the complement of half the said diJOTtrencey by canalruc* 
tion, q. e. B. 

Method of Cakylafien. • 

In tbe triangle ADC are given two sides and the angle 
ADC, whence the angle A will be known; then in tbe tri- 
angle ACE will be given all the angles and the side AC| 
whence A£ and CE (BE) will also become known. 

PROBLEM XSX. 

The perpeniicularf the difference of the dngles at filt tase, 
and the difference of the 9egmewts of the haee^ being gvoenf 
to construct the triangle. 

CONSTRUCTION. 

Upon AQ^ equal to the given difference of the segments 
of the base, let a segment of a circle QCA be described, 
capable af the difference of the angles at the base ; bisect 

AQ with the perpen- 
dicular Thf in which 
let T£ be taken equal 
to the given perpendi* 
cular; tlraw EC pa- 
rallel to AQ, cutting 
the periphery of the 
circle in C ; also draw 
CP perpendicular ta 
AQ, and in AQ pro- 
duced takePB^PQ; 
join C| A and C, B; 
then will ACB be the trian^e required. 




DEMONSTRATION. 

Since (fry c^nsinteHsm) CP is perpendicttlar to QB» anA 
PB equal to PQ, ttience will the angle B ^ PQC, and 
B (PQC)—BACsACQ» difference of angles given: alsa^ 
for the same reason, will CP»T£, and AP— BP» AP-- 
PQ=AQ. q.E.B. 

Method of Calculation. 
Prom the centre O9 conceive O A and OC to be drawn : 
then in the triangle AOT will be given all the angles and 
the side AT, whence OT and OE will be given^ then it 
will be as AT : OE : : sine of AOT (ACQ) : sine of OCE; 
wbence atl the an^es in the figure ate given* 

PROBLEM XX. 

The segments of the bastf and the swn of the sides qfang 
jlant triangle^ being given, to detemdne toe triangle. 

CONSTRUCTION. 
From 4he greater segment AQ, take QF equal to thef 
ksser segment BQ; make QL perpendicidar to AB, an< 
inw AIv making 

any angle with AB ^^Jfm 

at pleasure^ in 
which take AE 
equal to the gh^en 
sum of the sides^ 
and join B, E ; 
make the angle 
AFa=«AEB, and 
biseet EG in H, 
and from B as a 
centre^ with the ra* 
dins EH» describe mCn^ cntting the perpendicular QL in 
C ; join Cf Af and C^ B, and the thing is done. 

DEMONSTRATION. 
From the centre C, with the radius CB> let the circle 
BDLKF be described ; and let AC be produced to meet 
its periphery in D. By reason cyf the similar triangles 
AEB, AFG> it will be as AE : AB : : AF : AG, whence 
A6xA£»AFxAB; but (fry JBucw S7. 3.) AFxAB» 
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AK X AD ; therefore is AG x A£ » AK x AD : whence^ 
as EG and DK are equal* by construction, it is evident 
that AG and AK^ as well as A£ and AD^ must be equaL 

q. E. D. 

Method of CaladatUm. 

As AE : AB : : AF : AG ; which taken from A£, and 
the remainder divided by S, gives BC (EH) the lesser side 
of the triangle. 

PROBLEM XXL 

7%e segments of the base^ and the difference of the 
iven, to describe the triangle* 



CONSTRUCTION. 

Take AF equal to the difference of the given segments 
AQ, BQ) (see the preceding figure) and draw AI making 
any angle with AB at pleasure, in which take AG equal to 
tiie given difference of the sides ; join F^ Gy and make the 
angle AB£=s AGF9 and from the centre B^ at the distance 
of iEG, describe nCm, cutting the perpendicular QL in 
C ; join C^ B and C^ A, then will ACB be the triangle 
that was to he constructed. The demonstration of which 
is so very little different from the foregoing, that it would 
be needless to give it here. 

LEMMA. 

Jf a given right4ine AB be divided in any given raSof 
at C9 and the right4ine CBO be taken to AC in the ratio 
ofBC to AC — BC ; and from O as a centre at the distance 
of OC9 a drde CPD be describedf and two right4ines AF, 
BP be drawn from A and B, to meet any wlure in tiie pe* 
riphery thereof; I say these lines wUl be to one another 
(every where) in the given ratio of AC to CB. 

For, since CO : AC : : BC : AC — BC, therefore 
by composition, CO : AO : : BC : AC ; and by per- 
mutation, CO : BC : : AO : AC; whence, by di- 
vision, CO : BO : : AO : CO, or PO : BO : : AO : 
FO : wherefore, seeing the sides of the triangles POB9 
AOF^ about the common angle 0, are proportional^ 
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tbose triangles mast be similar (Euc. 6. G.)^ and therefore 
the other sides also proportional^ that is^ PO (CO) : AO 




: : BP : AP : whence (by the second step) BC : AC : : BP 
: AP. q.E.l). 

PROBLEM XXIL 

The segments of the base, and the raHo of the sides, being 
given, to determine the triangle. 

CONSTRUCTION. 

Let AQy and QB be the segments of the base ; and let 
the whole base AB be divided at C^ in the given ratio of 
the sides ; take 
CO to AC, as 
BC to AC --. 
BC> and with 
the radius CO 
describe the cir- 
cle CPD and 
raise QP per- 
pendicular to AO9 meeting the periphery in P ; join A, 
P9 and B» P ; then will ABP be the triangle i«equired. 
The demonstration of which is manifest from the preced- 
ing lemma. 

Method of Calevlaiion. 

Since the ratio of AC to CB, and the length of the 
whole line AB are given, thence will AC and CB be 

Ifiveo, and consequently OC ( rnZlBC/' '™"* whence 
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fte perpendicular PQ ( » %/TT?;nrC^) is likewise 
given. 

PROBLEM XXIII. 

Having the hasBf the perpendicular, and the ratio of Hit 
ndtSf to describe the triangle* 

CONSTRUCTION. 

Let the base AB be diyided at C, in the ^ven ratio of 
the sides^ and let the circle CFD be described as in the 

last problem ; in 
OR, perpendicular 
to AD, take On 
equal to the ^ven 
pcrpendiculartandy 
through n, draw 
VnT parallel to 
ADy cutting the 
periphery of the 
circle in P; join P» A and P, B, and the thing is done. The 
truth of this is also evident from the preceding lemma. 

Method of Calculation* 
Upon AD let faH the perpendicular PQ, and join 0$ 

P: then PO ( »■ ^ bc )^*^^ ^^ given; thereforei in 

the triangle OPQ, are given OP and PQ, from whenos 
not only OQ, but AQ and BQ are also given. 

JVb/e. The parallel PnP cutting the circle in two pointed 
shows that this problem admits of two diScHrent sofattioBS* 

PROBLEM XXIV. 

The difference of the iegments of the hose, the perpemlk^- 
lar, and the ratio of the sides, being giroenf to conAruet ihi 
triangle. 

CONSTRUCTION. 

Let AB be the difference of the segments of the base 
(^see the last figure) and let every thing be done as in 
the preceding problem : take Q& =a QB^ and join V, i, 
then will AbT be the triangle required. The reasons of 
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which are obvious fkrom what has been said already ; and 
the namerical solution is also evident flrom the last problem. 

PROBLEM XXV. 

The ratio of the segmenU of the hastf the perpendicular, 
and the ratio of the Me$ being given, to construct the <n- 
amgie. 

CONSTRUCTION. 
Draw any right-line ABC at pleasure, in which take 
A£ to £B in the given ratio of the sides, and AF to FB 




in the given ratio of the segments of the base, and make 
FQ perpendicular to AB, and equal to the given height of 
the triangle; make also EC : AE : : BE : AE— BE, and 
with the radius CE describe the circle ERS, and from tho 
point R where it intersects the perpendicular FQ draw RA 
and RB, and draw QP and QT parallel to RA and RB ; 
then will PQT be the triangle that was to be described; 

DEMONSTRATION. 
By the foregoing lemma, AR : BR : : AE : BE ; there- 
fore by reason of the parallel lines, it will be QP : QT 
(: : RA : RB) : : AE : BE. And, for the same reason, 
PF:TF::AP:BF. q.E.D. 

Method of Calculation. 
Having assumed AB at pleasure, there will be given 

/ AE X BE \ 
BE, AE, BF and CE ^ «« -jg gg-j whence RP 



( — ^ £F X CE + CF) is also given; then, in the 
right-angled triangle BRF^ win be given both the legs 

SX 
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BF and RF, whence the angle B is given ; lastijt in the 
triangle FQT will be given all the angles and the side FQt 
whence QT and TF will be given, and consequent!; PQ 
and FP. 

PROBLEM XXVL 

To dividt a gvotn angle ABC vnJto two parts CBF^ ABF, 
90 that their eines may obtain a given ratio. 

CONSTRUCTION. 

In BA, and CB produced, take BE and BD in the 
given ratio of the sine of CBF to the sine of ABF ; draw 

DE, and parallel there- 
to draw BF, and the 
thing is done. For, by 
trigonometry, BE : BU 

: : the sine of D ( =* 
CBF): the sine of BED 
(sABF.) Hence the 
numerical solution is 
also evident; since it 
will be, as the sam of 
BE and BD is to their difference, so is the tangent of half 
the given angle ACB to the tangent of half the difference 
of the two required parts FBC and FBA. 

PROBLEM XXVIL 

To divide an angle given into two parts, so that their 
tangents may be to each other in a given ratio. 

CONSTRUCTION. 

Take any two right-lines AD, BD, which are in the 

ratio given, and upon the whole 
compounded line AB let a seg- 
ment of a circle BCA be de- 
scribed, capable of the angle giv- 
en ; make DC perpendicular 
to AB, meeting the periphery 
in C, and draw AC and BC» 
then wUl ACD and BCD 
be tiie two anf^es required. 
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The reason of which is evident, at one view, from the 
construction. The method of solution is also yery easy ; 
for it will be, as AB is to AD — DB, so is the sine of 
ACB to the sine of B — A {see problem 4.) whence B and 
A, and also BCD and ACD are given. 

PROBLEM XXVIII. 

To divide a giroen angle ABC into two parts, so that 
their secants may obtain a given ratio. 

CONSTRUCTION. 

Take BE to BT in the given ratio of the secants ; join 
T, £9, and let BF be drawn perpendicular to £T, and 




the thing is done. The truth of which is manifest, from 
the construction. 

Method of Calculation, 
The angle EBT and the ratio of the sides BE, and 
BT being given, the angles £ and T will also be given^ 
and consequently their complements £BF and FBT. 

PROBLEM XXIX. 

From a given point O, to draw a right4ine OF, to cut 
two right-lines AC, AB, given by positim, so that the parts 
thereof f OE, OF, intercepted between tfiat point and those 
lines, may be to one another in a given ratio. 

CONSTRUCTION. 

From O, through A, the point of concourse of BA and^ 
CA^ let OAD be drawn^ in which take AD to AO in the 
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given ratio of F£ to £0, and drKw DF parallel to AC* 




catting AB in F; join ¥, O, and the thing is done; as is 
manifest from Euc. 2. 6. 

Mtihoi of CaleuUUion. 
Since the point O. and the lines AC and AB are given 
by position, OA and all the angles at the point A are 
given ; therefore, from the given ratio of AD and AO, 
AD will be given likewise ; then in the triangle DAF will 
be given AD and all the angles (because FDA » CAO) ; 
whence AF is also given. 

PROBLEM XXX. 

To dividt a given arch CD into twa such parts, thai the 
rectangle under their sines may be. of a given magnitude. 

CONSTRUCTION. 

Upon the radius OC let fall the perpendicular DF, in 

which (produced 
if need be) take 
FG » iOC^ and 
thereon consti- 
tute a rectangle 
FIHG equal to 
the given rect- 
angle; and sup- 
________ posing HI to cot 

O "F* T the circumference 

in E, draw OB to bisect DE ; then will CB and DB be 
tlie parts required. 




1 



Oeamebrkai FrMems. 341 

DEMONSTRATION. 

Draw CM* and DNE perpendicular to the radius OB^ 
and Nn and Ee perpendicular to DF. 

It is evident by construction, that the triangles OCM, 

and DNn are similar (beoause Nn is parallel to CO, and 

ND to CM) ; therefore OC : CM : : DN : N« (»4EeO 

and consequently CM x DN^-OC x iEe^iOC x Ee^PG 

X £e» the given rectangle by construction. Q. E. D. 

Method of CattfUation. 

Dividing the measure of the given rectangle by half the 
radius, FI will be given, which added to OF, the cosine 
of CD, gives the co-sine (01) of CE, the difference of the 
two parts; whence the parts themselves will be linown. 

PROBLEM XXXI. 

Having the ratio of the sineSf and the ratio of the tan- 
genta of two angle$f to determine the angles. 

CONSTRUCTION. 
Let AD be to ED in the given ratio of the sines, and 
AD to FD in the given ratio of the tangents ; and about 
the centre D, with the interval DE, let the semicircle ERE 




a le D ^ is: 



be described ; and, upon AF, describe another semicircle, 
cutting the former in H, and through H draw AR, and 
join H, D ; then will DHR and DAR be the two angles 
required. 

DEMONSTRATION. 
Join F, H, and draw DQ perpendicular to AR. 
The angle AHF, standing in a semicircle, being a 
right one, the lines FH and DQ are parallel (fry J5iic.sr. 1.) 
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and therefore AD : FD : : AQ : HQ : : tangent of DHQ: 
tangent DAQ. Likewise DA : D£ (DH) : : sine of DHQ: 
sine of DAQ^ as was to be shown. 

Method of Calculation. 

If AR be supposed to meet the periphery in R, and RN 
be drawn parallel to HF, meeting AK in N ; then will 
DNttDF, and AN : AR : : AF : AH; but (fry Euc. 37. 3.) 
AR : AK : : AE : AH; whence, by compounding the terms 
of these two proportions, ^c. AN : AR : : AF X AE : AH'; 
whence AH, as well as AD and DH, being known, the 
angles A and K will also be known. 

PROBLEM XXXIL 

To draw from a point A in the circumference of a given 
eirdt, two subtenses AB and AD, which sluiU be to one on- 
other in the given ratio of m to n^ and cut off two archiu 
AB and ABD, in the raUo oflio3. 

CONSTRUCTION. 

Draw the diameter AH, 
and take the subtense AQ, 
in proportion thereto, as 
n — m to Qm; from the 
centre O draw OB paral- 
lel to AQ, meeting the 
periphery in B; join A, 
B, and make the subtenses 
BC and CD each equal 
to AB, and draw AD, and 
the thing is done. 

DEMONSTRATION. 

Join H, Q, and draw BE and CF perpendicular to AD. 

The angle AOB (QAH) at the centre, standing upon 
the arch AB, is equal to the angle BAD at the cir- 
cumference, standing upon double that arch ; therefore, 
AQH being equal to AEB or a right-angle. {Eue. 31. 5.) 
the triangles AQH, AEB, must be equiangular, and 
consequently AB : AE : : AH : AQ; but^ by con- 
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stractioiif AH : AQ : : 2m : n — nw whence AB : AE : : 
^m : n — m or AB : 2 A£ ; : £m : £ii — 2m ; therefore (by 
composition) AB : AB+£A£ ( : : £m : £n) : : m : n. wit 
AB being «BC=CD, EFis *BC«=AB, DF«AE, and 
AD>»£AE + AB. Hence AB : AD : : m : n. q. E. D. 

Method oj Calculation. 

Let AP be perpendicular to OB ; then> beeause of the 
similar triangles OAP, AHQ, it will be as AO : OP (: : AH 

: AQ) : : £m : n — m (6y constr uction) ; therefore OP « 

n — mxAO ,^^ .^ ^«x 3w — nxAO ^ , ^ 

-, (BP=AO — 0P)» 9 and conse- 



£m 



£m 



quently AB ( v'£AO x BP) « J 
AD is also given. 



3 m — n 
m 



X AO; whence 



PROBLEM XXXIU. 



The area and hypothenuse of any right-angled plane tri* 
angle being given, to describe tlie triar^le* 

CONSTRUCTION. 

Upon the given hypothenuse AB, as a diameter, let the 
semicircle ACB be described, and upon OB, equal to half 
AB (fry Euc* 41. 1.) constitute the rectangle 0£ equal to 




the given area of the triangle, and let the side thereof, 
EF, cut the periphery of the circle in C ; join A» C^ and 
B, Cp and the thing is done* 
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DEMONSTRATION. 



The triangle ABC, standing upon the whole diameter 
ABy is equal to the rectangle OE, of the same altitudei 
standing upon half AB (by Euc. 41. 1.) which last (by om- 
9trvuiti(m) is equal to the area given. 

Method of Calculation* 

Join O, C9 and let CD be perpendicular to AB ; then 
it will be, as A0« (AOxOC) : AOxDC (: : OC : DC) 
: : radius : sine of DOC ; which, in words, gives this the- 
orem. 

Jis the square of half the hypothenuse of any righUangled 
plane triangle is to the area, so is the radius to the sine cf 
double the lesser of the two acute angles. 

JV*. B. Sinc/s no sine can be greater than the radius, it is 
plain, that, if the square of hdf the hypotbenose be not 
given greater than the area of the triangle, the problem 
vrill become impossible ; in which case the side EF^ instead 
of cutting, will pass quite above the circle. 

PROBLEM XXXIV. 

To describe a rj^ht-angled frtaiigie, whose area shall te 
efual to a given square, and the sum of ii% two legs equal to 
a given righi4ine AB. 

CONSTRUCTION. 

Upon AB let a semicircle be described ; make ACD 

a half a right-angle, 
and CD » twice (PQ) 
the side of the given 
square ; draw DE pa- 
rallel to AB, meeting 
the circumference in 
E, and EF perpendi- 
cular to AB, intersect- 
ing AB in F, in which 
produced take FGs 
FB, and draw AO j so shall AFG be the triangle required. 

DEMONSTRATION. 
It is evident that AF+FG» AB; and also that tte 
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area APG « 4AF x FG =» 4AF x FB « iFE» ( « 
*DH» ) « 4CD» - PQ». ^- E. D. 

Method of Calculation. 

If the radius ^CE be drawn^ in the right-angled tri- 
angle CEF, there will be given CE ( = jAB ) and 
iFl' (= SPQ') whence CF (= s/iAB* — 2P(i») will 
be known, and, from thence, both AF and FG. 

LEMMA. 

The area of any right-angled trianghf ABC, is equal to 
a rectangle under ha^ its perimeter and the excess of that 
half perimeter above the htjpothenvset or longest sid^. 

DEMONSTRATION. 

In the proposed triangle let the circle EGF be inscrib- 
ed, and from the centre D, to the angular points A, B, 
C, and the points of contact, E, F, 6, let the right-lines 
DA, DB, DC, DE, DF, and DG be drawn. It is plain 
that the sum of the three triangles ADB, BDC, and 
ADC, is equal to the ^ 

whole triangle ABC ; >^C 

but the triangle ADB 
is equal to the rect- 
angle jAB X DG; 
and so of the rest: 
therefore the sum of 
the rectangles iAB 
X DG + iCB X 
DF + JAC X DE 
is equal to the whole 
triangle ABC; but 

the sum of these rectangles (by Euc. 1. £.) is equal to the 
rectangle under half the perimeter AB + BC + AC and 
the semidiameter DG, which last rectangle is, therefore, 
equal to the triangle giren. But the angles E and G be- 
ing right ones (Euc. 17. 3.) and the side AD common, 
and also DE equal to DG, thence will AE » AG {Sue. 
47. 1.) And in the same manner will CE »* CF; con- 
sequently AC (AE + CE) wUl be I- AG + CF; whence 
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it appears that the hypothemise to less tlmn the som of 
the two legs by B6 + BF, or twice the radius of the io- 
scribed circle, and therefore less than half the perimeter 
by once that radius^ or D6 : whence the proposition is 
manifest. 

PROBLEM XXXV. 

The perinuter and area of a righUangltd triangle beii^ 
given, to describe the trian^e. 

CONSTRUCTION. 

Make AB equal to the given perimetert which bisect 
in C, and upon AC let a rectangle ACDE be constituted 
equal to the given area ;. take CF « CD and, from F 




! 



through Dy draw the indefinite line FH, to which, fnmi 
Bf apply BI « AF ; then, upon AB let fall the perpen- 
dicular IKy so shall BIK be the triangle that was to be 
constructed. 

DEMONSTRATION. 

Since (by construction) CD is a CF, therefore is IK « 
FK, and consequently IK + IB + BK «» FK + AF + 
BK s= AB. Again, the excess of the half perimeter AC 
above the hypothenuse BI (AF)being » CF » CD» it is 
evident (firom the premised lemma) that the area of the tri- 
angle will be e ACDE » the given area by cbnstmction. 
q. E. D. 

Method of Calculaiion. 

Dividing.the area by half the perimeter, CD ( a CF) 
will be given ; then, in the triangle BFI, will be given 
BF, BI, and the angle F ( » 45"" whence the angle B 
will also be known, and from thence BK and BI. 
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PROBLEM XXXYL 

To make a right-angled triangle equal to a given square 
ABCD9 whose sides shall be in arithmetical progression* 

CONSTRUCTION. 

SAB 

In AB produced, take BF » — z — , and upon AF 

deacrtte the semi-circle AEF, cutting BC produced 




in E ; take BQ 
done. 



4EB 

— J—} join E, Q, and the thing is 



DEMONSTRATION. 
Since, by construction, QB : BE : : 4 :' S, therefore 
will BQ« : EB> : : 16 : 9, and BQ»+BE* : BE> : : 16+9 
(25) : 9, that is, EQ« : BE* : : 25 : 9 {Euc. 47. U); whence 
£Q : BE : : 5 : S IBuc. 22. 6.) therefore the sides BE, 
BQ and EQ, being to one another in the ratio of the num- 
bers 3, 4, and 5, are in arithmetical progression. And, 

4EB EBxBQ 2EB* 
because BQ is » ""^* thence will — g • n» — — » 



SBFxAB 



AB*. q.E.D. 



Method of Caleulatum. 

sAB ,_ . 

Seeing BF is = -y , (BE v/ AB x BF) will be « 

{^ns*v /sm?\ 

—f) and £Q {-5-) wUl be 

likewise givep. 
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PROBLEM XXXVII. 



In a given circle CIHK, to describe three equal eirdes 
E, F and G, which shall touch one another, and also Vic 
periphery of the given circle. 

CONSTRUCTION. 

From the centre C let the right lines CH, CI and CK 
be drawn^ dividing the periphery into three equal parts, in 
the points H, I and K ; join I, K, and in CK produced 
take KL» ilK ; draw IL, and parallel thereto draw KF 




meeting CI in F ; make HE and EG each « IF, and 
upon the centres F, £ and G, through the points, I, H 
and K, let the circles FrI, EmH, and GnK be described, 
and the thing is done. 

DEMONSTRATION. 

Draw FE, FG and EG. 

Because (by construction) HE, IF, and KG are equal, 
CE, CF, and CG will likewise be equal, and FG paral- 
lel to IK (by Euc. 3. 6.) and thereroi*e, KF being. parallel 
to IL (by construction) the triangles IKL and PGK are 
equiangular; whence, IK being ^ 2KL, FG is » 2GK 
(2Fr> (Euc. 4. 6.) whence it istmanifieist that the circks P 
and 6 touch each other. 
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Moreover, the angles ECF, ECO i|nd FCG, as well 
as the containing sides CE, CF, and CG being equal, 
EF, FG, and EG must also be equal (by Euc. 4. 1.) and 
therefore EF or EG = 2FI or 2GK ; whence it is evi- 
dent that the circles E, F and E, G also touch one an- 
other. But all these circles touch the given circle, be- 
cause they pass through given points H,.!, K in its peri- 
phery, and have theii* centres in right lines joining the 
centre C and the points of concourse. 

Method of CalculatioTu 

In the triangle FGK we have given the angle FGK 
(1 50°) and the ratio of the including sides (yi%. as 2 to 1) 
whence the angle FKG will be given ; then in the trian- 
gle FCR will be given all the angles and the side GK, 
whence CF and alsa FI will be given. But, if you had 
rather have a general theorem for expressing the ratio of 
FI to CI, then let EC be produced to meet FG in r. 
Therefore, the angle rFC being = 30°, Cr will be « 

iCFj whence (by Euc. 47. 1.) FI or Fr ( v'FC* — Cr» ) 
is = FC X -v/i, and therefore^CI « FC + FC v/T; 
consequently CI:FC::l + v^i{:l; whence, by divi- 
sion, CI : FI ( ; : 1 + %/J: x/1) : : v'l + 1 : 1. 

PROBLEM XXXVIII. 

In a given drde CEHG to describe Jive equal drdes K, 
L, M, N, and O, which shall touch one another , and thfi 
circle given^ 

CONSTRUCTION. 

Let the whole periphery EGH be divided into iiv^ 
equal parts, at the points E, F, G, H, and I (by Euc, 
11. 2.) and draw CE, CF, CG, CH and CI; join G, H, 
and in CH produced take HP ss iGH ; draw PG, and 
parallel thereto draw HM, meeting CG in M ; take FL^ 
£K, 10 and HN, each equal to MG, and upon the cen* 
tres Ki^ L, M, N and O, let circles be described through 
the points E, F, Q, H and I> and the tiling mb done. 
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Tlie demonstration whereof is evident from the last pro- 
position : and in the same manner may 6, 8^ or 10, ^ 
equal circles be inscribed in a given circle> to touch oo« 
another* 

The method of calculation in this, or any other case, 
will also be the same as in the last problem ; for in the 
triangle MNH will be given th€ ratio of NM to NH 
(as 2 to 1) and the included angle MNH equal .^j 126% 
120% 112}% or 108°» ^c. according as the number of cir- 
cles is 5f 6, 8, or 10, ^c. from which the angle MHN will 
be given ; then in the triangle CMH will be given all the 
angles, and the side CH, to find CM. 

PROBLEM XXXIX. 

. 3%e perm^fer of a right-angled triangle, whose iidee art 
in gtometrieal progressianf being given to de^aribe Vkt trv 

Q/fUtijf. 

CONSTRUCTION. 

. Upon AC^ eqnal to the given perimeter, describe the 
semicircle ABC, and let AC be divided in D, according 
to extreme and mean proportion ; make DB perpendico* 
lar to ACf mecfting the periphery of the circle in B, and 
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having joined A, B and C, B, let A£ and CE be drawn 
to bisect the angles 
BAC» BCA ; and, 
from point of inter- 
section E, let £F and 
EG be drawn paral- 
lel to BA and BG, 
cutting AC in F and 
G; then willEFGbe 
the triangle that was 
to be constructed. 

DEMONSTRATION. 

Since (by construction) AC : AD : : AD : DC, therefore 
is ACq : AC X AD : : AC x AD : AC X DC (Jy Eue, 
1. 6.) or ACq : AB9 : : AB9 : BC9 (hf Cor. to JSttC. 8. 6.) 
and consequently AC : AB : : AB : BC ; whence, the tri- 
angles ABC, PEG, being equiangular, FG : FE : : FE 
: EG. Also £F is » AF, because the angle FEA ( « 
EAB) s FAE ; and in the very same manner is EG s 
GC ; therefore EP + FG + EG ( « AF + FG + GC) 
s AC. Moreover the angle FEO C« ABC) is a right 
angle, by JBuc. 31. 3. ^. £• B. 

Method of Calculation. 



Because {by comtructi&n) AD ( « %/|ACg — 4 AC) « 
AC X ^/i—i9 thence is AB (i/AC x AD) « AC x 

^ ^1 — ^, and BC ( v^AC x CD - AD ) = AC x 
V^ — i : but, by reason of the similar triangles ABC, 
FEG, it will be as AC 4- AB + BC : (FG + FE + 
EG) AC : : AC : FG : : AB ; FE : : BC : EG; or as 

^^T_ i +i + ^T. 1 : : AC : FG : : AB : FE : : BC 
: EG i whence FG, FE, and EG are given. 
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PROBLEM XL. 

To draw a right4ine PQ to touch two drdes C and 0, 
given in magnitude and position. 

CONSTRUCTION. 
Upon the line CO, joining the centres of the given cir- 
deSy describe the semicircle CDO, in which inscribe CD 
equal to the diiBTerence of tlie semidiameters CF and 0£ ; 




and from the point B, where CD produced meets the pe- 
riphery BF^ draw PB perpendicular to CB ; then will 
BP touch both the circles. 

DEMONSTRATION. 

Join Of Hf and draw OA perpendicular to PQ. 

The angle CDO9 standing in a semicircle, is right; 
therefore, the angles B and A being both right ones, by 
construction, the angle AOD must also be right, and the 
figure DOAB a rectangle, and consequently AOaBD^s 
BC— CD«CF— CD=OE (by construction). Wherefore, 
seeing CB and OA are respectively equal to CF and OE, 
and both the angles A and B right ones, it is evident that 
the right line PQ touches both the circles. Q. E. D. 

The numerical solution of this problem is extremely 
easy ; for since the two sides CO and CD of the right- 
angled ti*iangle CDO are both given, the angles DCO 
and AOC, determining the points of contact B and A, are 
from thence given^ at one operation. 

But if it be required to draw a right line (ah) to 
touch both circles, and to pass between the centres C 
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and O ; ihen^ instead of taking CD equal to the difference 
of the semidiameters CF» 0£» let Cd be taken equal to 
their sum^ and the rest of the process will be exactly the 
same. 

PROBLEM XLI. 
7b draw a right4ine AD throfugh two circles GAEF» 
HCSRy given in magnitude and positiont so as to cut off 
segments thereof, AKBm» CTDn^ equal respectively to two 
given segments EQFo, $PIU. 

CONSTRUCTION. 
Upon the subtenses EF, SR^ from the centres G and 
H^ let fall the perpendiculars GQ and HP 3 and from the 




same centres^ at the distances GQ» HP^ let two circles 
GQK9 HPT be described ; then draw a right line AD to 
touch both these circles^ by the last proposition, and the 
thing is done ; for the lines FE, AB being at the same dis- 
tance from the centre G, the segments cut off by them 
must consequently be equal : and, in like manner, the seg- 
ments SFBJb, CTDn, are also equal. 

PROBLEM XLIL 

To describe the eircumferenu of a circle through a given 
point F, to touch two right-lines AB, AC, given bypositunu 

CONSTRUCTION. 
Join A, P, and bisect the angle BAC, with the right- 
line AK> and^ from any point Q in that Une^ draw QT 

8Z 
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perpendicular to AC ; then, from Q tq AP, draw Q9»<» QT; 
draw likewise PO paraUel to SQ, meeting AK in O; and 




from O, as a centre, with the radius OP, describe the cir- 
cle PKF, and the thing is done. 

DEMONSTRATION. 
Let OH be perpendicular to AC, and O W to AB ; then, 
by reason of the parallel lines, it will be QS : OP (: : A<i^ 
: AO) : : QT : OH ; whence as QT»QS, OH will be » 
OP; and therefore the circumference PKF will pass 
through the point H, and so, AHO b^ing a right<4uigle, 
AC must touch the circle in that point. Moreover, the tri* 
angles AOH and AOW being equiangular and having one 
side common, OW will therefore be asOH, and the cirde 
also touch AB in the point W. <2* -B* -"• 

Method of Calculation, 

Having assumed AQ at pleasure, there will be given, ia 
the triangle AQT, all the angles and one side, whence 
QT (»QS) will be given : then, in the triangle AQS, will 
be given AQ* QS, and the angle QAS, whence the angle 
AQS (sAOP) will be given. Lastly, in the triangle 
AOP will be given ail the angles and the side AP, whence 
AO and PO will be given. 

Otherwise. 
- Say, as the sine of OAH : radius ( : : OH : O A : : 
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OP t A) : : the sine of OAP : sine of OPA ; then» in the 
triangle AOP will be given all the angles and the side AP^ 
whence the other sides AO and OP wUl be found. 

PROBLEM XLIII. 

To describe the drcumferenee of a circle through two gw^ 
en poifUs J), G, to touch a right-Mne AB^ given by position^ 

CONSTRUCTION. 

Draw DGy and bisect the same by the perpendicular 

FC, meeting AB in ^^^ .,„,^^^ 

C; join C, D, and ^» ^ ^VGr 

make FP perpendi- v / 
cular to AB*; and^ 
from F to CD, pro- 
ducedy draw FS » 
FP; make DH pa- 
rallel to FS» and 
from Hy the inter- 
section of CF and ^^^ -T>rn r« *c> 
DH, with the radius 1^ 1 C ±5 
DH, describe the circle HDQ, and the thing is done. 

DEMONSTRATION. 

Join H, O, and draw HT parallel to FP, meeting AB 
in T ; then because of the parallel lines, it will be, FS : 
HD ( ! : CF : CH ) : : FP : HT ; wherefore, as the ante- 
cedents FS and FP are equal, the consequents HD and 
HT must likewise be equal ; and therefore since HT is 
perpendicular to AB, the circumference of the circle will 
touch AB in T ; and it will also pass through the point 
O, because the two triangles DFH, GFH, having two 
sides and the included angles equal, are equal in every 
respect ^. E. D. 

Method of Ckdcidation. 

The angle FCA, and the numbers expressing FC and 
DG being given, in the triangle CFD will be given 
(besides. the right-angle) both the legs CF and FD, 
whence CD and the angle FCD will be known ; then U 
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will be, as tlie sine of FC A (TCH) : radios ( : : TH : 
CH : : DH : CH) : : the sine of HCD : the sine CDB; 
therefore in the triangle HCD there wiH be given all the 
angles and the side CD, whence CH and MD will be 
known. 

PROBLEM XLIY. 

Having given AB, and also AD and B69 perpendicular 
io AB ; to find a point T in AB, to which if two righi-UneM 
DT, 6T be drawn, the angle DT6| formed by those lints, 
thou be the greatest possible, 

CONSTRUCTION. 

Describe by the last problem, a circle GDQ, that shall 
pass through G and D and touch AB, and the point of 
contact T will be the point required. 

DEMONSTRATION. 

Join G, T and D, T ; and from any other point R in 

the line AB, draw RG and 
RD; also, from the point 
Q where GR cuts the circle^ 
draw QD : then, the angle 
GQD, being external with 
regard to the triangle DQB^ 
will be greater than GRD ; 
therefore GTD, standing in 
the same segment with 
GQD, will be diao greater 
than GRD. q. E. D. 
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Method of Calculatian. 

Draw DE parallel to AB ; then in the triangle GDE 
will be given DE, EG (= BG-^ AD) and the right- 
angle DEG, whence the other angles EDG, EGD, and 
the side DG will be found ; then in the triangle CFP, 
similar to GDE, will be given all the angles and the 

(ATI -L. ¥tC \ 
8s r j whence FC will be giren 5 from 

which, by proceeding as in the last problem, all the rest 
Will be found. 
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PROBLEM XLV. 

To deserU^ a drdCf ToMeh shall tomh two nghtdiMt 
AB» AC, given in ponttoti, and also another circle O, given 
in magnitude and position. 

CONSTRUCTION. 

Let the angle CAB, made by the concourse of the two 

lines, be bisected by AK ; and, from any point P in this 

line, let fall PQ perpendicular to AB, which produce to R, 

80 that QR may be equal to the semidtameter of the given 




circle ; and through R, parallel to AB, draw HM, meeting 
KA produced in H; draw HO, to which, from P, draw 
PvbPR, and draw OE parallel to Pv, meeting AK in E^ 
and cutting the periphery of the given circle in r ; lastly^ 
from E, with the radius £r, describe the circle ErSLN, and 
the thing is done. 

DEMONSTRATION. 

Draw EG perpendicular to HM, cutting AB in F: 
then, by reason of the parallel lines, PR : EG ( : : HP : 
HE) : : Pr : EO ; therefore PR being « Fv (by construe- 
lion) EG and EO must likewise be equal ; from which the 
equal quantities FG and Or being taken away, the remain- 
delta EF and Er will be equal j and therefore the circum- 
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ference rKN passes through F ; bat it also touches AB in 
that pointy because EF (by construction) is perpendicular 
to AB ; it likewise touches AC^ because A£ bisects the 
juigle BAG ; lastly^ it touches the circle O, because the 
right^line 0£ joining the centres O and E^ passes through 
the point r, common to both peripheries. 

Method of Caleulaiion. 

Supposing AO drawn, and AS perpendicular to HM, in 
the triangle AH8 (besides the right angle) will be given 
AS (»rO) and the angle AHS (^»£AF«iBAC) whence 
AH will be known ; then in the triangle AHO will be given 
AH, AO, and the included angle, whence AHO and HO 
will also be given : then it wiU be, as the sine of £H6 is 
to the radius (: : £6 : £H : : £0 : EH) so is the sine of 
£H0 to the sine of EOH ; therefore in the triangle HEO 
will be given all the angles and the side HO^ whence £0 
and EH are known also. 

PROBLEM XLVI. 

To describe the circumference of a cirde through a given 
point P, so as to have given parts cut off by two right4itteSf 
AB, AC, given in position* 

CONSTRUCTION. 

Let the arcs to be cut off by AC and AB be similar re- 

rtively to the arcs ab, be of any given circle abcqf whose 
■ds, ahf be subtend, at the centre, any given angles o^k, 
'bqc Let the angle abc be bisected by bd; take, in AB and 
AC any two points, £, D, equidistant from A ; and having 
drawn D£, make' the angle EDF^^M, CDR«f6ii, and 
BFR^ qbc; then from the intersection R of the lines DR 
and FR, with the radius RD, describe an arch mSn, cut- 
ting the line AP in S, draw RS and ARK, and also PQ, 
parallel to RS, meeting AR in Q ; then from the centre 
Q, with the radius PQ, describe the circle KPI^ aud^ the 
thing is done. 
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DEMONSTRATION. 

Draw QH and Q6 parallel to RF and RD» meeting AB 
and AC in H and O. The angles BED and CDE being 
equal, BFD will exceed CDF by twice EDF, or by twice 
qbd, that is, by as much as qbc exceeds qbiL, or lastly, by 
as much as BFR exceeds CDR; therefore, seeing the 
whole angle BFD as much exceeds the whole angle CDF^ 
as the part BFR of the former exceeds the part CDR of 
the latter, the remaining parts RFD and RDF must be 
equal, and consequently FRaaRDsRS. But by reason 
of the parallel lines it will be, RF : QH : : RD : QG : : 
RS : QP ; whence, the antecedents RF, RD, RS, being 
equal, the consequents QH, QG, QP, must be equal toOf 
and the circumference pass through the points H and G jr 
whence tiie solution is manifest. 

Method of Calcuiatum. 

If two perpendiculars be conceived to fall flrom Q upon 
AB and AC, they will, it is plain, be in the given ratio of 
the sines of the angles QHI and QGL ; therefore the po- 
sition of the line AQK will be given (jfrom prob^ £6.) by 
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sayingy as the sum of the said sines is to their differencey 
so is the tang ent of half BAG to the tangent of half 

B AQ — C AQ. 

A|:ain, it will be as sine QAH : sine QHA Q : QH : QA 
: : QP : QA) : : sine QAP : sine QPA ; theraTore, in tbe 
triangle AQPy are given all the angles and one side APy 
whence AQ and PQ will be found. 

PROBLEM XLVII. 

Baroing the three perpendieidarSf let fail from the angles 
t^Ja plane triangle on the opposite sides f equal to thru given 
nght4ines Kk, liy and Mm, to describe the triangle. 

CONSTRUCTION. 

Draw the indefinite right-line RS^ in which take AB 
equal to Kk: find a fourth proportional to Mfn, U, and 
U, with which as a radius^ from the centre A9 let an arch 
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rCs be described ; and from B, with the radius LZ, let 
other arch be described intersecting the former in C; 
join A» C and B, C^ and upon RS let fall the perpendicu- 
lar QC9 in which produced, take QP»L{, and draw PF 
pu^lel to RS| meeting AC» produced, in F, draw F6 
paridlel to CB^ and AFG will be the triangle required. 

DEMONSTRATION. 

Draw FE, Gq and Av, perpendicular to the ttiree sides 
of the triangle. 
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The triangles ABC, AOF; AFE, AG9; and GFE, 
AGr, are equiangular, by constnidwn ; tiierefore 69: 

FE::AO:AF::AB(K*):AC(-5|;jp-j ;:Mm.U; 

whence, as the consequents FE and li are equal, by con- 
strucHonf the antecedents Oq and Mm must be equal like- 
wise. Again, BC (LI) : AB (Kft) C : : FG : AG) : : FE 
(LQ : Av ; and consequently Kk « Av. ^. B. D. 



Mtfhod of Calcidation. 



Since Kft, li, and Mm are given, AC ( 






make the 



KkxU 
Mm 

will be known ; then in the trianrie ABC will be given 
all the three sides, whence the angles are known ; lastly, 
in the triangle AFG will be given all the angles and the 
perpendicular EF, whence the sides are also known. 

PROBLEM XLYIIL 

The position of three points, in the same nght4ine9 being 
ghen, it is proposed to find a fourthf where lines, dravm 
/r(ym the former three, shall make given angUs Toith each 
other. 

CONSTRUCTION. 

Let the three given points be A, B, and C 
angles ACE and CAE 
respectively equal to the 
given an^es which the 
lines drawn from B, A, 
and B, C are to make ; 
and let AE and CE 
meet in E ; through A, 
C and E, let the cir-> 
cumference of a circle 
AECD be described, 
and, through E and B, 
draw EBD, meeting it 
in D, then will D be 
tte point required. 

8A 
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Join Af D, and C» D. 

The angle EDA is e^ual to ACE, standing on the same 
segment ; and^ for the like reasoRy is EDC » CAE, 
^. E. B. 

Mttkod ^ Cakulaiuuu 

In the triangle ACE are given all the angles and the 
side AC, whence A£ will be given ; then, in the triangle 
ABE, will be given the two sides AE, AB, and the in- 
cluded angle, whence ABE and all the rest of the angles 
in the figure will be given* 

PROBLEM XLIX. 

Three points, A, B, C, being any how given; to Jind a 
fourthf where lines, drawn from the former three, sAofl 
make given angles with one another. 

CONSTRUCTION. 

Join the given points, 
9md upon the right-line 
AB describe a segment of 
It circle, capable of the 

!;iven angle which that 
ine is to subtend ; com- 
plete the circle, produce 
BA, and make the angle 
DAQ equal to the ai^ 
which BC is to sabtendt 
and let AQ meet the pe- 
riphery in Q; draw QC, 
catting the same periphe- 
ry in P ; join A, P, and 
B, P, and the thing is 
dene. 

DEMONSTRATION. 

The angle ABP is equal to the given angle which AB 
was to subtend (by amstruction) i and the angles QAB and 
QPA, standing upon the same segment, being equal te 
each other, their supplements DAQ and BPC must like- 
wise be equiil. ^. JS. D* 
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JItflmd of CticidaHm. 

Jam By Q ; then, in the triangle ABQ will be ^en nil 
the angles and the side AB, whence BQ and ABQ will be 
known ; then in the triangle CBQ will be given two sides^ 
and the included angle CBQ, whence the angle CQB, 
e^ual to BAP5 will be known : lastly^ in the triangle APB 
will be given all the angles and the side AB^ from which 
AP and BP will be found, 

PROBLEM L. 

To draw a right4ine EG tknmgh a eirde O, given in 
magfiihuU and poritUm, vfhich shall also cut a right-line 
QC» given by positionf in a given angle, and have its parts 
£F> F6, intercqfted by the cirde and that right-fine^ in 
the given ratio of the two right-lines ab and be. 

CONSTRUCTION. 

At any point B,. in the right-line QC^ make the angle 
QBA equal to th» given angle^ and through the centre 
O9 perpendicular 
te BA» draw DQ DD 

meeting BA in R^ ^'^•'n'^^N^ /C 

and coin Q; bi- 
sect ab in d, and in 
RB take Rn «> bd, 
and pq » oCf and 
draw pm and qn 
parallel to DQ; 
from the point n, 
where qn inter- 
sects QC9 draw nL 
parallel to BAy 
meeting pm in m; 
through the points 
Q and m draw 
QmF, cutting the 
periphery of the circle in F, and through F^ parallel to 
BA, draw EFG, and the thing is done. 

DEMONSTRATION. 
The lines GE, BA, and nL, being parallel^ the angles 
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Q6E, QBA, &fe. wOl be equal, and likewise SF : F6 : : 
Lm : mn; but Lm (by cfmstruetion) is ("sBp) »db» andom 
C^pq) «frc; therefore SF : F6 ::db: bCf and conseqaently 
£F (2SF) : F6 : : oft (2&d) : ic 9. £. D. 

Method of Calculaiioru 

hn (dc) : XiHi (db) : : the tangent of LQn (the comple* 
ment of the gi^en angle QBR) : the tangent of LQm>* there- 
fore, in the triangle OQF, will be given one angle OQP 
and two sides, QO.FO ; whence, not only the angle SOF, 
but also SO and 8F will be k:nown. 

PROBLEM LI. 

To apply, or inscribe, u given right4ine AD between the 
peripheries of two cirdes C and 0, given in magnitude and 
position, so as to be inclined to the right4ine CO joining the 
centres, in a given angle. 

CONSTRUCTION. 

Make OCB equal to the given angle, and let CB be 
taken equal to the given line ; upon the centre B, with the 
radius of the circle C, let the arch nDm be described. 




catting the circle in D ; then draw BD, and parallel 
thereto, draw CA, meeting the periphery in A ; join A, D^ 
and the thing is done. 

DEMONSTRATION. 

Because (by construction) CA and BD are equal and 
parallel, therefore wUl AD and CB be also equal and paral- 
kl (by Euc. 33. 1.) q. E. D^ 
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Method of Calculation. 

In the trianele CBO^re given two sides CO and CBa 
and the angle OCB, whence OB and the angle COB will 
be known ; then in the triangle OBD will be given all the 
three sides, whence all the angles^ and consequently DOC^ 
will also be known. 

PROBLEM LIL 

From a given rectangle ABCD, to cut off a gnomon ECG, 
whose breadth shall be every where the same, and whose 
area shall be just half of the rectangle. 

CONSTRUCTION. 

In BA take BH equal to BC^ or AD; and in 
DA produced take 
AP a mean propor- 
tional between BA 
and iAB (so that 
AP* may « the giv- 
en area AGFE.) 
From P to the middle 
of AH draw PO; 
make OE»OP^ and 
D6»BE; complete 
therectan^eEAOF, 
and the thing is done. 

DEMONSTRATION. 

If the semicircle EPQ, from the centre 0, be described^ 
it is plain that AQ«EH»BH— BE»AD— DG»A6; 
and consequently that A£xAG=»AExAQ»AP* (JSuc. 
13.6.) q.B.D. 

Method of Calculation, 

In the right-angled triangle AOP are given AO 

AB—BCX 

« 2 ) and AP ( =: • iAB x BC) ; whence 

OP win b^ known^ and from thence both A£ and AG. 




( 
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PROBLEM UVL 

Three pdnU A» B, C, beiug giyj/B^f U U profoicd tajmd 
i fourth, P, Jrom whence lines, drawn to the three ((mur^ 
ihaU obifiLin the v^tio of three given lints a, h om c, rc-^ 
actively. 

CONSTRUCTION. 

Having joined the given peintst take AF, in AB, equal 
to a, and AI^c$ also make the angles AF6 and AlK 

equal) each, to 
ACB ; and firom 
thecentrfwFand 
Gy with the radii 
b and AK respec- 
tivelj) let two 
arcs be deacriHed 
in ter»c ting^i n H; 
from which pMot 
draw BF aa4 
HA; then draw 
BP to make the angle ABP=AHF» and it will Meel AH 
(produced) in the point P, required. 

DEMONSTRATION. 

Let BP, CP, and GH be drawn. The triangles ABP, 
A&F, being equiangular (by constructiM) it wUl be AP : 
BP : : AF (a) : FH (ft); also AB : AP : : AH : AF; and 
AB : AC : : AG : AF (because ABC and AGF are like- 
' wise equiangular) whence it isevident^ since the extremes 
of the two last proportions are the same^ that AP x AHa 
AC X AG, or AC : AP : : AH : AG ; therefore the trian- 

fles ACPy AHG being equiangular (Euc. 6. 6.) we have 
lP:CP::AG:GH(AK)::AF(c):AI(c). q.JE.D^ 

Method of CkdcnUUion. 

In the triangles AFGy AIR are given all the angles and 
the sides AF and AI, whence AG, FG, and AK (GH^ will 
be found ; then in the triangle FGH will be given all the 
sides, to find the angle HFG; which, added to AFG, give» 
AFH ( APB) from whence, and the two given sides AF and 
FH including it^ every thing else is readily determined. 
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PROBLEM LIT. 

To dtBcribe a triangle (ABC) simibir to a men one 
AMN, such that three lines (AP, BP» CF) may be dravm 
from its angular points to meet the same pcint (P) so as to 
oe equal 4o three given Hues AD, AP, and AK, respee- 
ttvelif. 

CONSTRUCTION. 

Draw DE and RO, making the angles ADE and AK6, 
each, equal to the given angle N> and intersecting AN in 
E and O ; from the 
centres D and E^ 
with the intervals 
AF and AG, let two 
arcs he described, 
intersecting in H; 
draw AH, in which 
take AP » AD ; 
and from P, to AM 
and AN, apply PB 
and PC equal, re- A. 
spectivel J, to AF and AK, and let B, C be joined ; so 
sliall ABC be the triangle that was to be determined. 

DEMONSTRATION. 

The three lines AP, BP, CP, are, respectively, equal to 
the three given lines AD, AF, AK, by construction ; we 
therefore have only to prove that the triangle ABC is simi- 
lar to the given one AMN. Now supposing DH and EH 
to be drawn, it will be AP : PC (or AD : AK) : : AE : 
AG (EH) ; whence the triangles APC and AHE wUl be 
equiangular CEuc. 6. 6.) and consequently AC : AH : : 
AP (AD) : AE : : AN : AM (JSuc 5. 6.) : but the triangles 
ABP and ADH (having AP= AD, fB^l)U(hyconstru(^ 
Hon) and the angle DAP common) are equal in all re* 
apects ; therefore, by substituting AB in the roem of AH, 
our last proportion becomes AC : AB : : AN : AM ^ whence 
it is manifest that the triangles ABC and AMN are equb* 
angular. ^. £• J9. 
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Method of Calctdatunu 

In the triangles ADE, AKG^ are giyen all the aof^Ies 
and the sides AD and AK, from which AE, DE, and AG 
will be known ; then in the triangle DHE will be given all 
the sides, to find the angle EDHt which added to ADE 
gives ADH ; from whence, and the two given sides in* 
eluding it^ AH (»AB) will be known, 

PROBLEM LV. 

In the triangle acef besides the angle c, are given the seg- 
rnieiUs qfthe sides ai and de^ and the a/ngles aeb and dbe sub- 
tended thereby ; to describe the triangle. 

CONSTRUCTION. 

Upon AB, equal to oft, let a segment of a circle be de- 
scribed to contain an angle equal to aeb ; make the angle 
ABFsoce, BAn » dbe, and the line BF a? ed; from the 





point n, where An cuts the periphery of the circle, through 
F, draw nFE, meeting the periphery in £ ; join A, £, 
and B, E, and draw EC parallel to BF, meeting AB, 
produced, in C ; and then the thing is done. 

DEMONSTRATION. 

Let BD be parallel to FE. 

Since the lines BD, £F, and ED, FB, are parallel, 
therefore is ED » BF (— ed^) and the angle ACE also 
« ABF (oee) Euc 28. 1. Moreover, the angle B£n 
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(DBE) is equal to BAn C^^O both standing upon the 
s4me segment Bn. ^. E.D.- 

« 

Method of CakulatUm. 

Join B9 n; then in the triangle ABn will be given all 
the angles and the^side AB^ whence Bn will be known; 
then in the triangle nBF will be given Bn, tfP, and the 
included angle nBF, whence BFn (CDB) and all the rest 
of the angles in the figure will be known. 

PROBLEM LVI. 

To make a trape%iumf whose diagonals, and two opposite 
sideSf shall be all of given lengthSf and whereof the angle 
formed by the given sides,when produud tiU they mut, shall 
also be given. 

CONSTRUCTION. 

Draw the indefinite right-line AC, and take therein AB 
equal to one of the two given sides ; make the angle CBO 
equal to the given ^ C> 

angle^ and let BO be ^ 

made equal to the 
other given side; up- 
on the centres A and 
G, with intervals 
equal to the two dia- 
gonals, let two arch- 
es be described, cut- 
ting each other in 
D ; m^e DE equal, 

and'parallel, to GB ; -f^$^^^~ ^v 

join D, B, and E, -^^ -K- 

A ; then ABDE will be the trapezium required. 

DEMONSTRATION. 

Draw DG, DA and BE, and let BA and DE be pro- 
duced to meet each other in F. 

The lines BG and DE are equal, and parallel by con- 
struction } therefore BE is «DG> which last fby construe^ 

SB 
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Ron J is equal to one of the given diagonals^ as AD is 
equal to the other : moreorer, the sides AB and ED (B6) 
are eqnal to the given sides, by construction ; and the an- 
gle F is equal to the given angle CBG, bocauBe DF is 
paraUel to 6B. q. E. B. 

Method ef CalcutaHan. 

Suppose AG to be drawn ; then in the triangle AB6 
wiU be given the two sides BA and BG* and the included 
angle ^G, whence the side AG and the other two angles 
will be known; then in the triangle ADG will be given 
mi the sides, whence the angle AGD will be known, and 
from thence the whole angle BGD ; lastly, in the trijingle 
BOD wiU be given the two sides BG and GD, and the in- 
cluded angle BGD, whence the side BD will likewise be 
known. 

PROBLEM LVU. 

The segments of the base AD, DB, and the line DC fri- 
secHng the vertical angle ACB of a plane triangle being giv* 
en, to describe the triangle. ^ 

CONSTRUCTION. 

In AB produced, take DO to AD, as DB to AD— DB» 

and from the cen- 
tre O, with the ra- 
dius OD, describe 
the circle DCQ; 
also from the cen- 
tre D, at the given 
distance DC, de- 
scribe the circle 
mCnf and from C, 

the intersection of the two circles, draw CA and CB, and 

the thing is done. 

DEMONSTRATION. 

Since DO : AD : : DB : AD— DB : therefore fbm the 
lemma in p. 534) AC : CB : : AD : DB : whence CD bi- 
sects the angle ACB ("by Euc, 3. 6.) q. E. D. 
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Draw CP perpendiculu: to AQ. 

AD X BD 
BecBuset by constnictioDi OD is = An ■■,. BD "'*'*' 

SAD X BD 
fore will DQ -• Ajj_; - pjj ; whence, by renson of the 

3AD X BD 
similar triangles DCQ, DPC, it will be, as ^jj — g^ : 



DC : 1 DC : DP - ^P — BP^DC; ^j^^^^ ^j, ^^^ 

2ADxBD 
CB are given. 

PROBLEM LTIII. 

Baving given the bate, the angle at the vertex, and tfa 
line irawnJTQta thence to bisect the Aoie; to coMtnict the tri- 
angle. 

CONSTRUCTION. 

Upon the ^ren base AB 
describe Cby proft. 4.) a seg- 
ment of a circle ADB capa- 
ble of the given angle ; and, 
from the point F, in which 
the perpendicular DF bi< 
Beets AB, with a radius FC 
eqnal to.tbe bisecting line, 
describe nCm, catting the 
periphery ACB in C j join 
A, C and B, C, and the 
thing is done. 

The demonstration of 
which is evident from the construction. 

•Method of Calculation. 
From the centre O let OA and OC be drawn ; then ia 
the triangle AOF will be given all the anj^ and the aide 
AF, whence FO and OC (OA) will be known and in the 
triangle CFO will be given all the sides, whence the an- 
l^e FOC, and its supplement DOC, expressing the differ- 
ence of the an|^es at the base, will also be known. 
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PROBLEM LIX. 




The base, the difference of. the angles at the base, and the 
line drawn from the verHcal angk to bisect the base of any 
jlane triangle, being given; to describe the triangle. 

CONSTRUCTION. 

Upon ABy eqaal to the given base, let a segment of a 
circle AHEB be described to contain an angle equal to the 

_^ difference of the angles at 
^ the base ; bisect AB in C^ 
and take CD to AC in the 
duplicate ratio of AC to 
the given bisecting line 
EL; make CS and DI 
^ perpendicular to AB» 
^m cutting the circle in S and 
I ; draw AI» cutting CS 
in G; and through 6^ 
draw the chord EGH pa- 
rallel to AB ; join Ay £ 
and A, IL, and in AI taike 
AN equal to EL ; draw MNP parallel to EH, meeting 
AE and AH in M and P ; then will AMP be the triangle 
which was to be constructed. 

DEMONSTRATION. 

Since, fby constructionj CQ is parallel to DI, and ELf 
: ACq : : AC : CD ; therefore (^iiic. 4, 6.) ELg : ACq : : 
A6:GI::A69:GIxAG: but GIx AG» EGxGH» 
EGf (^Euc 35. 3. and 3. 3.) therefore EL9 : AC9 : : AG9 : 
EGg; and consequently EL : AC : : AG : EG : : AN : 
NM ; but AN is (^by constructionj equal to EL^ therefore 
NM is = AC, and consequently MP (2MN)a= AB. More- 
over the difference of the angles at the base, P-— M, is 
(« AHE— AEH)» AEB ; which fby constructionj is equal 
to the difference given. ^. E. B. 

Meibftd of Calcukition. 

From the centre draw OA and 01, also draw Ir pa- 
rallel to EH, meeting OS in v .* then it will be (by construe' 
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Hon) as Khq : AC9 ( : : AC : Iv) : : the sine of AOC or 
AEBf the given difference of the an.e^les at the base, to tbt 
sine of SOI» which added to AOS> gives AOI, whole sup- 
plerllenty divided by 2, will be OIG ; from whence OGI 
and its supplement OGA are giTen» and consequently ANM 
Tequal to AGE ;) then in the triangle ANM will be given 
AN, NM9 and the included angle ANM^ Whence the an- 
gles M, A, P, will also be given. 

PROBLEM LX. 

77^ perpendicnlarf the angk at the vertex, and the sum of 
the three sidee of a triangle being given ; to describe the tri" 
angle. 

CONSTRUCTION. 

Make AB equal to the sum of the sides, which bisect in 
P, making PO perpendicular to AB, and the angle PAD 
equal to half the given angle at the vertex ; from the centre 
O with the radius OA 
describe the circle 
AHB, and in OP, pro- 
duced, take PK equal 
to the given perpendi- 
cular, and draw KH 
parallel to B A, cutting 
the circle in H ; join A, 
H and B, H, and make 
the angles BHF and 
AHE equal to HBF 
and HAE respectively ; then will EHF be the triangle re- 
quired. 

DEMONSTRATION. 

Join O, B and O, H, and draw HQ perpendicular to AB. 

The angle EFH is « BHF + HBF « 2HBF (^ eon^ 
structionJrszVLOA CEuc. 20. 3.) : and, in the same manner 
Is FEH ( = HOB ; hence it follows that EFH + FEH 
(»HOA+HOB)»AOB; and, by taking each of these 
equal quantities froQi two right angles^ we have EHF » 
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OAB+OBA f JSttc. 52.. lO»SOAB»the given mn^ CH 
construction, J Moreover QH is » PK » the given per- 
pendicular ; and EH being »AE, and FH»BF fEuc. 6. 
l.)f EH+HF+EF will therefore be » AB » the given 
•um of the sides. Q. E. D. 

Mktkod of Calculation. 

In the triangle AOP are riven all the angles and the 
aide AP^ whence OP and AO (HO) are known ; then in 
the triangle OHK will be given the sides OH and OK (OP 
+PK) whence HR will be given; next, in the triangle 
BQH will be given QH and BQ (BP— HK) whence QBH, 
and its double QFH, wi)l be given ; lastly^ in the triangle 
EFH are given all the angles and the perpendicular QHt 
whenee the sides will also be given. 

But the answer may be more easily brought out* by first 
finding, HOK» the difference of the angles ABR and BAHf 
as in the fifth problem. 

PROBLEM LXL 

The sum of the three sides f the difference of the ansles ai 
the base, and the length of the line bisecting the verticman^ 
of any plane triangle being given; to deSsribe the triangle. 

CONSTRUCTION. 

Make AB equal to the sum of the sides, which bisect 
in E by the perpendicular DEn^ and make the angle nEr 
Yj- ^ ^ equsA to half the 

^^ ^^^^ given difierence of 

the angles at the 
Base, taking Er 
rg equal to the line bi- 
secting the vertical 
angle ; through r 
draw Cur, parallel 
to AB, cutting DEa 
in n; draw iiA, to 
which draw Em «s 
Er, and draw AD parallel to Em, meeting iiED in D ; 
and on the centre D^ at the distance of D A^ describe th0 
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« 
circle ACB9 cutting mC in C ; join A, C and B, C, and 
make the angle BCF» CBF, also make AC6= CA6, and 
let CF and C6 meet AB in F and G ; then will FCG be 
4he triangle that was to be de^ribed. 

DEMONSTRATION. 

Upon AB let fall the perpendicular CP ; let CQ bisect 
the vertical angle GCF» and let DH be drawn parallel to 
"Er, meeting Cr ih H. Then> by reason of the parallel 
lines, it will be as £r : DH ( : : En : Dn) : : Em : DA; 
whence, £r being » Em (by construction) DH and DA 
are also equal, and the point ,H falls in the periphery of 
the circle : therefore the angle nDH (nEr) at the centre, 
standing upon half the arch HC, will be equal to the angle 
HAG, at the periphery, standing upon that whole arch, 
that is equal to the difference of the angles ABC, and 
BAG ; but the angle GFC being double to ABC, and FGC 
double to BAG (by cansiructim) the difference of GFG 
and FGC will be double to the difference between ABC 
and BAG, and therefore equal to 2nEr (9rDH) the differ- 
ence given. Moreover, because GGQ»FGQ, 2FCQ will 
be the difference between PCG and PCF, which must 
likewise be equal to 2nEr, the difference of their comple- 
ments PGG and PFC ; whence PGQ»nEr, and conse- 
quently CQ»Er. Furthermore, since the angle AGGs 
GAG, and BGF:^CBF, thence will GG»AG, and GF» 
FB ; and therefore CG+GF+FCaAB. q. E. D. 

Method of Caknkdion. 

In the triangle Enr are given all the angles and the side 
£r, whence En will be given ; next, in the triangle AEn 
will be given (besides the right angle) both the legs En 
and E A, whence the angle EnA is given ; then it will be^ 
as the radius to the sine of DHn or Em ( : : DH : Dn : : 
DA : Dn) so is the sine of DnA to the sine of D An, whence 
ADn, the supplement of ACB, is also given from which 
all the rest of the angles in the figure ai'e given by addi-? 
tion and aubtractioii only. 
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This method of solving the problem, it may be ob* 
served, requires three operations by the sines and tangents, 
but the same thing may be performed by two proportions 
only : for as Er : AE : : tht secant of rEn to tbe tangent 
of EnA ; wlience all the rest will be found as above. 

PROBLEM LXII. 

To reduce a given triangle into the form of another f or ie 
make a triangle which shall be similar to one triangkf and 
equal to anoVier. 

CONSTRUCTION. 

Upon the base AB of the triangle ABC, to which you 
would make another triangle equal, describe ADB similar 

to the triangle re- 
jy quired ; draw CF 

paralld to AB, 
meeting AD ifi 
¥; take AE a 
mean proportion- 
al between AS 
and AF; and, pa- 
rallel to DB, 
-HA 1? o ^ .Q draw EG; then 

:tt ^ K. Q Or U wiUAGEbethe 

triangle that was to be constructed* 

DEMONSTRATION. 

Let FR and DQ be perpendicular to AB ^then the tri- 
angle ADB : triangle ACB : : DQ : FR {SchoL Euc 1. 6.) 
: : AD : AF (Euc. 4. 6.) : : AD* : AD X AF {Euc. 1. 6.) 
: : AD* : AE* (by construction) : : triangle ADB triangle 
AEG (Euc. 19. 6.) Therefore, the antecedents of the 
first and last of these equal ratios being the same, the 
consequents ACB and AJBG must necessarily be equal. 

q.E.D. 

Method of Cakidation* 

In the triangle ADB are given all the angles and lAt 
side AB, whence AD will be given ; next, in the tri- 
angle AFR will be given all the angles and the side 
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FR (» CH) whence AP will be gi ven ; and then AD and 
AF being given> A£ a%/AD x AF will also be given* 

PROBLEM LXUL 

To find a paint in a given triangle ABC» fr<ym ichence 
right lines drawn to the three angular poiniSf sftall divide 
the whole triangle into parts (COA9 AOBy BOC) having 
the same ratio one to another, as thru given right lines f mp 
n, and p, respectively. 

CONSTRUCTION. 

In CA and AB produced, if nei^ be, take CE and 
AFy each equal to m + n + p, joining E, B and F, C j 
take Ceem, Ac 
«Bn, and draw 
tb and eff paral- 
lel to £B and 
CF, meeting the 
sides of the giv- 
en triangle in b 
and/; draw also 
ftQ and /F pa- 
rallel to AC and 
AB, and at O, 
the intersection _. 

of these lines, ^ -^ 
wiU be the point required. 

DEMONSTRATION. 

tict bll and BD be perpendicular to AC. The triangles 
CBE, Cbe, as also CBD, C6H are similar ; therefore, m 
(Ce) : m+n+p (CE) : : Cft : CB : : 6H : BD : : the trian- 
gle AOC : triangle ABC. In the very same manner it 
may be proved, that the part AOB is to the whole triangle 
ABC, as n to m+n+p; whence it follows, that the re- 
maining part BOC must be to the whole triangle, as ;i to 
m+n+p; therefore these parts are to one another in the 
given ratio of m, n, and p. Q. E. D. 

3C 
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Method of CalculoMoru 

Sinr« Xw+w+p:m::.AB: AQ, 

^^^^ \m+n+p : n : : AC : A/ (QO,) 
both AQ and QO will be given from thence ; then, in the 
triangle AOQ, will be given two sides, and the included 
angle, from which every thing eke will be known. 

PROBLEM LXIV. 

To divide a given trape%iuin ABCD, rvhose opposite 
sides AB» CD are paraUdf according to a given ratio^ by a 
right line QN, passing through a given point P, and falling 
upon the two parallel sides. 



CONSTRUCTION. 




Bisect AD in Gf 
and draw GH pa- 
rallel to AB (or 
DC) meeting BC 
in H ; then divide 

GH in M, accord- 

^ /(^ JK. B ing to the given 

!P^ ratio, ai|d through 

M draw PQN, and the thing is done. 

DEMONSTRATION. ' 

Draw EMF and IHK parallel to AD, meeting DC and 
AB in E, I, K, and F. 

Because of the parallel lines, we have GD=sM£ssHI, 
and AG=FM=KH; whence, as GD is =AG fby con- 
struction J ME will be .»FM, and HI»HK; and the tri- 
angle EMN will be ^ FMQ, and 1£IC»BHK fEuc 4. 
1.) whence it appears that the trapezium AQND is also 
equal to the parallelogram DF, and the trapezium QBCN 
equal to the parallelogram FI ; but these parallelograms 
are to one another as their bases, or as GM to MH fEuc 
1.6.); therefore GM : MH : : AQND : QBCN. q. E. D. 

Method of Calculaiion. 

Whereas AB and DC are parallel, GH is an arith«- 
metical mean between them, and therefoi^ equal to half 
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their sunk Therefore, as the whole line GH and the ratio 
ef its parts GM, MH are given, the parts themselves will 
also be given. 

PROBLEM LXV. 

To cut off from a given trapezium ABCD, whose oppo^ 
site sides AB» CD are paraUel, a part AQND equal to a 
rectangle gtven^ by a right tine passing through a given point 
"P, and falling upon tlie two parallel sides. {See the figure 
to the last problem. J 

CONSTRUCTION. 
Bisect AD in G, and draw GH parallel to AB; upon 
AD fby Euc. 45. 1.) describe the parallelogram ADEP 
equal to tlie rectangle given, and through the intersection 
of GH and EF draw PQN, and the thing is done : the de- 
monstration whereof is manifest from the preceding pi*o- 
blem. 

PROBLEM LXYI. 

To divide a given trape%ium ABCD, whose sides AB 
and DC are parallel, into two equal parts, by a rigid line 
parallel to those sides. 

CONSTRUCTION. 

Produce AD 
and BC tiUthey 
meet in H, and 
make AG equal, 
and perpendicular 
to HD ; draw HG 
and bisect the 
same with the per- 
pendicular PQ » 
HP; join H,Q, and 
in HA take HE, 
equal to HQ, and 
parallel to AB draw EF» and the thing is done. 




Since 
HG» 

2 " 



DEMONSTRATION. 
HE» ( » HQ' ^ HP» + PQ» 
HA* 4- AG» HA» + HD» 



2 
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tical mean between HA* and HD*, it is evident that tiie tri- 
angle H£F will also be an arithmetical mean between tli6 
triangles HAB and HDC or ABFE«EFCD;) becaiwe 
those triangles, being similar^ are to one another as (HES 
HAS HD') the squares of their homologoas sides. ^. £• JD. 

Method of CalculaHon. 

Since all the sides and angles of the trapezium are sap- 
posed given, the side CD and all the angles of the trian- 
gle HDC will be given; therefore HD and AH will be 

known; whence HE, » jJ ! will also be given. 

But the same thing may be had without the angles ; for, 
since DC is parallel to AB, we have AB — DC : AD : : 
DC : HD ; whence HE will be given, as before. 

PROBLEM LXVIL 

To divide a given irape%inm ABCD ojceording toagictn 
ratiOf by a right Ene LH cutting the ofposite sides AC, BD 
in given angles. 

CONSTRUCTION. 

Produce the said opposite sides till they meet in P; 
draw AD, and CF parallel to it, meeting BE in F ; divide 

BF in G, ac 
cording to the 
given ratio; 
and, havine 
jC made EA& 

equal to tiie 
given angle 
which LH 18 

a mean proportional between EG, and EK ; then draw 
HL parallel to AK, and the thing is done* 

DEMONSTRATION. 

By construction, EG : EH : : EH : EK : : EL : 
£A (^£ttc. 5. 6.) whence it follows that £6 x £A ^^ 
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EH X EL, and conseqaently that the triangles EHL and 
EAG are also equal to each other fEuc 15. 6.) from which 
takinj^ away EDC, common, the remainders CDHL and 
CDGA will be equal likewise, and consequentfy ALfiffla* 
AGB, being the differences between those renaindero and 
ACDB. But the triangle ADF is » ACD, standing upon 
the same base AD and between the same parallels^ there* 



fore^ (by adding A6D, common) A6F is also » CD6A 

Dr 

B fEuc. 1. 6.) q. E.B. 



fe 



CDHLO but AGF (CDHL) ; AGB (ALHB) : ; GF: 



Method of Cdlailation. 



In the triangles ABE and ABK are given all the angles 
and the side AB« whence BE, BK, and EC will be known: 
then in the triangle EFC will be given all the angles ana 
the side C£, whence EF, and from thence FG, and EG, 
will be known ; lastly, from the known value s of EK, EG^ 

and EF, the value of FH (>» v^EG x EK^EF) will \m 
found. 

PROBLEM LXVIIL 

Tv)o right lines AG and AH, meeting in a peint A, being 
given by position]; it is required to draw a right line nP to 
cut those lines in given angUSf so that the trian^ AnP, 
formed from thence, may be equal to a given square ABCD« 

CONSTRUCTION. 

Let the angle ABE be equal to the given angle APn 

and let BE -D C O 

meet AG in ^ 

E;drawEF 
perpendicu- 
lar to AH, 
make BQ 
equal 2EF, 
and upon 

AQ describe the semi-circle AmQ, cutting BC in m; di*aw 
mn parallel to AH, meeting AG in n, and nC paiullel to 
EB, and AnP wil) be the trianj^e required. * 
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DEMONSTRATION. 
Tlie triangles AEB and AnP, bein^ similar, are to one 
another as the squareii of their perpendicular heights EP 
and mB (nS) : but mB* is » BQ X AB = 3£F X AB; 
therefore, it will be, as the ti-ian^e AEB (EF X h AB) : 
the triangle AnP : : EF* : 2EF x AB : : EF : sAB : : EF 
xjAB : AB* (Ew:. 1. 6.) wherefore, the antecedents 
being the name, the consequents mast necessarily be equid, 
that is, AnP-ABCD. (I.E.D. 

Method of Caiadatiotu 

In tiie triangle ABE are given aH the angles and the 

rid« AB, whence EF will be given, and consequent!; Sh 

(■o^ABxaEFj) whence AP and An are also given. 

LEMMA. 

If from any point C, in one tide Of a plane angte KAL, 

A ngiU Une CB be dravtn, cutting ootk sides AK, AI. im 

equal angles (ACB, ABC j) and from any other point D in 

the same tide AK another right line be drawn, to cut off an 

area ADE equal to the area ABC j Iiay, that DE TvUi be 

gnatertha»CB. 

DEMONSTRATION, 

Complete the parallelogram DCBG, and join B, D, and 

in BG (produced if need be) take BFs BE, and draw FD. 

Sine* the triangles ABC, AED are equal, by aupposi- 

V tion, and have one 

J)y^^ angle, J^, common, 

"* therefore will AD ; 

AC : : AB (AC) : 

AE fSuc. 15. 6.) 

and consequendy 

AD + AE greater 

than AC + AB 

C Euc 25. 5. ) 

whence it is manj* 

fest that CD must 

be greater than EB, or B6 than BF. Moreover, bf^anse 

the angle ABC («ACB-CDG) is » GBC> it will be 
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l^reater tlian GBD, which is but a part of GBC ; and 
therefore ABD niust, eyidentlyt be greater than GBD ; 
wherefore, seeing BF and BE are equal, and tiiat DB is 
common to both the triangles DBE, DBF, it is manifest 
that DE is greater than DF ^.^uc. 19. 1.); but DF is 
greater than D6 fby the same) because the angle DGP 
(DCB,) being obtuse, is greater that GFD, which must 
be acute (^JSuc. 32, 1.) : consequently DE is greater than 
DG, or its equal CB. q.E.D. 

PROBLEM LXIX. 

From a given pciygan ABCDEF, toctdaffa given area 
AFEIK by the shortest right line, KI, posstbU. 

CONSTRUCTION. 

Let the given area to be cut off be represented by the 
rectangle LMNO ; and let the sides AB and DE, by 
which the dividing line is terminated, be produced till 
they meet in G; make upon OL fby Euc. 45. 1.) a rect* 
Wgle OQ equal to AFEG^ and let a square GSTY be 




constituted ("by Eue. 14. 2.) equal to the whole rectangle 
QN : bisect the angle BGD by the right line GH, and 
make GR perpendicular to GH $ and dntw KI^ by the last 
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probleiB^ parallel to RO, so as to form the triangle KOI 
eqoal to the square GSTY^ and the thing is done. 

DEMONSTRATION. 

Sfaice^ by constmction, K6I ( » OSTY) » QN, M 
AFEO-i OQ be taken away, and there will remain AFEIK 
mLN. Moreover, since the an^e HGI is « HGK, and 
Ihe angle IHO (H6R) a right one, the angles I and K 
are equal ; and therefore, hj the preceding lemma, IK is 
the shortest right line that can possibly be drawn to cnt 
off the same area* ^. E. D. 

Method of Calculalion. 

Let the area of the flgare AFEG be found, by dtriding 
it into triangles AFG, £FG, and let this area be added 
to the given area to be cut off; and then, the square root 
ef the sum being extracted, yon will have GS the side of 
the square GT ; from whence GI will be determined^ at 
in the last problem* 

JVbte. In the same manner may a given area be cut off, 
by a right line making any given angles with the oppo- 
site sides* 

PROBLEM LXX* 

Through a givm point V 9 to draw a right line V^li to aU 
two right lines AB, AC given bypositiont so that the frum- 
gU ADEy formed from thence, may he of a given magm- 
tude. 

CONSTRUCTION, 

Draw PFH parallel to AB, intersecting AC in F; 
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and upon AF let a parallelograin AFHI be constituted 
equal to the given area of the triangle ; make IK perpen- 
dicular to All and equal to FF ; and, from the point K9 
to Afi, apply KD»PH ; then draw DPE^ and the thing 
is done. 

DEMONSTRATION. 

Supposing M to be the intersection of DF and IH, it 
is evident, because of the parallel lines, that all the three 
triangles PHM, PFE, and MDI, are equiangular; there-' 
fore, all equiangular triangles being in proportion as the 
squares of their homologous sides, and the sum of the 
squares of PF (IK) and DI being equal to the square of 
PH (KD), by construction and Eue. 47. 1. it is evident 
that the sum of the triangles PFE and DMI is = the 
triangle PHM; to which equal quantity, in jig. 1, let 
AFPMI be added, so shall ADE be likewise equal to 
AFHI : but, in fig. 2, let PFE be taken from PHM, and 
there will remain EFHM ^ DMI ; to which adding 
AIME9 we have AFHI»ADE, as before, q. E. D. 

Method of CalculaMon. 

By dividing the given area by the given height of the 
point P above AB, the base AI of the parallelogram 
AFHI will be k nown, and consequently PH (=KD)} 

whence DI r=a v^KD*— PF*) will likewise become known. 
— This problem, it may be observed, becomes impossible 
when KD (PH) is less than KI (PF) ; which can only 
happen, in ease 1, when the given area is less than a 
parallelogram under AF and FP. 

PROBLEM LXXI. 

To cut off from a given polygon BCIFGH, a part 
EDBHG equal to a given rectangle Kh, by a right line 
£D passing through a given point P. 

CONSTRUCTION. 

Let the sides of the polygon CB and F6, which the 
dividing line ED falls upon, be produced till they meet 
in A J upon ML (by Euc. 45. 1.) make the rectangle 

30 
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MN eqaid to A6HB, and, bj the last proUem» let ED 
be 80 drawn through the given point P, that the triangle 
AED^ formed from thence^ may be equal to the whole 




rectangle KN ; then will EDBH6 be equal to KL ; fw 
aince AED is » KN, let the equal quantities A6HB and 
MN be taken away, and there will remain EDBHGbs 
KL. 

Method of Calculation. 

Let the area of the figure A6HB be found, by dividing 
it into triangles, and let this area be added to the area 
given, and the sum will be equal to the ai^a AED, or the 
rectangle KN ; from whence AD will be found, as in the 
last problem. 

PROBLEM LXXIL 

Hdving the basCf the vertical angkp and the length of the 
line bisecting that angle and terminating in the base, to dc- 
^ribe the triangle. 

CONSTRUCTION. 

Upon the given base AB let a segment of a circle 
ACB be described Cby problem 4.) to contain the given 
angle, and, having completed the whole circle, froai 
O, the centre thereof, perpendicular to AB, let the ra- 
dius OE be drawn ; draw EB, and make BG perpen- 
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dicular thereto, and equal to half the giyen bisecting line ; 

and from O, as a cen- ^ 

tre, with the radius j/^ >^^v 

GB, let a circle BHF 
be described, inter- 
secting EG (when 
drawn) in F and H ; 
from E to AB draw 
ED « EF, and let 
the same be produced 
to meet the circum- 
ference in C ; join A, C, and B, C ; so shall ABC be the 
triangle required. 

DEMONSTRATION. 

The triangles CBE and BDE are similar, because the 
angle BEC is common to both, and the an^es BCE and 
DBE stand upon equal arches BE and AE ; therefore 
EC : EB : : EB : ED, and consequently ED x EC « 
EB« : but Ciy Euc. 36. 3.) EB« « EF x EH =» ED x 
EH Ch con8trucHon.J Hence ED x EC » ED x EH, 
and consequently EC » EH ; from which taking away 
the equal quantities ED and EF, there remains DC » 
FH a the given line bisecting the vertical angle Cby cait" 
structian:J and it is evident that DC bisects the angle 
ACB, since ACD and BCD stand upon equal arches AE 
and EB. q. E. D. 

Method of CalciUaHon. ^ 

If BE be considered as a radius, BR (iAB) wlB be 
ihe co-sine of the angle EBR, and BG the tangent of 
BEG ; therefore BR : BG (or AB : DC) : : co-sine EBR 
(ACE) : tangent BEG, whose half-complement EHB is 
likewise given from hence : then, the angle HBfr (sup- 
posing EB produced to bj being the complement of EHB, 
we shall have tangent EHB : rad. ( : : sine E^B : co- 
sine EHB : : BE : EH : EB : : EC) : : sine ECB : sine 
CBE » sine EDB » co-sine OED, half the difference of 
Uie angles (ABC and BAC) at the base. 
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PROBLEM LXXIIL 

Bloving given the two opposite sides oft, cd, the two iia-- 
gonals ac9 bd, and also the angle aeb in iphich they inUrsut 
each other ; to describe the trapexium. 

CONSTRUCTION. 
In the indefinite line BP^ take BD equal to (d, and 
make the angle DBF equal to the given angle atb^ and 
BF'bs ac^ also from the centres D and F^ with the radii 




dc and abf let two arches mCn and rCs, be described in- 
tersecting each other in C ; join D^ C and F^ C^ and 
make BA equal and parallel to FC ^ then draw AD^ AC^ 
and BCf and the thing is done. 

DEMONSTRATION. 

Since f fty consiruc&onj AB is equal and parallel to 
CF^ therefore will AC be equal and parallel to BF (^^uc 
33. 1.) and consequently the angle A£B (Euc. 29. 1.) as 
DBF » akb. q. E. D. 

Method of Calcidation. 
^ Join Bf F; then in the triangle DBF will be given two 
sides DB, BF and the angle included, whence the angle 
BFD and the side DF will be known ; then in the trian- 
gle DFC will be given all the three sides, whence the 
angle DFC will be known, from which BFC (BFD — 
DFC) « BAC wiU also be known. 



Oeametritai FrMems. 



S89 



PROBLEM LXXIV. 

Having given the two diagonals and aU the angles, to 
describe the trape%ium. 

CONSTRUCTION. 
Assume AB at pleasure; and, having produced the same 
both ways, make the angles QAC, RBC» equal, respec- 
tively, to two opposite angles, a and e, of the trapezium ; 
moi-eover, make ACF equal to ace^ one of the remaining 
angles; and from F, the intersection of AF and BQ, 
take FG » the given diagonal dc, and draw 6H parallel 




to CB, meeting FB in H. Then from A and B, f fry the 
lem. p. 336.) let two lines AE and BE be drawn to meet 
in FC, so as to he in the given ratio of ae to FH : in A£ 
tike AN = ae, and draw NM parallel to FC, meeting 
AC in M ; lastly, draw NP making the angle MNP s 
ced, and meeting FB in P ; so shall AMNP be the true 
figure required. 

DEMONSTRATION. 

Let ED be parallel to NP, and let DC and PM be 
drawn. 

It is evident, by construction, that the diagonal AN, 
and all the angles of the trapezium, are equal to the 
respective given ones ; it therefore remains only to prove 
that PM is equal to the other given diagonal dc. Now 
the ande RBC being a CED fby amstructioHfJ the 
circumference of a circle may be described through all 
the four angular ^points of the trapezium BCED ; and 
so the triangles FBE and FCD (as both the angles 
FBE and FCD stand upon the same chord ED) will 
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be similar ; and consequently BE : DC (: : FB : FC) : : 
FH : FO (dc.) But Chi comtructionj A£ : BE : : iz^ : 
FH ; therefore, by compounding these two proportions, 
we have A£ iDC : :ae: dc; but (because of the similar 
figures AOEC, APNM) we also have AE : DC : : AN 
(ae) : PM ; and consequently VM^dc. ^. E. B^ 

Method of CalculaHafu 

All the angles of the triangles ABC, FAC, and FBC, 
being given, we shall have sine ACB x sine F : sine 
ABC X sine ACF : : AB : AF ; ami sine FHG (FBC) : 
sine FGH (FCB) : : FG (dc) : FH ; whence AF and FH 
are known. 

IT- A 4ir ABxae . -.^ AKxFH .. . 

^*"* ^^ = FHTHF' ^'^^ ^° * FH-^ ' ^^^^ 
last is equal to (OE) the radius of the circle deter- 
mining the point E (jee the aforesaid lemma. J There- 
fore, in the triangle FOE are given two sides FO and 
OE, besides the angle F, whence the angle FOE vvill 
be given ; then in the triangle AOE will be given OA, 
OE, and the included angle ; whence the angle OAE, 
which the diagonal AN makes with the side AP, will be 
known^ and from thence eyery thing else required. 

Tliis problem, as the circle described from O cuts FC 
in two points, admits of two different solutions (except, 
only, when FC touches the circle,) If the circle neither 
cuts nor touches that line, the problem will be impossible; 
the limits of the ratio of AE to BE (and consequently of 
ae to de) growing narrower and narrower, as AB becomes 
less and less, wiSi respect to AC, or according as the sum 
of the opposite angles (a+e»QAC+BBC) approaches 
nearer and nearer to two right-angles ; so that, at last 
(supposing AC and BC to coincide) AE and BE will be, 
every where, in the ratio of equality ; therefore, cd can 
here have only one particular ratio to ae ; and the diago- 
nal ANE may be drawn at pleasure, the problem being, 
in this case, indeterminate. 
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PROBLEM LXXV. 

IShipposing the right lines m, n^ pf to represefd tht kngths 
of three staves erected ptrpendicvlar to the horiKorh in the 
given points A» B, C ; to find a point P» in the plane of 
the horixon ABC, equally remote from the top qf each staffs 

CONSTRUCTION, 

Join Ay B and P, C, and make AE and BF perpendi* 
cular to AB; also make BG and CH perpendicular to 
BCy and let AE be taken == m* CH » pf and BF and 
BO each an; draw £F and GH, which bisect hj the 




perpendiculars LN and IK, cutting AB and CB In N and 
K ; make KP and NP perpendicular to BC and BA, and 
the intersection P of those perpendiculars will be the point 
required. 

DEMONSTRATION. 
Conceive the planes AEFB and BCH6 to be turned 
ap, so as to stand perpendicular to the plane of the ho- 
rizon ABC and intersect it in the right lines AB and 
BC ; then, because BF and BG are equal to each other, 
and perpendicular to the plane of the horizoiif it is 
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evident that the points F and G must coincide, and that 
AE, BG (BF) and CH will represent the true porition 
of the staves: suppose KG, KH, PG, PH, PE, and 
PF to be now drawn 5 then, since (by (xmtirudion) 61 
» HI, and the angle GIK ^ HIE, therefore is GK » 
HK (Euc. 4. 1.) : moreover, since KP is f fty coiwfmc- 
tionj perpendicular to BC, it will also be perpendicular 
to the plane BCHG, and consequently the an^es PK6 
and PKH both right angles : therefore, seeing the two tri- 
angles GKP, HKP have two sides and an included angle 
equal, the remaining sides PG and PH must likewise be 
equal (Euc. 4. 1.). After the very same manner it is 
proved that PF (or PG) is equal to £P. q. E. D. 

Method of (kdctdation. 

Draw Ir perpendicular, and Hg parallel to BC ; theiit 
by reason of the similar triangles H9G and IrK, it vrill 

BC -4- CH 
be as RC (Uq) : BG — CH (Gg) : : g— (If) 

^ BG — CH X BG+ CH ... .^ *jr« 
: Kr « . : which subtracted from 

2BC 

Br (« i BC) gives BK : and in the same manner will BN 
be foiind ; then in the trapezium KBNP will be given all 
the angles and the two sides BK and BN ; from whence 
the remaining sides, &c. may be easily determined. 

PROBLEM LXXVI. 

The basCf the perpendiculart and the difference oj the suki 
being given, to determine the triangle. 

CONSTRUCTION. 

Bisect the base AB in C, and in it take CD a third 
proportional to £AB and the given difference of the 
sides MN; erect DE equal to the given perpendicular, 
and draw EE parallel to AB, and take therein EF«MN; 
draw EAG, to which, from F, apply FGe AB ; draw AH 
parallel to FG meeting £K in H ; then draw BH, and the 
thing is done. 
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DEMONSTRATION. 

By reason of the parallel lines, FG ( AB) : FE (MN) 
: : AH : EH (DP) ; therefore AB X DP = AH x MN, 
or 2AB X DP=2AH x MN; 
to which last equal quanti- 
ties adding £AB x CD a 
MN* Cby constructianj we 
have 2AB x CP=2AH x 
MN X MN* ; but 2 AB x CP 
is«BH«— AH* C^yaknown 
property of triangles; J there- 
fore BH* — AH*=2AH X 
MN + MN* or BH*=* AH* 
+ 2AH X M N + MN* « 

AH + MNj* rEi£C. 4. 2.) 

consequently BH=AH+MN. q. E. D. 

Method of Calculatum^ 
In the right-angled triangle ADE we have DE and AD 

( « JAB — » ^^^) whence the angle DAE (FEG) wlU 

be found ; then in the triangle EFG will be given two 
sides and one angle, from which the angle GFK (sBAH) 
will also be known. 

PROBLEM XXXVII. 

Tke bftse, the perpendiadart and the sum of the two sides, 
being given, to describe the triangle. 

CONSTRUCTION. 

Bisect the base AB in C, and in it produced take CD 
a third proportional to 2AB and the sum of the sides, 
MN; erect DE equal to the given perpendicular, and 
draw HE parallel to AB, and take therein £F=:=MN; 
draw EAGf to which from F, apply FG^AB, draw AH 
parallel to FG, meeting £F in H^ then draw BH^ and 
the thing is done. 

3E 
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Because of the parallel lines, FG (AB) : FE (MN) : : 

AH : EH (D;P) $ and therefore 2MN x AH= 2AB x DP ; 

wliich equal quantities bein^ subtrslcted fi«oin MN^^SAB 

X CD fby constructianj there will i-emain MN* — itHS 




X AH » SAB X CP=BH*— AH«; whence, by adding 
AH» to earb, we h ave MN«— 2MNx AH+AH>c=BH% 

that is, MN— AH|»=BH«; therefore MN— AH = Be, 
or JAN ^ BH+ AH. q. E. D. 

Method of Cakvlatioru 

In the triangle AED, are given ^besides the ngkt- 
angle) both the legs, whence the angle DAE (= FkG) 
will be given ; then in the triangle FEG, one angle and 
two sides will be known, from which the angle £F6 
(»BAH) will be determined. 

PROBLEM LXXVIII. 

Tht difference of the two sides, the perpendicular^ and the 
vertical angle being givenf to determine the triangle^ 

CONSTRUCTION. 

Upon the indefinite line FEQ erect the given perpen* 
dicular DC, making th^ angle DCE == half the given 
an^ ; let EF, expressing the given difference of the 
sides, be bisected by the perpendicular GI, meeting 
EC in I ; also let EC be bisected in H, and make EK 
perpendicular to CE, and equal to EI; and havii^ 
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drawn HEI9 take HL» in HE produced^ equal thereto; 
from L to FQ apply LB»£K, and join C, B ; also dra^sr 




EM9 making the angle OEM equal to DEC^ and cutting. 
CB in M ; then from C to QEF apply CA ^ CM, so 
shall ACB be ttie triangle required. 

DEMONSTRATION, 

Upon EM let fall the perpendicular CN, and join hp 
M and F, I. Now LB^ = EK* fftjf co nstructionj « 

HK + HE X HK — HE fEue. 5. 2,) = HL + CH x 

HL — HE f 6y constructionj « CL x EL ; whence CL : 
LB : : LB : EL ; therefore the triangles CLB and ELB 
must be equiangular fEuc» 6, 6.) and consequently LBM" 
= LEB = CED = CEM fby construction.) Therefore, 
since the external angle CEM of the trapezium LEMB, 
is equal to the opposite internal angle B, the circumfer- 
ence of a circle will pass through all the four angular 
points ; and consequently the angle LMB will be nLEB^ 
both standing upon the same chord LB ; but it is proved 
that LBM is » LEB, therefore LMB « LBM » FEI j 
and 80 the triangles BLM and EIF, being isosceles, and 
having LMB b EFI, and also LB as EI fby construe^ 
HoHt) they will be equal in all respects, and consequently 
BM ct. £P J whence B€ — AC ( » BC ~ CM » BM) 
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sst'EF, the given difference (^by construc^n^J Moreorer^ 
CEN being « CED fby constructiofhj CN will he =» 
CD ; and so CM being » CA, ACD will be =» MCN, to 
which adding DCM, common, we have ACB = DCN » 
2DCE. q.E.D. 

Method of Calctdation. 
Seeing EG and EH are the sine and tangent of EI6 
and ERH, to the equal radii EI and EK, it will tiiere- 
fore be EG : EH (or EF : EC) : : sine EIG (ECD) : 
tang. EKH. But, EC : CD : : the radius : co-sine ECD; 
whence, by compounding these proportions, EF : CD : : 
radius x sine ECD : co-sine ECD x tangent EKH : : 

radius x sine ECD , *o„„^„4 wrm fa»<.»»f p^ittt. 
— ff)-sine ECD — ^ "^ tangent ECD) : tangent EKHj 

froA which ERL, half the complement of EKH will be 
also given : then it will be, as the radius : tangent EKL 
( : : KE : EL : : LB : EL) : : sine LEB (CED) : sine 
LBE (BCE ;) which proportions, expressed in words^ 
^ve the following theorem : . 

Jl8 the difference of the sides is to the perpendicular, so is 
the tangent of half the vertical angle to the tangent of an an* 
gle ; and as the radius .is to the tangent of half the compU- 
ment of this angle^ so is the co-sine ^ half the vertical an^ 
to the sine of half the difference of the angles at the base. 

PROBLEM LXXIX. 

The perpendicular, tlie difference of the sides, and the de- 
ference of tlie angles at the base being given, to determine 
the triangle. 

CONSTRUCTION, 

Let a triangle ABC 
be constructed by the 
last problem, whose per- 
pendicular and differ- 
ence of the sides shall 
be the same with those 
given, and whereof the 
vertical an^e ACB is 
also equal to the given 
difference of angles : 
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then upon C, as a centre, with the radius CB let an arch 
be described, intersecting AB, produced, in D ; join C, 
B, and ACD will be the triangle required. For CD 
being == CB, the angle CDB wiU also be =.CBD =A+ 
BCA f jE^uc. 32. 1.) The method of calculation is also the 
same as in the preceding problem. 

PROBLEM LXXX. 

The perpendicidarf the sum of the two sideSf and the 
vertical av^, being given; to describe the triangk. 

CONSTRUCTION. 

Upon AB, the given sum of the two sides, erect AG 
equal to the given perpendicular^ and make the angle 
ACU equal to the complement of half the given angle : 
upon AB Cby prob* 7£.) let a triangle ABF be constitut- 




ed, wliose vertical angle AFB shall be equal to the given 
one, and whereof the bisecting line FE (terminating in 
the base) shall be » DC ; then draw CG and CH parallel 
to FB and FA^ so shall 6CH be the triangle required. 

DEMONSTRATION. 

It is evident that the angle HCG is = AFB = tlie 
given one. Moreover, if EM and EN be taken as 
perpendiculars to AF and BF, they will be equal to each 
other, and also equal to the given one AC, because 
all the angles EFN, EFM, and ADC, are equal, bj 
construction, and EF is likewise = CD ; whence, as 
the angles AHC^ AGC^ are respectively equal to EAM^ 
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EBN, it is evident that HC»EA, and GC»EB, and 
consequently, that HC + 6C ( « EA + £B) » AB« 

q. E. D. 

Method of Calculatioru 

Bj the problem above referred to, AB : CD (EF) : : 
co-sine ADC (AFE) tangent of an angle ; which let be 
denoted by Q. 

Now CD : CA : : radius : sine ADC ; which propor- 
tion being compounded with the former, we have AB : 
CA : : co*sine ADC x radius : tangent Q x sine ADC : : 
co-sine ADC x radius 
^.^^ ADC (co-tangcnt ADC) : tangent Q. 

Then, by the same problem, it will be as tangent iQ : 
radius : : sine ADC : co-sine of the difference of the an- 
gles (G and H) at the base. The above proportions, 
given in words at length, exhibit the following theorem. 

^$ the sum of the sides is to the perpendicular, so is the 
cO'tangent of half the vertical angle to the tangent of an 
angle; and as the tangent of half this angle is to the radius, 
so is the sine offuUf the vertical angle to tlie ca-sine of half 
the difference of the angles at the base* 

PROBLEM LXXXI. 

To constitute a trapezium of a given magnitude under 
four given lines. 

CONSTRUCTION. 

Make a right 
angle b with two 
of the given lines 
Aft, be; and with 
the other two 
complete the tra- 
pezium AbcH : 
upon AD let faH 
the perpendicular 
eE, in which pro- 
duced (if neces- 
sary) take EP, s» 
that the rectangle 
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under it» and AD^ mKj he doubk tiie given area: more* 
ever^ take a fourth propoi*tional to AD, Ab, and bCf 
with which» from the centre F, let an arch be described, 
meeting anotlier arch, described from D with the radius 
Dc, in C ; join D, C ; and from A and C draw the other 
two given lines AB, CB, so as to meet, and they will 
thereby form the trapezium ABCD, as required. 

DEMONSTRATION. 
Draw Ac, AC, and ¥C$ up^m AD and AB let fall the 
perpendiculars CP, CQ | an^ make FG perpendicular to 

Because AD«4-DC»+2AD x DP (= ACS fJEiiC. 12. 2.) 
«= AB*+BC»+2AB X BQ, and AD»+Dc* + 2AD x DE 
r =s Ac*) = A*»+6c» fEue. 47. 1.) it follows, by taking 
these last equal quantities from tite former, that 2AD x 
DP — 2AD X DE (2AD +EP) = 2AB x BQ, and conse. 
quently that BQ : EP (FG) : : AD : AB : : BC : FC f^l 
eanMrucHonJ whence the triangles BCQ, FCG are simi« 
lar, and so CQ : CG : : BC : FC : : AD : AB ( 6y con^ 
strudionj and therefore CQ x ABsb CG x AD ; hence, by 
adding CPxAD to each, we have CPxAD + CQxAB 
(a twice the area ABCD) =» CP x AD + CG x AD r»EP 
X AD as twice the given area f 6y construction. J <{. E. D. 

Metlwd of Calculation. 

From DE ( OB ^^ — — ) and EF 

2 areaX 

s AQ 1 the value of DF^ and likewise that of the an- 
gle ADF, will be found ; then, all the sides of the triangle 
DCF being known, the angle FDC will likewise be known ; 
which, added to ADF^ gives (ADC) one of the angles of 
the trapezium. 

It may so happen that a trapezium, having one right 
angle, cannot be constituted under the four given lines; in 
which case it will be necessary (instead of forming the tra- 
pezium AftcD) to lay down AD first, and in it (produced if 

needful) tot«keDEequaltoM3!±I3l^5>=^, 



( 
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that is, equal to the altitude of a rectangle^ formed on tbe 
base 2 AD 9 wliereof the contained area is equal to the dif- 
ference of AFl*+BCy and AOy+DCT (which line DB 
is to be set off on the other side of D, when the latter of 
these two quantities is the greater) : this being done, the 
rest of the solution will remain the same, as is manifest 
from the first and second steps of the demonsti*ation ; the 
process from thence to the end being nowise different. 

It maj be farther observed, that the problem itself be- 
comes impossible, when the two circles, described from the 
centres D and F, neither cut nor touch ; the greatest limit 
of the area, and consequently of £F, being when they 
touch each other ; in which case, the sum of the radii DC, 
FC becoming » DF, the point C will fall in the line DF, 
and the angle DCF will become equal to two right an- 
gles; but the sum of the opposite external angles CDP 
and CBQ is always equsd to DCF; because CDP (sup- 
posing Cn parallel to AP) is«=DCn, and CBQ (=CFG) 
oiFCn: hence it is evident that the limit, or the greatest 
area will be wlien the sum of the opposite angles is equal 
to two right angles, or when the trapezium may be in- 
scribed in a circle. 



FINIS. 
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Jl DBM0Jir8TBJTI0J>r of the ruk for finding the great- 
est common measure of two given numbers ; that is their 
greatest common divisor. 

For the better understanding of the rule and the de- 
monstration belonging to it^ the following definitions and 
axioms are laid down 4 

Def. 1. One number is said to measure another^ when 
it is exactly contained in that other^ without any overplus 
or remainder* Thus, 3 may be said to measure 12, as 
being exactly four timesr contained in it. 

Def* 2. A number is said to be a common measure to 
two others, when it measures them both. Thus, 3 is a 
common measure of 12 and 21, 

Axiom 1st. If one quantity measures another, and that 
other measures a third, then will the first measure the 
third : as, if 3 measures 12, and 12 measures 24, 3 will also 
measure 24. 

Axiom 2d. If a number be a conunon measure of two 
others, it will measure both their sum and their difference. 
Thus, 3, which is a common measure to 12 and 21, will 
measure both their sum 33, and their difference 9, for if 
S be four times contained in 12, and seven times in 21, it 
ought to be eleven times contained in their sum, because 
44-rsll, and it ought to be three times contained in 
their difference, because 7— ^=a3. 

Axiom 3d. If one number be divided by another, and 
there be any remainder, take away the remainder from 
the dividend, and the divisor will measure the rest. Thus, 
if 14 be divided by 3, and there remains 2, take away 2 
from 14, and 3 will measure the rest, which is 12. In ge« 
neral thus : if a be divided by ft, and there reoiains c, then 
will b measure a — c. 

The rule explained and demonstrated. 

Let a and b be the two numbers whose greatest common 
measure is wanted, to wit, a the greater and b the less ; let 
a be divided by 6, and without any regard had to the quo- 
tient, let e be the remainder ; then divide ( by c, and let 

3 F 
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the remainder be d, then divide c by d, and let the remain- 
der be t ; lastly^ divide d by e, and let there be no remain- 
der) then this last divisor e, which had no remainder, will 
not only be a common measure to a and 6, but will be the 
greatest common measure they will admit of. 

c )b 
d)c 
e)d 

First we shall prove that e is a common measure of a 
and b, which is thus done* 

< Ist. e measures d ex hypothesi; and d measures e — < 
by the thii*d axiom, because when c was divided by d, the 
remainder was e; therefore, e measures e— ^, by the first 
axiom; but e measures itself; Uierefore, e measures both c 
and C'— e ; but the sum of e and c — e is c, therefore, e raea* 
sures Cf by the second axiom. 

2d. It has now been proved that e measureB c; bate 
measures h — d; therefore, e measures ( — d; but t mea^* 
sures d ex hypothesi ; therefore^ e measures botii d and 
h — d, but the sum of d and h — d is b, therefore, e mea- 
sures 6. 

Sd. It has been proved that e measures b; and b mea- 
sures a^-^p tlierefore, e measures a — c; but it was proved 
before, that e measures c, therefore, e measures both c and 
A — c; but the sum of c and O'--'^ is a, therefore, e measures 
a. Thus, then, we have proved the first pati: of our as- 
sertion, which was, tiiat e measures both a and 5. 

We shall, in the next place, by tracing back the steps 
of the former demonstration, prove that e is the greatest 
quantity that will measure them both : fbr, if possible, let 
us suppose f to be greater than e,'and yet to be a common 
measure of a and 6, and let us see what w^ill be the conse- 
quence of this supposition. 

1st. /measures 6, and b measures a — c; therefore,/ 
measures a — c; but /measures a by the supposition; 
therefore, /measures both a and a-*c; but the difference 
between a and a — c is c ; therefore,/ measures c, by the se- 
cond axiom. 

2d. /measures c, as above, and c measures b — d, there* 
fore/ measures 6—4; but/measures b by the sapposition; 



therefore, / measares both b kni b — d^ but the dlflbreiice 
between 6 and b — d is d; therefore,/ measures d. 

Sd. Again, /measures d, as above, and d measures c — 
e; therefore, / measures c--e; but/ measures c, as wis 

t roved before; therefore, / measures both c and e — e§ 
ut the difference between e and c — e is e; therefore,/ mea^ 
snres e, that is, a greater quantity measures a less, which 
is absurd ; therefore, the supposition that a and b would 
admit of a greater common measure than «, from whence 
this absurdity flowed, was false ; for truth never leads to 
absurdities : therefore, e is the greatest common measure 
the two numbers a and b will admit of. ^. E, D. 

N. B. This demonstration is Euclid's a little changedf 
and may serve as a specimen of the subtilty of the ancients. 

Of the Rednction of Radical ^uantitiesn 

Surd quantities, which will admit of a reduction, are 
very limited, and require, particularly in fractions, some 
faoaiiliarity with numbers, to be able to discover whether 
a power may be involved in the surd, by which the reduc* 

tion may be effected. If it be proposed to reduce V^lSQ 
to its least terms, proceed to examine whether any of the 
numbers 4, 9, 16, 25, 36, 49, 64, 81, (the squares of £, 3, 
4, &c. to 9,) be a measure of 180, and on trial it will be 

found that 4 , 9, a nd 36 , are measures; con sequen tly v^iso 

•B v^4 X 45«:2 ^457 Again, V^TSO ^ %/9x20— 3 v^SO". 

And v/l80= v^36 X 5 «6 ^^5l the latter of which is the 
reduction of the number proposed to its least terms. 

In like manner, if it he proposed to reduce "^432 to Its 
lowest terms, proceed to examine whether any of the 
numbers 8, 27, 64, 125, 216, (the cubes of 2, 3, &c. to 6,) 
be a measure of 432, and it will b e fo und that 8, 27, and 

216, are measures ; consequently ^432 «= "^8 x 54=2^541 

Again^^432=»^27xT6=* 3^161 And ^432»i^dl6 x ^ 

= 6^2. 

When a surd fraction is required to be reduced to its 
most simple terms ; find the least multiple of the denomi- 
nator which will be a power of the same denomination 
with the radical sign, and multiply the numerator by the 
number of times the denominator is contained in the said 
multiple. Reduce the numerator to its most simple terms. 
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by the preceding rule^ and take the root of the assumed 
multiple in the ^nominator. 

If it be proposed to reduce \/-iVt ^ ^^ ^^^^ simple temS} 
the least multiple of 147» which will be a power, is 441 (the 
square of 21.) Multiply the numerator by d> the number 
of times the denominator is contained in 441, and it will 

J 150 |25X6 

44T*>/"44r "" ^^• 

Also to reduce -^^^ ^ '^ ^^^^ simple terms, the least 
multiple of 81 which will be a cube is 729 (the cube of 9). 
Multiply the numerator by 9, the number of times the de- 
nominator is contained in 729, and it will give ^yjv "* 
}i9^Tb, And 80 in like manner with all others. 

Of Eqiiations. 

To exhibit the equation contained in a proposition, and 
to analyze that equation, constitute an important part of 
the science of algebra. 

An equation in algebra signifies the exhibition of quan- 
tities which are equal to each other, and designate by 
certain appropriate symbols, which are commonly the 
letters of the alphabet, the initials of which exhibit the 
* known, and the final the unknown quantities. 

It is called the analytic art, and may be said, like the 
science of chyraistry, to exhibit a mixture of quantities 
which are required to be analyzed. 

The whole operation is founded on the following 
axioms: 

i. If equals be added to equals, the sums are eqlial. 
S. If equals be subtracted from equals, the remainders 

are equal, 
d. If equals be multiplied by equals, the products are 

equal. 
I 4. If equals be divided by equals, the quotients are equal. 

5. Equal quantities raised to equal powers are equal. 

6. Equal quantities extracted to equal roots are equal. 
The application of the first and second is intend^ to ef- 
fect a transposition of quantities ; the tliird and fonrth to 
disengage quantities that m&y be involved in each other ; 
and the two last to reduce quantities to their natural va« 

\ l|ie^ whose root or power may be exhibited. 
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It is required to analysee the foUo^ng eqnatioB* or to 
discover the value of the quantity designated by the let- 
ter X, being the unknown and sought quantity. 

}- d — dc ss fts. 

e 

Here, as in all equations^ the first thing to be done is to 

effect a transposition of the known quantity or quantities 

from the left hand side of the sign of the equation (»=) to 

the righty which in this instance are + d, and — 3Cy the 

latter of which only requires the application of the first 

axiom by adding Sc to both sides of the equation^ when it 

will stand thus^ 

^ii;^ + d — 3c + 3c«6» + 3c 
e 

But — SCf + Sc destroy each other on the left hand side 

of the equation^ which therefore becomes, 

e 

Thus the transposition of Sc is effected. 

To effect a transposition of + d, the application of the 
second axiom will be necessary, which is to subtract A 
from both sides of the equation, and it will then be aa 
follows, 

?:2^ + d^d^b' + Sc — 4. 
e 

3ut + df — d also destroy each other on the left hand 
side of the equation, which therefore becomes, 

e 

To disengage the quantity e from the unknown and 
sought quantity, the third axiom will be required, which 
18 to multiply both sides of the equation by c, and it will 
stand thus, 

. as eb^ 4- sec«»ed. 

e 

But reduced to its lowest terms will be a>/d(?m 

t 

therefore, ay/1? =3 eft* + Sec — ed. 
To disengage the quantity a from the unknown quan* 



te 
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Utff the fourth axioni will be necesi^Ary, which % to di« 
Tide both Bides of the equation by a, when the eqoatioii 
will be as fidiowsy . 

ay/1? eft* + Sec — ed 



Bat reduced to its lowest terms, will be %/aff 

a 

.. - .-- eft* + S«c— ei 

therefore, ^/x^ — • 

a 

To destroy the radical sign s/'^ connected with the 
unknown and sought quantity, the fifth axiom will be re- 
quired, which is, to square both sides of the equation, and 
it will then stand thus, ^^^ 

4 eft* 4- 3«c -r edY 

*^"_ a I 

For the square of ^/afi is equal to :c* j since the square 
root of afi is equal to s/x^. 

Lastly, to destroy the index or exponent S, of the un- 
known quantity, the sixth axiom must be applied, by tak- 
i^e the cube root of both sides of the equation, which 
wm be as follows. 



a? — >^' 



eb^ + Sec — ed 



\r.^^ ^ + Sec-ed ]i 



a 
For the cube root of oc^ is equal to x ; since the cube of x 
is equal to x^m 

Thus Xf the quantity sought, has been duly analyzed, 
and its equality exhibited in known quantities, from which 
itself becomes known. 

Thus we have demonstrated, by gradual steps, tlie whole 
process connected with the reduction of an equation, and 
which, if rightly understood, will suffice for any other ex- 
ample which might be proposed. The higher order of 
equations are all more or less dependent on the same ge- 
neral principles. 

Some propositions produce equations in which nothing 
but unknown quantities appear; this is, however, a pecu- 
liarity which will only require the application of the usual 
rules for its reduction. The following is an example. 



that number, the difference between whose 
cube and square will equal Itself. 
Let X be the number^ and the equation will stand thusg 

Divide both sides of the equation by x and we have oc^-^ 
£r «■ ly which is an adfected quadra tic eq uation, fit>ni 

which it will be found that x » i + %/!+*«• i + | v'l 
» 1.618. 

C^ Proportion. 

If two rectangles be equal, the parts of which thejr arri 
composed may be expressed in any proportional form that 
will have the parts of each equal rectangle, either the 
means or extremes of that proportion, that is> if oA » cd» 
then 

aiciidib 
b : d : I c : a 
e : a : I b I d 
d : b I : a : c &c. &c. 
The same may be said otab^ede. Supposing de or the 
product of any other two on the left hand side of the equa- 
tion, to be equal to one part, therefore 

a I c I I de I b 
de : b : I a : Cf &c. &c« 
Also, if o&cP OS cdff and we make ab one part, and cd an- 
other part, then will 

d^ I f I I cd : ab 
ab '. cd I I f I d\ &c. &c. 
The same alao of a* ■- c'. Supposing c* one partf there* 
fore, 

a I (? \ \ c \ a 
c I a I I a \ f?f &c. &C 
The whole of which is obvious, since the products of the 
means are equal to the products of the extremes, in a geo- 
metrical proportion, as is shown in page 72. 

Question 27. Let 8x represent the number of sheep af- 
ter the first plunder, Ax — \ after the second, 2x — I after 
the third, x — 1^5 %x^A7. 

Quest 44. Let a»50, x half the differ ence o f t he num * 

hers a + or the greater, Or^-x less. Then a+x x a— a;» 

a+o:")' — a — ar|*. Therefore x^ay/ 5 : — a. 
Quest 49. Let a»120, (s8, Cn5, d»300, x » lesser. 
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and - « greater, (- + 6) x (a: + c) « d. Substitute 

II 4. eft — d ^ I — ^ 
5 « 2j, and X « 9±^^_^. 

Quest 51. Let ft« 14, a» 100, and the roo t of the great- 
er »ap, and the leaser ft— a?. a?=s ^f : + ^ = 8. 

>/ 4 2 

Quest 52. Let as 1200, ftssl5, da 1080, x^ sheep 
bought, X — ft 8 the sheep sold, 2a? — 2ftasa — i^x^ 

g— d+2 ft 

•■^■^"^■^"^^■■•— • 

2 

' Quest 64* Let x a number of days, a a 4 the diff. of 
the prog. 2fla« first term, ax+a^ last, r a(dis- 



*-. ^ • JN a?xar+l X 2af+l « , ..^^ 3 — 5a 
tance required) « -!- -1~. Substitute — s— 



24 and xtm^9±J^ + 



9a— I 



2 

Question 8 of the geometrical problems. Let CD^Sx, 
ADay, the area «a, AC «jf +a?, ^+4a^^y/^+2xy+a^ 

and Sa^^2xy. Now 2xyaa, y = — therefore a:=s J^ 

Quest 1 3. Let CB — a:, AB a y, AC » o^— y — x, perimet^ 

aOf DBaft ; then ft : a; : : y : a — y — x, and ya — ~ , , 

AB» + CB» — ACS hence a>— 2ay — 2aa? + 2a:y = 0; 

a* Zax bd—bx « , . . 

y tm -— BB — ----, from which x is soon found. 

' 2a — 2x aj-fft 

Quest 14. Let tiie sides and perimeter be the same as 
the foregoing, and the radius DF « ft, by the preceding 

/i > 2fl J P 

y as — , and for the double area ojyafto — fty — hx+ 

ba a'-— 2aa? 
by-^-bXf and ya — ■« 3 —^ which is easily solved. 
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